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Preface 



This book is the fourth volume in a series of the Handbook of Ordinary Differential Equa- 
tions. This volume contains six contributions which are written by excellent mathemati- 
cians. We thank them for accepting our invitation to contribute to this volume and also for 
their effort and hard work on their papers. The scope of this volume is large. We hope that 
it will be interesting and useful for research, learning and teaching. 

A brief survey of the volume follows. First, the contributions are presented in alpha- 
betical authors’ names. The paper by Balanov and Krawcewicz is devoted to the Hopf 
bifurcation occurring in dynamical systems admitting a certain group of symmetries. They 
use a so-called twisted equivariant degree method. Global symmetric Hopf bifurcation re- 
sults are presented. Applications are given to several concrete problems. The contribution 
of Fabbri, Johnson and Zampogni lies in linear, nonautonomous, two-dimensional differ- 
ential equation. For instance, they study the minimal subsets of the projective flow defined 
by these equations. They also discuss some recent developments in the spectral theory 
and inverse spectral theory of the classical Sturm-Fiouville operator. The question of the 
genericity of the exponential dichotomy property is considered, as well, for cocycles gen- 
erated by quasi-periodic, two-dimensional linear systems. The paper by Failne is mainly 
devoted to considering growth and value distribution of meromorphic solutions of com- 
plex differential equations in the complex plane, as well as in the unit disc. Both linear and 
nonlinear equations are studied including algebraic differential equations in general and 
their relations to differential fields. A short presentation of algebroid solutions of complex 
differential equations is also given. The paper by Palmer deals with the existence of chaotic 
behaviour in the neighbourhood of a transversal periodic-to-periodic homoclinic orbit for 
autonomous ordinary differential equations. The concept of trichotomy is essential in this 
study. Also, a perturbation problem is considered when an unperturbed system has a non- 
transversal homoclinic orbit. Then it is shown that a perturbed system has a transversal 
orbit nearby provided that a certain Melnikov function has a simple zero. The contribution 
by A. Ronto and M. Miklos investigates the solvability and the approximate construction 
of solutions of certain types of regular nonlinear boundary value problems for systems of 
ordinary differential equations on a compact interval. Several types of problems are con- 
sidered including periodic and multi-point problems. Parametrized and symmetric systems 
are considered as well. Most of theoretical results are illustrated by examples. Some histor- 
ical remarks concerning the development and application of the method are presented. Fi- 
nally, the paper by Zolatlek is devoted to the local theory of analytic differential equations. 
Classification of linear meromorphic systems near regular and irregular singular point is 
described. Also, a local theory of nonlinear holomorphic equations is presented. Next, for- 
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mal classification of nilpotent singularities is given and analyticity of the Takens prenormal 
form is proved. 

We thank the Editors of Elsevier for their collaboration during the preparation of this 
volume. 
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1. Introduction 

Subject and goal 

As it is clear from the title, 

(i) the subject of this paper is the Hopf bifurcation occurring in dynamical systems 
admitting a certain group of symmetries; 

(ii) the method to study the above phenomenon presented in this paper is based on the 
usage of the so-called twisted equivariant degree. 

The goal of this paper is to explain why “(ii)” is an appropriate tool to attack “(i)”. 

To get an idea of what the Hopf bifurcation is about, consider the simplest system of 
ODEs 



x — Ax (tel 2 ), (1) 

where A : R 2 — > R 2 is a linear operator. Obviously, the origin is a stationary solution to (1), 
and it is a standard fact of any undergraduate course of ODEs that this system admits a 
non-constant periodic solution iff the characteristic equation det A (A) = 0, where A (a) := 
Aid— A, has a pair of (conjugate) purely imaginary complex roots (in this case the origin 
is called a center for (1)). 

Assume now that the system (1) is included into a one -parameter family of systems 

x — A(a)x («eR, teE 2 ), (2) 

where A(-) : R 2 — > R 2 is a linear operator (smoothly) depending on a, A(a 0 ) = A for some 
‘critical’ value a Q and (a 0 , 0) is an isolated center for (2) (i.e. it is the only center for a 
close to a 0 ). If a pair of complex roots X of the characteristic equation crosses (for a — u 0 ) 
the imaginary axis, then the stationary solution (a, 0) changes its stability which results 
in appearance of non-constant periodic solutions. This phenomenon is called the Hopf 
bifurcation in (2). Similarly, one can speak about the occurrence of the Hopf bifurcation 
in a one-parameter family of n -dimensional linear systems of ODEs for n > 2 (does not 
matter that the corresponding purely imaginary roots may have multiplicities greater than 
one). 

Next, consider a (nonlinear) autonomous system of ODEs of the type 

x — f(a,x) (a € R, x e V := R"), (3) 

where / : R ® V -> V is a continuously differentiable function satisfying the condition 
that f(a, 0) = 0 for all a <= R. Clearly, (a, 0) is a stationary solution to (3) for all a. In 
this situation, a change of stability simply means that some of the complex roots X of the 
characteristic equation det A( aj o)W = 0, where A^o) (A) := Aid — D K f(a, 0), cross (for 
a — do) the imaginary axis. In particular, this means the existence of a purely imaginary 
characteristic root i/3„ for a — a 0 , which (by the implicit function theorem) is a necessary 
condition for the Hopf bifurcation (i.e. for the appearance of non-constant small amplitude 
periodic solutions). However, simple examples show that, in contrast to the linear case. 




4 



Z. Balanov and W. Krawcewicz 



this algebraic condition on the linearization is not enough, in general, for the occurrence 
of the Hopf bifurcation. Of course, this is not surprising: the classical Grobman-Hartman 
Theorem provides the local topological equivalence of an autonomous system to its lin- 
earization (near the origin) only under the assumption that the linearization matrix does 
not have eigenvalues on the imaginary axis. In particular, this means that studying the 
Hopf bifurcation phenomenon in parametrized families of nonlinear systems requires an 
additional topological argument. 

A standard way of studying the Hopf bifurcation is the application of the Central Man- 
ifold theorem (allowing a two-dimensional reduction) and usage of the Poincare section 
associated with the induced system (see [113] for a detailed exposition of this stream of 
ideas, see also [8,68]). However, this approach meets serious technical difficulties if the 
multiplicity of a purely imaginary characteristic root is greater than one. To overcome these 
and other technical difficulties, alternative methods were developed based on Lyapunov- 
Schmidt reduction, normal form techniques, integral averaging, etc. (cf. [33,34,64,111]). 
On the other hand, one should mention rational-valued homotopy invariants of “degree 
type” introduced by F.B. Fuller [57], E.N. Dancer [39] and E.N. Dancer and J.F. Toland [40, 
42,41] as important tools to study the Hopf bifurcation phenomenon. 

Observe that for many mathematical models of natural phenomena, very often, their 
closeness to the real world problems is reflected (on top of their non-linear character) in 
the presence of symmetries that are related to some physical or geometric regularities. For 
systems (3) this means: V is an (orthogonal) representation of a group T and / commutes 
with the T -action on V (i.e. 

f(a, yx) = yf{a, x ) (y e F , x e V), (4) 

in which case / is called 1' -equivariant (here F acts trivially on the parameter space)). In 
this way, we arrive at the following question: what is a link between symmetries of a system 
and symmetric properties of the actual dynamics? In the context relevant to our discussion, 
this question translates as the following symmetric Hopf bifurcation problem: how can one 
measure, predict and classify symmetric properties/minimal number of periodic solutions 
appearing as a result of the Hopf bifurcation? 

It should be pointed out that in the symmetric setting, the characteristic roots almost al- 
ways are not simple which causes significant difficulties for the application of the standard 
methods. To analyze the symmetric Hopf bifurcation problem, Golubitsky et al. (cf. [63, 
65-67], see also [31,28,100,116,101,102,147]) suggested a method based on the Central 
Manifold/Lyapunov-Schmidt finite-dimensional reduction and further usage of a special 
singularity theory. On the other hand, if system (3) is Hamiltonian, one can use a wide 
spectrum of variational methods rooted in Morse theory/Lusternik-Schnirelman theory. 
Although very effective, these methods are not easy to use as they require a serious topo- 
logical/analytical background. Also, when dealing with a concrete problem admitting a 
large group of symmetries, one would like to take advantage of using computer routines 
to handle a huge number of possible symmetry types of the bifurcating periodic solutions. 
From this viewpoint, it is not clear if the above methods are “open enough” to be com- 
puterized. It is our belief that the method presented in this paper is simple enough to be 
understood by applied mathematicians, and effective enough 
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(a) to be applied in a standard way to different types of symmetric dynamical systems, 

(b) to provide a full topological information on the symmetric structure of the bifurcat- 
ing branches of periodic solutions, 

(c) to be transparent from the viewpoint of interpretation of its results, and 

(d) “last but not least”, to be completely computerized. 



Topological degree approach 

(i) From Leray-Schauder degree to S 1 -degree. The Leray-Schauder degree theory proved 
itself as a powerful tool for the detection of single and multiple solutions in various types 
of differential equations. However, when dealing with the Hopf bifurcation phenomenon in 
autonomous systems through a functional analysis approach, it can only detect equilibria 
while it remains blind to non-constant periodic solutions. The reason for it can be eas- 
ily explained: shifting the argument of periodic functions represents an S l -action, which 
implies that finding periodic solutions to the associated operator equation constitutes an 
S '-equi variant problem. By the obvious reason, the Leray-Schauder degree cannot “dis- 
tinguish” between the zero-dimensional S l -orbits (= equilibria) and the one-dimensional 
ones (— cycles), and one should look for a suitable .S' 1 -equi variant homotopy invariant. 

Speaking in a slightly more formal language, introduce the frequency ft of the (un- 
known) periodic solution as an additional parameter and reformulate problem (3) as an 
operator equation in the first Sobolev space W // 1 ( .S 1 : V) as follows: 

S(a, P, u) = 0, (5) 



where u e W, $ : R x R + x W — > W is given by 



3(oi, P, u) u — (L + K ) 



-l 



Ku + —Nf(ct, j(u )) 



with Nf{a,u){t) \= f(a,u(t)), K(u) := ^ u(s)ds and V) -> C(S ! , V ) 

being a natural embedding into the space of continuous functions. Formula 

(e iT u)(t):=u(t + r) ( e iz eS l ,ueW ) (6) 

equips W with a structure of Hilbert S’ 1 -representation and, moreover, J is .S 1 -equivariant. 
Take u eW, put 

G u —{zgS 1 : e iT u = u] (7) 

and call it a symmetry of u (commonly called the isotropy of u ). It is easy to see that 
equilibria for (3) have the whole group .S 1 as their symmetry, while for a non-constant 

periodic solution u, one has G u = Z/ for some / = 1, 2, Observe, by the way, that the 

presence of symmetry Z/ for a periodic solution u has a transparent geometric meaning: it 
clearly indicates that u is “/-folded”. These simple observations suggest a natural candidate 
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for the range of values of the “right” invariant responsible for the existence of non-constant 
periodic solutions (in particular, for the occurrence of (non-symmetric) Hopf bifurcation) 
- it should take its values in the free Z-module generated by Z/, / = 1, 2, . . . , rather than 
in the ring Z (as the Leray-Schauder degree does). The corresponding construction (called 
5 1 -degree) was suggested in [45,46] (see also Subsections 3.5 and 3.6 of the present paper 
for an axiomatic approach and [79,81] for a more general setting). 

(ii) From S l -degree to twisted degree. Let us make one more step assuming system (3) 
to be T -symmetric (cf. (4)). Put G := T x 5*. Then, IT is a Hilbert G -representation with 
the G-action given by (cf. (6)) 

((y, e 1T )w)(0 := yu(t + r) (y e T, e 1T e S 1 , ueW). 

Moreover, this time 5 is G-equivariant. One can easily verify that the symmetries G u := 
[g e G: gu — u } of non-constant periodic functions u are the so-called < f -twisted l-folded 
subgroups K v ' ] of G given by 

K^ :={(y,z)eK x S l : q>{y)=z l ) 

for K being a subgroup of T, tp : K S l a homomorphism and l — 1,2,... (cf. (7)). We 
have now a complete parallelism with the previous situation: in the same way as the Leray- 
Schauder degree was not enough to establish the existence of non-constant periodic solu- 
tions to (3), the 5 1 -degree is not enough to classify symmetries of these solutions. Clearly, 
the right G-equivariant homotopy invariant should take its values in the Z-module A ' ( G ) 
generated by ^-twisted /-folded subgroups (more precisely, by their conjugacy classes). 
The twisted G-equivariant degree (in short, twisted degree) is a topological tool precisely 
needed for the above purpose. 

Roughly speaking, the G-equivariant twisted degree is an object that is only slightly 
more complicated than the usual Leray-Schauder degree. It is a finite sequence of inte- 
gers, indexed (for the convenience of the user) by the conjugacy classes (H) of <y-twisted 
/-folded subgroups H of G. To be more specific, given a group G = F x S 1 , an iso- 
metric Banach G -representation IT, an open invariant subset £2 C R. © IT and a contin- 
uous G-equivariant map /: (£2, 3£2) -> (IT, W \ {0}), one can assign to / the twisted 
G-equivariant degree in the following form: 

G-Deg f (/, £2) = + n 2 (H 2 ) H h n k (H k ), n,-eZ. (8) 

As we will see later on, G-Deg f (/, Q ) satisfies all the properties expected from any reason- 
able “degree theory”, in particular, existence, homotopy invariance, excision, suspension, 
additivity, multiplicativity, etc. (adopted to the equivariant setting). Moreover, similarly to 
the Leray-Schauder degree, the twisted degree admits an axiomatic approach which al- 
lows applied mathematicians to use it without going into topological (homotopy theory, 
bordism theory) and analytical (equivariant transversality, normality) roots underlying its 
construction. Thus, it can be easily applied to equivariant settings in the same way as the 
Leray-Schauder degree is applied to non-symmetric situations. 

(iii) Application scheme of twisted degree. In this survey article, we will explain how 
to apply the twisted G-equivariant degree to study various Hopf bifurcation problems (pa- 
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rameterized by a e R) with a certain symmetry group F. To clarify the essence of our 
approach, we list below the main steps one should follow to attack problem (3). 

(a) Let (a„. 0) be an isolated center for (3) and let \ft 0 be the corresponding purely 
imaginary characteristic root. 

(b) Take a small ‘cylinder’ £2 C R x R + x W around the point (a 0l p o , 0), construct an 
auxiliary G-invariant function : L2 — > LR (see Definition 4.3), confining solutions 
to (5) to the inside of £2, i.e. g is negative on the ‘trivial’ solutions (a, p. 0) and it is 
positive on the ‘exit’ set from £2. 

(c) Consider the equation 

3^ (a, P, u) := (g, 3(«, P, u )) = 0 (9) 

(obviously, decreases only one dimension and any solution to (9) is also a solu- 
tion to (5)). 

(d) Define the local bifurcation invariant co{a 0 , Po) containing the topological informa- 
tion about the symmetric nature of the bifurcation, by 



(o(a 0 , Po) '■= G-Deg f (3^, £2). 



(e) Use the equivariant spectral properties of the linearized system at the point 
(a 0 , Po , 0) to extract data needed for the computation of 0L>(a o , Po)- 

(f) Apply appropriate computer program (for example Maple® routines) in order to 
obtain the exact value of the local invariant co(a 0 , p o ). 

(g) Analyze oi(a 0 . p o ) in order to obtain the information describing possible branches 
of non-constant periodic solutions, their multiplicity and symmetric properties. 

The fact that the equivariant degree approach to the symmetric Hopf bifurcation allows 
a computerization (based on the algebraic properties of the twisted degree) of many te- 
dious technicalities related to algebraic nature of this problems (combined with the above 
mentioned axiomatic approach) constitutes one of the most significant advantages of the 
twisted degree method. Theoretically, this method supported by computer programming 
can be applied to any kind of T -symmetric Hopf bifurcation problem, with the group T 
being of arbitrary size. 

(iv) Historical roots of the twisted degree method. Twisted equivariant degree is a part of 
the so-called equivariant degree, which was introduced by Ize et al. in [78] and rigorously 
studied in [81] for Abelian groups. The idea of the equivariant degree has emanated from 
different mathematical fields rooted in a variety of concepts and methods. The historical 
roots of the equivariant degree theory can be traced back to several mathematical fields: 

(a) Borsuk-Ulam Theorems (cf. [25,9,24,38,55,81,86,99,121,127,138]; see also refer- 
ences in [99] and [138]); 

(b) Fundamental Domains, Equivariant Retract Theory (cf. [9,81,99]; see also [3-7,82, 
83,103,107,108]); 

(c) Equivariant Obstruction Theory, Equivariant Bordisms, Equivariant Homotopy 
Groups of Spheres (cf. [37,43,87,105,130,135,139,141]; see also [12,17,18,81,99, 
114,131]); 

(d) Equivariant General Position Theorems (cf. [22,46,60,81,99]; see also [12,18,91,96, 
115,150]); 
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(f) Generalized Topological Degree, Primary Degree, Topological Invariants of Equi- 
variant Gradient Maps (cf. [39,46,57,59,62,79,81,93,99,126,132-134]); 

(g) Geometric Obstruction Theory and /-Homomorphism in Multiparameter Bifurca- 
tions (cf. [2,76,77]). 

In this article, we will discuss the construction of the twisted equivariant degree without 
entering into too much details. For more information and proofs, we refer to [19], 



Overview 

Let us discuss in more detail the contents of this article. 

In Subsection 2.1, we include some preliminary results and the equivariant jargon fre- 
quently used later. In Subsection 2.2, we give a brief overview of some basic concepts and 
constructions from representation theory, explain our conventions and collect necessary 
information needed for the construction and usage of the equivariant degree techniques. In 
Subsection 2.3, we present some facts related to the notion of G-vector bundles modeled 
on Banach spaces and describe certain properties of (smooth) G -manifolds. In Subsection 
2.4, we discuss the set of unbounded Fredholm operators of index zero OE, F) between 
two Banach spaces E and F, and describe the topology on this set. 

Section 3 naturally splits into four parts: (a) main ideas underlying the notion of twisted 
degree, (b) construction and basic properties, (c) practical computations, and (d) infinite 
dimensional extensions. 

From the topological point of view, the (twisted) equivariant degree “measures” homo- 
topy obstructions for an equivariant map to have equivariant extensions without zeros on 
a set composed of several orbit types. Therefore, in Subsection 3.1, we describe the topo- 
logical ideas related to the construction of the twisted equivariant degree, i.e. the induction 
over orbit types, concept of fundamental domain and equivariant Kuratowski-Dugundji 
theorem. Since we follow the “differential viewpoint” to construct the twisted degree, in 
Subsection 3.2, the notions of normal and regular normal maps (i.e. equivariant replace- 
ments of “nice” representatives of homotopy classes) are introduced. In Subsection 3.3, we 
focus on algebraic properties of the Z-module A\ (G) - the range of values of the twisted 
degree. Namely, we discuss generators of (G) (i.e. conjugacy classes of ^-twisted /- 
folded subgroups of G) and, given two subgroups L C H C G, define purely algebraic 
quantities n(L , H) allowing us to study an important multiplication structure on Aj (G). 
Later on, this multiplication (“module structure”) is used in the same way as the usual 
multiplication in Z is used for the multiplicativity property of the Brouwer degree. 

In Subsection 3.4, we present a construction of the twisted degree, showing that its co- 
efficients iij (see (8)) can be evaluated using the usual Brouwer degree of regular normal 
approximations restricted to fundamental domains. The properties of twisted degree pro- 
viding an axiomatic approach to its usage, are listed in Subsection 3.5. The particular, 
nevertheless very important, case of the twisted S ^degree is discussed in Subsection 3.6. 
The presented axiomatic definition of the twisted S ^degree makes no use of the normality 
condition, therefore it is very close to the axiomatic definition of the Brouwer degree. What 
is probably more important, this definition opens a way for the practical computation of 
twisted degree. 
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To be more specific, in Subsection 3.7, based on the axiomatic definition of 5 1 -degree, 
we deduce some computational formulae for S l -degree of mappings that naturally appear 
in studying the symmetric Hopf bifurcation phenomenon (cf. Problem 3.32, Theorem 3.39 
and Corollary 3.40). In addition, we present the so-called Recurrence Formula (see The- 
orem 3.41) allowing a direct reduction of computations of the twisted degree to the ones 
of S l -degree. Next, in Subsection 3.8, we introduce the concept of basic maps and basic 
degrees. These maps are the simplest ones having a non-trivial twisted degree and fitting 
our approach. Their twisted degrees, which are fully computable (based on the Recurrence 
Formula and the corresponding S '-degree results), will constitute a ‘library’ that can be 
used by the computer programs in order to evaluate the twisted degree of more compli- 
cated maps. Finally, in Subsection 3.9, we establish the multiplicativity property of the 
twisted degree. This (functorial) property, which is similar to the multiplicativity of the 
Brouwer degree, plays a substantial role in developing the software needed for practical 
computations of twisted degree. 

In Subsection 3.10, we extend in a standard way the ( finite -dimensional) twisted degree 
to two important classes of equivariant vector fields on Banach G -representations: compact 
fields and condensing fields. These fields turn out to be enough to cover the applications to 
the Hopf bifurcation problems we are dealing with in this paper. 

In Section 4, we lay down the standard steps of the twisted equivariant degree treatment 
for an autonomous 1-st order system of ODEs (without symmetries). As it was mentioned 
above, this system, in spite of having no symmetries, still leads to an S 1 -equivariant fixed- 
point problem. In fact, we use the following strategy: in this section, we consider in detail 
the occurrence of the Hopf bifurcation in ODEs without symmetries (resp. S 1 -degree ap- 
proach) while, in subsequent sections, we analyze (trying to avoid any repetitions) the 
impact of T -symmetries in different classes of dynamical systems to symmetric properties 
and minimal number of bifurcating periodic solutions (resp. F x .S' 1 -equivariant twisted 
degree approach). In Subsection 4.1, we give a rigorous definition of the Hopf bifurcation. 
The corresponding setting in functional spaces is explained in Subsection 4.2. In Sub- 
section 4.3, we introduce the local bifurcation invariant (— S' 1 -degree of an appropriate 
map) and establish (in its terms) necessary and sufficient conditions for the occurrence 
of Hopf bifurcation. To obtain an effective formula for the local bifurcation invariant, we 
apply (based on the properties of S' 1 -degree), in Subsection 4.4, appropriate equivariant 
deformations to simplify the operators in question. In Subsection 4.5, by introducing the 
concept of the so-called crossing number, we complete the computation of the local bifur- 
cation invariant and formulate the Hopf bifurcation result in terms of the right-hand side of 
the considered system only. 

Section 5 is devoted to a discussion of the Hopf bifurcation problem for a systems of 
ODEs with symmetries. A functional setting for a symmetric Hopf bifurcation and the lo- 
cal bifurcation invariant are described in Subsection 5.1. In particular, for the purpose of 
estimating precise symmetries and a minimal number of bifurcating periodic solutions, we 
introduce the concept of dominating orbit types. The computations of the local invariant 
based on a reduction to the so-called product formula, are presented in Subsection 5.2 (here 
we essentially use the multiplicativity property of the twisted degree). The concept of an 
isotypical crossing number and the refinement of the product formula are given in Subsec- 
tion 5.3. The main steps related to the usage of the twisted equivariant degree method are 
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resumed in Subsection 5.4. In Subsection 5.5, we outline how to use the special Maple® 
routines, which were developed for the twisted degree computations, to compute the exact 
value of the local bifurcation invariant. These routines are available on the Internet through 
the link: http://krawcewicz.net/degree. 

Section 6 , based on the framework developed in the previous section, is dealing with a 
general symmetric Hopf bifurcation problem in functional differential equations. Follow- 
ing the standard steps, in Subsection 6.1, we analyze a parametrized system of symmetric 
delayed functional differential equations. In Subsection 6.2, we briefly discuss particular- 
ities related to the usage of the same method in symmetric neutral functional differential 
equations. Observe that the local bifurcation invariants can be effectively applied to study 
the problem of continuation of symmetric branches of non-constant periodic solutions (i.e. 
a global Hopf bifurcation problem) for a system of symmetric functional differential equa- 
tions (see Subsection 6.3). 

In Section 7, we extend the applicability of the twisted degree method to a system of 
functional parabolic differential equations. A general setting (as an abstract coincidence 
problem) in functional spaces, appropriate for studying symmetric FPDEs, is presented in 
Subsection 7.1. In Subsection 7.2, we discuss the Hopf bifurcation problem for a general 
FPDEs with symmetries. Although, basically the computations of the local bifurcation 
invariant follow the standard lines, several points specific to this setting are explained in 
Subsection 7.3. 

In Section 8 , we illustrate the twisted degree method by applying it to three concrete 
models. It should be pointed out that our choice of the examples (see the Contents) is mo- 
tivated by their relative simplicity, practical meaning and the effectiveness of the analysis 
(via the twisted degree method) of the symmetric Hopf bifurcation phenomenon occurring 
in these systems. Other examples and more details can be found in [19], 

In a short Appendix A, we collect the information about the groups (i.e. dihedral groups 
D„ and the icosahedral group A 5 ) and their representations, which are used in our examples 
presented in Section 8 . 



2. Auxiliary information 

2.1. Basic definitions and notations 

In this section, G stands for a compact Lie group. 

DEFINITION 2.1. A topological transformation group is a triple (G, A, q>), where A is a 
Hausdorff topological space and <^:GxA— »Aisa continuous map such that: 

(i) (p{g, (p(h, x )) = (pigh, x) for all g, h eG and x e A; 

(ii) (p(e, x) = x for all .r e A, where e is the identity element of G. 

The map <p is called a G-action on A and the space A, together with a given action <p 
of G, is called a G-space (or, more precisely, left G-action and left G -space, respectively). 
We shall use the notation g(x), g ■ x or simply gx , for (pig, x). For K C G and Ac A, 
put K{A ) := {gx: g e K,x e A} and for g e G we write gA {gx: x e A}. A set A c A 
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is said to be G-invariant if G(A) = A. Notice that if A is a compact set, then so is G(A). 
Observe that on any Hausdorff topological space X one can define the trivial action of G 
by gx — x for all g e G and x e X. 

For any x e X, the closed subgroup G x = {g e G: gx = x} of G is called the isotropy 
group of x and the invariant subspace G(x) := {gx: g € G| of X is called the orbit of x. 
Also, we say that a G-action on X 'vs, free if G x = {e} for all x e X. 

It is easy to see that if H is the isotropy group of x e X, then Gix) is homeomorphic 
to G/H. Denote by X/G the set of all orbits in X and consider the canonical projection 
tv : X — > X I G given by tt(x) — G (x ) . The space X/G equipped with the quotient topology 
induced by n is called the orbit space of X under the action of G. 

Recall that two closed subgroups H and K of G are said to be conjugate in G, if // = 
gKg~ l for some g e G. Clearly, the conjugacy relation is an equivalence relation; denote 
by (H) the equivalence class of H and call (H) the conjugacy class of H in G. Denote by 
O(G) the set of all conjugacy classes. The set O(G) is partially ordered by the relation ^ 
defined as follows; 

(H) ( K ) ^ 3 geG gHg-' C K. (10) 

Obviously, for a G-space X and x e X, one has G gx = gG x g~ 1 . This gives rise to the 
notion of the orbit type of x defined as the conjugacy class (G x ). 

Denote by J (X) the set of all orbit types occurring in X. Let us point out that according 
to the order relation (10), if an orbit type ( G x ) is smaller than an orbit type (G v ), then 
the orbit G(x) is “bigger” than the orbit G(y). According to the famous result by Mann 
(cf. [112]), every action of a compact Lie group on a manifold with finitely generated 
homology groups has a finite number of orbit types. 

The following result is known as Gleason Lemma (cf. [26]). 

THEOREM 2.2. Let X be a metric G-space such that J (X) — {(H)}. Then, the orbit map 
7T ; X — >- X/G is a projection in a locally trivial fiber bundle with fiber G/H. 

Suppose that A is a finite-dimensional G-space and G is a compact Lie group. Using 
the definition of covering dimension (cf. [48]), the Gleason lemma and the Morita theorem 
(see [120]), which states that dim(A x [0, 1]) = dim A + 1 for any metric space K, one 
can easily prove 

PROPOSITION 2.3. If X is a (metric) free G-space, then dim(A/G) = dim A — dimG. 

For a G-space A and a closed subgroup H of G, we adopt the following notations: 

X H := {* e A: G x = H}, 

X H := {x e A: G x D H], 

X( H ) := {x e X: (G X ) = (H)}. 



We call X H the H -fixed-point subset of A. 
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For a closed subgroup H of G, we use N(H ) := {g: gHg~ 1 = 77} to denote the nor- 
malizer of H in G and W(H) := N ( If )/ H to denote the Weyl group of H in G. Notice 
that N(H ) is a closed subgroup of G and X H is N (H )-invariant. Consequently, X H is 
W(77)-invariant, where the VM(77)-action on X H is given by gH ■ x gx for g e N(H) 
and x e X H . It is also clear that W ( H ) acts freely on X h . 

Let X and Y be two G-spaces. A continuous map / : X -> Y is called G-equivariant, or 
simply equivariant, if 

VgeGV.reX f(gx) = gf(x). 

If the G-action on Y is trivial, an equivariant map / : X —> Y is called G-invariant, or 
simply invariant , i.e. 

WgeGWxeX f(gx) = f(x). 

Since, for an equivariant map / : X -> Y, one has G f( x] D G x , it follows that f(X H ) C 
Y h for every subgroup H C G. Consequently, the maps f H : X H — > Y H with f H 
f x ii , are well-defined and W (//)-equi variant for every subgroup H C G. 

2.2. Elements of representation theory 

Finite-dimensional G -representations We start with the following 

Definition 2.4. Let W be a finite-dimensional real (resp. complex) vector space. We say 
that W is a real (resp. complex) representation of G (in short, G -representation), if W is a 
G-space such that the translation map T g : W -> W , defined by T g {v) := gv for v e W , is 
an R- 1 inear (resp. C-linear) operator for every g e G. 

It is clear that for a G-representation W, the map 7’ : G — > GL(W), given by T (g) — 
T g : W -* W, is a continuous homomorphism. It is convenient to identify the representa- 
tion W with the homomorphism T : G — > GL(W). For example, a continuous homomor- 
phism T : G -» GL(n\ R) (resp. T :G GL(n\ C)) is called a real (resp. complex) matrix 
G-representation. For two representations W i and HR, if there is an equivariant isomor- 
phism A:W i — > MR, we say that Wi and HR are equivalent and write W i = Wj- Let W be 
a real (resp. complex) G-representation. An inner product (resp. Hermitian inner product) 
(•,•): W © W — > K (resp. (•,•}: W © W —*■ C) is called G-invariant if (gu, gv) — { u , v) 
for all g e G, u, v e W. A G-representation together with a G-invariant inner product 
is called an orthogonal (resp. unitary) G-representation. It is well-known that every real 
(resp. complex) G-representation is equivalent to an orthogonal (resp. unitary) representa- 
tion T : G -> 0(n) (resp. T :G -> U («)). 

Notice that any G-representation W is a manifold with trivial homology groups in non- 
zero dimensions, therefore (cf. [112]), there are only finitely many orbit types in W. 

An invariant linear subspace W C W is called a subrepresentation of W and we say that 
W is an irreducible representation if it has no subrepresentation different from {0} and MR 
Otherwise, W is called reducible. 




Symmetric Hopf bifurcation: Twisted degree approach 



13 



The complete reducibility theorem states that every (finite-dimensional) G -representation 
W is a (not necessarily unique) direct sum of irreducible subrepresentations of W, i.e. there 
exist irreducible subrepresentations W 1 , . . . , VV'" of V such that 

w = w 1 © w 2 © • • • © w n . 

Let W i and Wj be two G-representations. Denote by L G ( W i , WA) the space of 
all linear G-equivariant maps A : W\ — > W 7 ?, and by GL (; (W\ . Wi) its subspace of 
all (G-equivariant) isomorphisms. Also, put L (: ( W ) := L 1 ' ( W. W ) and GL g (W) 
GL g (W, W). 

Let W 1 and W 2 be two real or complex irreducible G-representations. Then, the Schur 
lemma states that every equivariant linear map ,4 : VV 1 — > VV 2 is either an isomorphism 
or zero. Assume U is a complex irreducible G -representation. Then, it follows from 
Schur Lemma that every equivariant linear map A:U — > U satisfies A — X Id, for some 
XeC, i.e. the G-representation U is absolutely irreducible (cf. [27]). Consequently, we 
have that dim £ L G (U l M 2 ) — 1 or 0 (where U 1 and U 2 are two irreducible complex G- 
representations). Using this fact, it can be easily proved that every complex irreducible 
G-representation of an Abelian compact Lie group G is one-dimensional. 

In the case V is a real irreducible G-representation, the set L G (V) is a finite-dimensional 
associative division algebra over R, so it is either R, C or H, and we call V to be of real , 
complex or quaternionic type, respectively. Observe also that the type of a real irreducible 
G-representation is closely related to its complexification (cf. [27]). 

Remark 2.5 (Convention of notation). Let us explain our convention, which we use in 
connection to the complex and real G-representations. As long as it is possible, we use the 
letter V to denote a real G-representation, while the letter U is reserved for complex G- 
representations. In the case the type of a G-representation is not specified, we apply the let- 
ter W. Since, for a given compact Lie group G, there are only countably many irreducible 
G-representations (see [85,151]), we also assume that a complete list, indexed by numbers 
0, 1, 2, 3, ... , of these irreducible representation is available, and, in the case of real G- 
representations, we denote them by Vo, Vj, V 2 , ■ • ■ (where Vo always stands for the trivial 
irreducible G-representation), in the case of complex G-representations, by Uq, U \ , U 2 , ■ ■ ■ 
(where Uo is the trivial complex irreducible G-representation), and in the case the type 
of an irreducible G-representation is not clearly specified as real or complex, we denote 
them by Wo, Wi, >V 2 , . . . (where again Wo is the trivial irreducible G-representation). 
Unspecified irreducible G-representations are denoted as follows: in the case of real rep- 
resentations V, V 1 , or V k , in the case of complex representations U, U 1 , or lA k , and if the 
type is unknown W, W 1 , or Yv k . We summarize our convention in Table 1. 

Remark and Notation 2.6. Let T be a compact Lie group. 

(i) Any (irreducible) complex T -representation can be converted in a natural way to 
an (irreducible) real T x 5 1 -representation as follows. For any complex T -repre- 
sentation U and / = 1, 2, . . . , define a T x S 1 -action on U by 



(y, z)w = z 1 ■ (yw), (y, z)eTx5’ 1 , weU, 



( 11 ) 
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Table 1 

Notational convention for real and complex G -representations 





Real 


Complex 


Unspecified 


G-representation 

Irreducible 


v.® 


U, It 


w,w 


G-representation 
List of all irreducible 


V 


u 


w 


G -representations 
Various irreducible 


V 0 ,Vi,V 2) ... 


U0.Ui.U2.... 


Wo,Wi,W 2 ,... 


G -representations 


V. V 1 , V 2 , Vi 


U.U l .U 2 ,U J 


W, W 1 , W 2 , yvi 



where *■’ is the complex multiplication. This real F x .S' 1 -representation is denoted 
by 7 U. Moreover, it' U is a complex irreducible F -representation, then 1 U is a real 
irreducible T x S 1 -representation. 

(ii) Following Remark 2.5, assume that {U / } is a complete list of irreducible complex 
T -representations. The (real) irreducible F x .S' 1 -representation 'Uj is called the / -th 
irreducible F x S 1 -representation associated with Uj and denoted by Vjj. 

Complexification and conjugation For a real vector space V, denote by V c the complex- 
ification of V given by 



V c C 0® V. 



Assume further that V is a real G -representation. Then, V c has a natural structure of a 
complex G-representation defined by g (z ® v) = ,"8 gv, z € C, v e V . 

For a complex vector space U, denote by U the conjugate complex vector space structure 
on U, i.e. the space U with the complex multiplication given by z ■ v zv, z e C, v e U. 
Notice that GL(U ) = GL(U ), therefore, if LJ is a complex G-representation, then so is U, 
which is called the G-representation conjugate to U . In the case of a complex matrix G- 
representation 7’ : G — »■ GL(n, C), the G-representation conjugate to T is given by T : G — > 
GL(n , C), where T (g) denotes the matrix obtained from T (g) by replacing its entries with 
their conjugates. 

Remark 2.7. For a (real) vector space V, an element x of its complexification V' can be 
written in a unique way as x — 1 ® u + i ® v, where u, v e V. Using this representation of 
elements in V c , it is easy to show that if V has a complex structure (i.e. an isomorphism 
/ : V —> V satisfying J 2 — — Id), then the space V c is isomorphic (as a complex vector 
space) to the direct sum V © V, where V stands for the (complex) vector space conjugate 
to V, i.e. the space V with the complex multiplication given by " ■ v zv. Indeed, notice 
that for every x e V c , 



x = \®u+\®v 



u + iv v — iu 
— 1 ® h i 6b 



U — IU 11 + 1M 

hi« 



2 



2 



+ 1 ® 



2 



2 
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so we obtain the following direct decomposition V c — Vi © Vb, where 

\ u + if v — iu 
Vi = \ 1 ® 1 - 1 ® : u, v e V [ , 



) u — id v + iu 
1 ® h i ® : u, v e V 

2 2 I 

It is easy to verify that Vi is C-isomorphic to V and VS to V. 



Remark 2.8. It is well-known (see [27]) that for a real irreducible G -representation V, 
the complex G-representation V is irreducible if and only if V is of real type. Otherwise, 
it follows from Remark 2.7 that if V has a natural complex structure, then V c , as a complex 
G-representation, is equivalent to V © V. In this case V is equivalent (as a complex G- 
representation) to V, if and only if V is of quaternionic type. 

Character of representation For a finite-dimensional real (resp. complex) G-representa- 
tion W, with the corresponding homomorphism 7’ : G — » GL( W ), the function xw '■ G —> 
R (resp. xw '■ G — > C), defined by 

Xw(g) =Tr(r(g)), geG, 

where Tr stands for the trace, is called the character of W. It is well-known (see, for 
example, [27]) that Xw(ghg~ l ) — xw(h), for g , h e G, and for two G -representations 
(both being either real or complex) W i and Wb, we have XW\(&W 2 = XW\ + XWt Let us 
point out that any G-representation is completely determined by its character. 

Haar integral Recall the notion of the Haar integral on G, denoted by f (; fig) d//(g), 
where /' : G — > R is a continuous function. There exists a unique functional / — > 
/g fig) d/i(,s,'). on the space of continuous functions on G, satisfying the following prop- 
erties: 

0) f G if\(g) + f 2 (g))dti(g) = f G fi(g)dii(g) + f G / 2 (g)d/r(g); 

(ii) f G cf(g)d/i(g) = cf G f(g)d/x(g ), where c e K; 

(iii) f G d p(g) = 1; 

( iv ) j G fi h ~ l S)^^ig) = / G figh)dn(g) = f G f(g~ l )d f i(g) = J G f(g)dp(g), for 
all h e G; 

(v) / G fig) d M ig ) > 0 for f(g ) ^ 0, Vg e G. 

Isotypical decomposition Consider a real G-representation V . The representation V can 
be decomposed into a direct sum 

V = V 1 © V 2 © • • • © V” (12) 

of irreducible subrepresentations V' of V, some of them may be equivalent. This direct 
decomposition is not “geometrically” unique and is only defined up to isomorphism. Of 
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course, among these irreducible subrepresentations there may be distinct (non-equivalent) 
subrepresentations which we denote by V kl , ..., V kr , including possibly the trivial one- 
dimensional representation Vo- Let V ki be the sum of all irreducible subspaces V“ C V 
equivalent to V)-, . Then, 



V=V kl @V k2 (B---(BV kn (13) 

and the direct sum (13) is called the isotypical decomposition of V. In contrast to the 
decomposition (12), the isotypical decomposition (13) is unique. The subspaces V ki are 
called the isotypical components of V (of type V ki or modeled on V ki )■ It is also convenient 
to write the isotypical decomposition (13) in the form 

V = Vo ® V\ © • • • © V ri for some r ^ 0, (14) 



where the isotypical components V, are modeled on V, , according to the complete list of 
irreducible G -representations (some V; may be trivial subspaces). 

The isotypical components Vi, i =0,1,2, ... ,r, can be also described in another way, 
which is more useful for infinite dimensional generalizations. Denote by /, : G — > R the 
real character of the irreducible representation V/, i =0, 1,2 , ... ,r. Define the linear map 
Pi : V V by 



P i x = n(V l ) I Xi(g)gxdp(g), xeV, 
Jg 



where 



n(V t ) 



dim® Vi , 
dim® Vi 

2 ' 
dim® Vi 

4 



if Vi is of real type, 
if Vi is of complex type, 

if Vi is of quaternionic type. 



(15) 



The number n (V, ) defined above, is called the intristic dimension of V, . Then (see [93] for 
more details): 

(a) x e Vj <b=4> P,(x) = x; 

(b) x e Vi.l ^i =>■ Pi (x) = 0; 

(c) Pj o Pi (x) = Pi (x ) for all x e V ; 

(d) Pj : V V is G-equivariant. 

Consequently, every x e V can be written as 



x = ^2 Pi(x), 

i=0 



where P, (x) e V, ) , so Id = J2'i=o p i ■ 
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In the case U is a complex G -representation, a similar complex isotypical decomposition 
of U can be constructed, i.e. 



U = Uq © U\ © • • • © U s , for some s ^ 0, 

where the isotypical component U j is modeled on the complex irreducible G-representa- 
tion Uj, j = 0, 1 , . . . , s. 

Decomposition of GL g (V) Let V be an orthogonal G-representation. We have the fol- 
lowing standard algebraic facts on a decomposition of GL g (V). 

Proposition 2.9. (Cf. [85].) Let ( cf. (13)) 



V=V ki @---@V kr , (16) 

be the G-isotypical decomposition, where a component V kj is modeled on an irreducible 
representation V ki . Then: 

(i) GL g (V) — ®[ =1 GL G {V ki )\ 

(ii) for any isotypical component V ki from (16), we have GL g (V kj ) — GL(m . F), where 
m — dim V kj / dim V ki and F ~ GL g (V kj ), i.e. F = R, C or H, depending on the type 
of the irreducible representation V ki . 

Banach G-representations Recall 

Definition 2.10. Let W be a real (resp. complex) Banach space. We say that W is a 
real (resp. complex) Banach representation of G (in short Banach G-representation) if the 
space W is a G-space such that the translation map 7], : W — > W, defined by 7’,, ( w ) = gw 
for w e W, is a bounded K- linear (resp. C-linear) operator for every g e G. 

Clearly, every finite-dimensional G-representation is a Banach G-representation. 

We say that a Banach G-representation W is isometric if for each g e G, the translation 
operator T g : W -> W is an isometry, i.e. \\T\\ g w — ||iu|| for all w e W, and we call the 
norm ||-|| a G -invariant norm. Using the Haar integral, it can be proved that for every 
Banach G-representation W, it is possible to construct a new G-invariant norm on W 
equivalent to the initial one. 

A closed G-invariant linear subspace of W is called a Banach subrepresentation. It 
is also important to notice that all irreducible Banach G-representations (i.e. represen- 
tations that do not contain any proper non-trivial Banach G-subrepresentations) are finite- 
dimensional (see [85] or [93]). Notice that for a closed subgroup H C G, the set W H is a 
closed linear subspace of W. 

In the case W is a real (resp. complex) Hilbert space, the inner (resp. Hermitian inner) 
product (•, •) on W is called G-invariant if (gv, gw) = (v, w) for all g e G, v, w e W. In 
this case, W is called an isometric Hilbert (resp. unitary Hilbert) G-representation. 

Consider the complete list {V k '- k = 0, 1,2, ...} of all irreducible G-representations 
(which is a countable set [27]) and let Xk ■ G —*■ R be the corresponding character of 
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Vk for k = 0, 1, 2, Take a real Banach G-representation and define the linear maps 

P k : W -> IT by 



P k x = n(Vk) [ Xk(g)gx d p(g), geG, xeW, k — 0, 1, 2, ... , (17) 

Jg 

where n(Vk) denotes the intristic dimension of Vk- 

Then, similarly to the finite-dimensional case, we have that P* ; W -> W is a G-equi- 
variant (i.e. Pkigw ) = gPk(w) for geG and w e W ) bounded linear projection onto the 
subspace 



W k := P k (W). (18) 

Also (see [93]), we have the following 

THEOREM 2.11. Let W be a real isometric Banach representation of a compact Lie 
group G, V a real irreducible representation of G and y the character of V. Then, the 
linear operator Pp : W — »■ W defined by 

P v x = n(V )/ xig)gxdp(g), xeW, 

Jg 

is a bounded G-equivariant projection on the subspace Py(W) satisfying the following 
properties : 

(i) If x G W belongs to a representation space of an irreducible subrepresentation of 
W that is equivalent to V, then P\> x — x; 

(ii) If x € W belongs to a representation space of an irreducible subrepresentation of 
W that is not equivalent to V, then Ppx = 0. 

It is an immediate consequence of Theorem 2.1 1 that every irreducible subrepresentation 
of W, which is equivalent to Vk, is contained in Wk- The G-invariant subspace Wk is called 
the isotypical component of W corresponding to Vk - Define the subspace 

Woo := 0 Wk (19) 

k 

which is clearly dense in W, i.e. we have Woo = W. Consequently, the decomposition 



( 20 ) 

k 

is called the isotypical decomposition of W . Moreover, for every G-equivariant linear op- 
erator A : W — * W, we have that A ( Wk) c Wk for all k — 0, 1,2, 

Using the Zorn lemma one can easily establish 

PROPOSITION 2.12. Given (19) and (20), for any finite subset X C Woo, the subspace 
spanG(X) spanned by the orbits of points from X, is finite-dimensional and G-invariant. 
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2.3. G -vector bundles and G-manifolds 

Let E and B be two topological spaces, V a Banach space, and p : E — >■ B a continuous 
map which satisfies the following conditions: 

(1) For each x e B, the set p~ 1 (x ) has a structure of a real Banach space (with topology 
induced from E); 

(2) For each x e B, there exists an open neighborhood U and a homeomorphism 
( pu : p~\U) — * U x V such that the following diagram commutes 




U x V 




and, in addition, 

(3) For each x e U the map <pu, x (<Pu) \ p ~ l ( x ) '• P~ l ( x ) -> {x} x V V is an iso- 
morphism of Banach spaces. 

Then, the triple § = ( p , E, B) is called a Banach vector bundle modeled on the Banach 
space V, E - total space, B - base space, p~^(x) - fiber over x, p - vector bundle 
projection and the pair (U, <pu) - local trivialization. 

A Banach vector bundle £ = (p, E, B), where E, B are two G-spaces, is called a G- 
vector bundle if 

(a) p is an equivariant map; 

(b) For every g e G, the map g:p~ l (x) -> p~ l (gx), defined by g(v) — gv, v e 
p~ l (x), is an isomorphism of Banach spaces. 

A G-morphism of two G-vector bundles f = ( p, E, B) and f ' — (/A E' , B') is a pair of 
G-equivariant maps (tp, i jr), <p: E -> E' and <// : B B' , such that the following diagram 

commutes 



v 

E ^ E' 

p P ' 

v * V 
B ^ B' 

and <p x <P|p-i( x ) : P~ l (x) — >■ p ,_1 (t/f(x)) is a linear (bounded) operator. If tp and \[r 

are two G-equivariant homeomorphisms, we say that the G-vector bundles ( p. E, B) and 
(/A E' , B ') are G-isomorphic. 

If M is a G-space with a structure of a finite-dimensional smooth manifold such that the 
action <p : G x M — »• M of G on M is a smooth map, then M is called a G-manifold. Given 
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an (orthogonal) G -representation V, any open invariant subset (equipped with the action 
induced from V ) provides an example of a G-manifold. 

In the case of a G-vector bundle ( p , E, B) such that E and B are G-manifolds and 
p : E — > B is a smooth mapping admitting smooth local trivializations, we say that 
( p. E, B) is a smooth G-vector bundle. If M is a G-manifold, then it is easy to see that the 
tangent vector bundle r (M) of M is a smooth G-vector bundle. Let M be a Riemannian 
G-manifold. By using the Haar integral, it is easy to construct a G-invariant Riemannian 
metric (•, •) : r(M) x r(M) — > R. Suppose that M is a G-submanifold of a Riemannian 
G-manifold W (equipped with an invariant metric). Then, the normal vector bundle v{M) 
of M in W is a smooth G-vector bundle (in what follows, we will use the symbol v x (M) 
to denote the normal slice at x e M). 

Using the standard G-vector bundle techniques one can easily establish 

PROPOSITION 2.13. Assume that N is a G-submanifold of a Riemannian G-manifold M. 
Then, for every G-invariant compact set K C N, there exists an invariant neighborhood U 
of K, called invariant tubular neighborhood of N over K, satisfying the properties : 

(a) U 0 '■= U IT N is an invariant neighborhood of K in N\ 

(b) there exists s > 0 such that the exponential map exp: v(N, e)\u 0 — > M is a G- 
dijfeomorphism onto U, where v(N , s)\u a denotes the s-disc bundle of the normal 
bundle v(N ) restricted to U 0 ■ In particular, every point x e U can be represented 
by a pair (, u , v ) € v(N, e)\u a , where u e U 0 and v is a vector of norm less than s 
orthogonal to N at u. 

Notice that if M — V, where V is an orthogonal G -representation, the map exp : 
v(N, e)| u„ -* V is simply defined by exp(u, v) — u + v. 

We complete this subsection with the following important 

THEOREM 2.14. (Cf. [84,26].) Let M be a G-manifold and H a subgroup of G. Then : 

(i) M(ft) is a G-invariant submanifold of M; 

(ii) M(H)/ G is a manifold. If is connected, then M^)/G is also connected', 

(iii) If (H) is a maximal orbit type in M, then M(H) is closed in M; 

(iv) If (H) is a minimal orbit type in M and MIG is connected, then M^-f/G is a 
connected, open and dense subset of M / G; 

(v) Mu is a W {H) -manifold with free W (H)-action, and Mh / W(H) is a smooth 
manifold, 

where the minimal and maximal orbit types are taken with respect to the partial order 
relation (10). 



2 . 4 . Fredholm operators 

Let E and F be two Banach spaces. Consider on E © F the norm defined by ||x|| + ||y|| 
for v e IE and y e F. An (unbounded in general) linear operator L : Dom(L) -* F (where 
Dom(L) C E is a dense subspace), is called a Fredholm operator if 
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(i) L is a closed operator, i.e. the graph Gr(L) of L given by 

Gr (L) := {(u, Lv ): v e Dom(L)}, 

is a closed subspace in E © F, 

(ii) Im (L) {Lv: v e Dom(L)} is a closed subspace of F, 

(iii) dim kerf, and codimlmL := dim F / Im /, are finite. 

For a given Fredholm operator L, the number i (L) = dimker L — dim F/ Im(L ) is called 
the index of L. 

Let L : Dom(L) c E -> F be an unbounded Fredholm operator and denote by n \ : E © 
F -» E (resp. 7t2 : E © F — > F) the natural projection on E (resp. F). Since n \ : Gr(L) — »■ 
Dom(L) is a bounded linear operator, which is one-to-one and onto, the subspace Dom(L) 
can be equipped with a new norm || • || / defined by 

Nlz. := IMIe + ||Lu||f, (21) 

where || • ||e (resp. || • ||p) denotes the norm in E (resp. in F), i.e. the norm ||v||l is sim- 
ply the norm of jtf l (v) in E © F. Since jtj is one-to-one, we immediately obtain that 
Ez, := (Dom(L), || • ||l) is a Banach space (equipped with so-called “ graph norm’) and 
the operator L :Ez, -> F is a bounded operator. Since kerL and Im /, are still the same, 
the operator L : E^ — > F is a bounded Fredholm operator of the same index as the original 
unbounded operator L : Dom( L) c E -> F. 

Consider the set Sub(E©F) of all the closed subspaces in E©F and denote by Op(E, F) 
the set of all (in general unbounded) densely defined closed linear operators L : Dom( L) c 
E — >• F. It is convenient to identify any such operator L with its graph Gr( L ), thus Op(E, F) 
can be considered as a subspace of Sub(E © F). 

The set Sub(E © F) and consequently, Op(E, F) can be equipped with the Hausdorff 
metric. More precisely, consider a Banach space V and the set 23 (V) consisting of all 
bounded closed subsets of V. Then, for two sets X, Y e 23 (V), define 

D{X, Y) := infjr > 0: FcX + fi r (0)}, £,• (0) = { u e V: ||u|| v </-}. 

The Hausdorff metric dfj on 23 (V) is given by 

d H (X,Y):=max{D(X,Y),D(Y,X)}, X, Y e 23(V). (22) 

Using the Hausdorff metric, define the metric on Sub(E © F) by 

d(V,W):=d H {S(V),S(W)), V, W e Sub(E©F), (23) 

where S(V) (resp. S(W )) denotes the unit sphere in V (resp. in W). 

THEOREM 2.15. The set SuOE-lF) (of Fredholm operators of index zero) is open in 
Op(E, F). 
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Theorem 2.15 (belonging to a functional analysis folklore) provides a theoretical ba- 
sis for many of the arguments justifying the functional settings used in what follows. In 
particular. 

Corollary 2.16. 

(a) Let L e 5o(E, E) and assume that 0 e cr(L), where cr(L) denotes the spectrum of 
L. Then, for all sufficiently small reals t > 0, L — t Id is a one-to-one ( bijective onto 
E) Fredholm operator of index zero (in particular, 0 is an eigenvalue of L of finite 
multiplicity and it is an isolated point in o(L)). 

(b) Let L e So (IE, E) and let j : E^ —>■ E be a compact operator. Then, for all t e K, 
L — t Id e So(lE, E) (in particular, o(L) is a discrete in K. set composed of eigenval- 
ues of L, all of them of finite multiplicity ). 

Observe that Theorem 2.15 admits an equivariant version. Namely, let E and F be real 
isometric Banach G -representations. Denote by Op G := Op G (E © F) the set of all closed 
G-equivariant linear operators from E to F. Clearly, for L e Op G , the graph Gr(L) is a 
closed invariant subspace of E © F, where we assume that G acts diagonally on E © F. 

The space E^ (cf. (21)) is a Banach G-representation. It is clear that L :E^ F is a 
continuous equivariant operator. 

Equip Op G with the metric 

dist(Li, L 2 ) = <i(Gr(Li), Gr(Z, 2 )), L\, Li e Op G , 

where d(-, •) is the metric on Sub(E © F) defined by (23). Let 3^ be the set of all closed 
G-equivariant Fredholm operators of index zero from E to F. Since 3 G = 3o G Op G , by 
Theorem 2.15, 3 G is an open subset of Op G . 

We complete this subsection with the following important 

Remark and Notation 2.17. Consider a Fredholm operator of index zero L: 
Dom(L) c E — > F. A finite-dimensional linear operator AGE — > F is called a (finite- 
dimensional) resolvent of L if the map L + K : Dom(L) -* F is one-to-one. Since the 
operator L : Ez, -> F is continuous, L + K : E^ -> F is also continuous and one-to-one. 
Hence, using open mapping theorem and the fact that a compact linear perturbation of a 
(bounded) Fredholm operator does not change its index, we obtain that L + K is surjec- 
tive and (L + K)~ l : F -> E^ is bounded. Consequently, by applying the natural inclusion 
j : E/, c -» E, the inverse (L + A") -1 : F — > E is a bounded operator. Moreover, if the natural 
inclusion j is compact, the inverse (L + K)~ l is also compact. 

2 . 5 . Bibliographical remarks 

There is a lot of excellent graduate texts and monographs devoted to Lie group theory 
(see, for instance, [144,29,143,44]). For the background on transformation groups and G- 
spaces we refer to [26,84,43]. The material related to compact Lie group representations 
(both finite- and infinite dimensional) can be found in [23,27,58,142,151,152]. 
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For the concepts and constructions related to smooth equivariant topology we refer to 
[26,37,84] (see also [54,72] for the fiber bundle background). The proof of Theorem 2.15 
can be found, for instance, in [19]. 



3. Twisted equivariant degree: Construction and basic properties 

3.1. Topology behind the construction: Equivariant extensions and fundamental domains 



Induction over Orbit Types As it was mentioned in the Introduction, the equivariant de- 
gree “measures” homotopy obstructions for an equivariant map to have equivariant exten- 
sions without zeros on a set composed of several orbit types. Therefore, in this subsection 
we briefly discuss the following problem: 



(Pa) 



Assume that V is a finite-dimensional G -representation, Y := V \ [0], 
X is a G-space and A C X is a closed invariant subset in X. Let 
f : A — > Y be an equivariant map. Under which conditions does there 
exist an equivariant extension of f over X (resp. over a G-invariant 
neighborhood of A in X)7 



Recall the principle of constructing equivariant maps via induction over orbit types (see 
[43]). Suppose G acts on X with finitely many orbit types J (X) — {(H\), (Hj), . . . , (Hf)}, 
where J (X) is equipped with the partial order such that ( H , ) ^ (Hi) implies i f l (cf. 
(10)). Assume that Y H ‘ 0 for / = 1 , ,k, which is a necessary condition for the exis- 
tence of equivariant maps from X to Y. Define a filtration of X by closed (in X) G-invariant 
subsets 



A = X 0 C Xj C X 2 C • • • C X k = X, 
where, for l f l, 

Xi := {.v e X: ( G x ) = ( Hj ) for some j ^ /} U A. 

Suppose that /;_i : A/_i — » K is an equivariant map for some I f \ . We are interested in 
the existence of an equivariant extension /; : Xi -» Y of the map //_ i . It is well-known (cf. 
[43]) that if the map f^f x : x{^ l -* Y Hl admits a VT(H/)-equivariant extension s : xj 1 ' — »■ 
Y h ‘, then there exists a unique G-equivariant extension // : A/ ^ Y such that f) v n t = s. 

\ x i 

Therefore, we arrive at the following question: When does there exist a W ( If (-equivariant 
extension s? Notice that W (Hi) acts freely on xf 1 ' \ X^f ] , thus the general problem (Pa) 
can be reduced to the following one: 

I Let X, A, Y and f be as above and assume that G acts freely on X \ A. 
Lind a G-equivariant extension of f over X (resp. over a G-invariant 
neighborhood of A in X). 
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Fundamental domains The key to the extension results we are looking for is the following 
notion. 

Definition 3.1. Let a topological group Q act on a finite-dimensional metric space X. 
Let D 0 C X be open in its closure D. Then, D is said to be & fundamental domain if the 
following conditions are satisfied: 

(i) Q(D) = X- 

(ii) g(D 0 ) fi h(D 0 ) = 0 for g, h eQ,gf^ h; 

(hi) X\Q(D 0 ) = Q(D\D 0 ); 

(iv) d i m D = dim X/Q, dim (D \ D a ) < dimZ), dim Q(D \ D a ) < dim X, where dim 
stands for the covering dimension. 

It turns out that 

THEOREM 3.2. (Cf. [99].) Let G be a compact Lie group and X be a finite-dimensional 
metric G-space on which G acts freely. Then, a fundamental domain D C X always exists. 

Idea of the proof. Since G is a compact Lie group acting freely, 

(a) the orbit map p : X — ► X/G is the fiber bundle projection (cf. Gleason lemma); 

(b) X/G is metrizable (cf., for instance, [99]); 

(c) dimX/G = dimX — dimG (cf. [120]). 

Using (a)-(c), one can construct T 0 C X/G such that: 

(a) T 0 is dense in X/G\ 

(f) T 0 is open in X/G; 

(y) dim((X/G) \ T 0 ) < dimX/G; 

(5) the fiber bundle p is trivial over T a . 

Fix a trivialization fi : p~ l (T 0 ) — > G x T a and put D a := fi ~ 1 ( { 1 ] x T a ). Then, D = D„ is 
the fundamental domain. □ 

Equivariant Kuratowski-Dugundji theorem Let us return to problem ( Pg) (recall that we 
assume X \ A is a free G-subspace). By Theorem 3.2, there exists a fundamental domain 
Z) (0) C L <0> := X \ A. Let D^ ] be the corresponding open subset of D (0 ^ satisfying the 
conditions (ii)-(iv) of Definition 3.1, and let X (1) :=AU G(D (0) \ D „ 0> ), L (l> := X (1) \ A. 
Now, by applying Theorem 3.2 to X il> \ A, we obtain X <2} and lJ 2) , etc. Consequently, by 
following the same steps, we obtain a closed finite G-invariant filtration 

X = X (0) D X (1) D X (2) D • • O X <r) = A. 

PROPOSITION 3.3. (Cf. [99].) Under the above assumptions, any G -equivariant map 
A —> Y extends over X if for all i ^ 1, any equivariant map X ^ —> Y has a ( non - 
equivariant) extension over X { '^ UD 1 ' -11 . 

It should be pointed out that Proposition 3.3 together with the induction over orbit types 
reduces the equivariant extension problem to the non-equivariant one. For example, com- 
bining Proposition 3.3 with the classical Kuratowski-Dugundji theorem (see, for example, 
[99]), one can easily establish the corresponding version of this result for equivariant maps. 
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Theorem 3.4. (Cf. [99].) Let V be a finite-dimensional G-representation, Y := V \ {0}, 
X a G-space and A C X a closed invariant subset in X with ff(X\A) — {{H\ ), . . . , (Hg)}. 
Let f : A -> Y be a G-equivariant map. Then: 

(i) There always exists a G-equivariant extension of f over a G-invariant neighbor- 
hood of A in X; 

(ii) Assume that dim V Hl — «/ for l — 1, . . . , k and dim(X ( // ( ) \ A)/G < n\ for all l = 
1 , . . . , k. Then f extends equivariantly over X. 

Under the same assumptions on X, A and V as in Problem (Pa)- we say that a G-equi- 
variant map b : [0, 1] x X — > V (where G will always be assumed to act trivially on [0, 1]) 
is a G-homotopy on X between fy := f) CO, •) and f\ :— f)(l, •). 

In applications one is often interested in constructing G-equivariant extensions of ho- 
motopies without zeros. We have the following immediate consequence of Theorem 3.4. 

COROLLARY 3.5. Under the same assumptions on X. A and V as in Theorem 3.4, 

if dim(X^Hi) \ A)/G < n/ — 1 for all I = 1 k, then every G-equivariant homotopy 

f) : [0, 1] x A —> Y has an equivariant extension over [0, 1] x X. 

Regular fundamental domains To make the equivariant extension techniques based on 
the use of fundamental domains compatible with an appropriate equivariant degree theory, 
a more careful analysis of a geometry of a fundamental domain is needed. 

Definition 3.6. Under the notations of Definition 3.1, assume there exists an open con- 
tractible subset 7b C X/Q such that the natural projection p : X -> X/Q induces the 
homeomorphism 

(p\ Do r l - T o-> Do- (24) 

Then, D (resp. (24)) is called a regular fundamental domain (resp. lifting homeomor- 
phism). 

Theorem 3.7. Let X be a G-manifold on which a compact Lie group G acts freely. Let 
XI G be connected. Then, there always exists a regular fundamental domain. 

The proof of Theorem 3.7 uses the same ideas as Theorem 3.2 combined with the fol- 
lowing statement applied to X/G. 

Theorem 3.8. Let M be a smooth connected n-dimensional manifold (in general non- 
compact). Take a smooth countable triangulation of M. Then, there always exists a subset 
T a of M satisfying the following conditions: 

(i) T 0 is open in M : 

(ii) T a is dense in M\ 

(iii) T a is contractible', 

(iv) M\T a is contained in the n — \-dimensional skeleton. 
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Equivariant Dugundji theorem For several reasons we will also use the following 
equivariant analogue of the Dugundji theorem. 

PROPOSITION 3.9. (Cf. [3,4].) Let X be a metric G-space, A C X a closed invariant sub- 
space, E an isometric Banach G-representation, C C E a convex closed invariant subset 
and f : A —> C an equivariant map. Then, there exists an equivariant extension F : X — > C 

off. 

In particular, given two closed disjoint and invariant subsets A and B of a metric G- 
space X, by applying Proposition 3.9, one can construct an invariant Urysohn function 
from X to [0, 1] (with the trivial G-action on [0, 1]), which in turn allows to obtain small 
invariant (disjoint) neighborhoods around A and B. 



3.2. Analysis behind the construction: Regular normal approximations 

Throughout this subsection, G stands for a compact Lie group, V for an orthogonal G- 
representation, £2 C R © V is an open bounded G-invariant subset and / : R. © V — > V an 
equivariant map. 

Definition 3.10. Given an orthogonal G-representation V and abounded open invariant 
set £2 C R. © V, an equivariant map / : R © V —>■ V is called Q,-admissible if f(x) ^ 0 for 
all x e 9 £2 (in such a case we will call (/, £2) an admissible pair). Similarly, one can define 
an £2- admissible homotopy. 

The “differential viewpoint” that we follow to assign the twisted equivariant degree to an 
£2-admissible map, amounts to choosing “nice” representatives of (equivariant) homotopy 
classes satisfying reasonable regularity/transversality condition. However, such a choice 
should be determined by the following two observations: 

(i) Since we are dealing with group actions admitting several orbit types, usual 
transversality conditions are not reasonable. Moreover, even in the case of one or- 
bit type, the equivariance may be in “conflict” with regularity due to the restriction 
requirements on the dimensions of the orbits of zeros. 

(ii) Any concept of “nice” representatives should provide a way to separate the sets 
of zeros belonging to different orbit types (in particular, to be compatible with the 
principle of constructing equivariant maps via induction over orbit types), and, in 
addition, to be “stable” with respect to the suspension procedure (in particular, to 
allow a passage to infinite dimensions). 

The observation (ii) leads to a concept of normal maps, while (i) leads to a special 
regularity requirement restricted to separate orbit types. 

Normality Recall that for every (closed) subgroup H C G, the set £2(h) is a G-sub- 
manifold of £2. In particular, one can speak about the normal G -vector bundle around 
G(f/). 
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Definition 3.11. (Cf. [60,96,99].) An 12-admissible map / : K. © V — > V is called nor- 
mal in 12 if for every (H) e J (12) and every 

x e / _1 ( 0) n 12 H , 

the following (H)-normality condition at x is satisfied: There exists 8 X > 0 such that for 
all w e v Y (12 (H)) with ||w|| < 8 X , 

fix + w) — f(x) + w — w 
(here v x ( • ) stands for the normal slice). 

Similarly, an 12-admissible G-homotopy h : [0, 1] x (R. © V) — > V is called a normal 
homotopy in 12, if for every (H) e J (12) and for every (t, x) e h~ l (0) fl ([0, 1] x 12 # ), the 
following (H) -normality condition at (r.x) is satisfied: There exists 8 {r x) > 0 such that 
for all w e V( ? ,. Y )([0, 1] x !2 ( #)) with ||ui|| < 8( t x) , 



h(t,x + w) = h(t, x) + w — w. (25) 

From Definition 3.1 1, it follows immediately (cf. observation (ii) above) 

Proposition 3.12. If f :R(B V —>■ V is normal in 12, then 

{f -HO) n n (/-i(0) n 12 W ) = 0 for ail (K),(H) e im, (26) 
provided ( K ) f ( H ). 

Regular normality Introduce the following 

Definition 3.13. (Cf. [60,96,99].) Let /:R© V V be and 12-admissible G-equi- 
variant map. We say that / is a regular normal map in 12 if: 

(i) / is of class C 1 ; 

(ii) / is normal in 12; 

(iii) for every (//) e fa(f~ l (0) Fl 12), zero is a regular value of fn f\n H '■ ^ h 

V H . 

Similarly, one can define the notion of regular normal homotopy. 

Using induction over orbit types. Proposition 2.13 and Theorem 2.14, one can establish 

PROPOSITION 3.14. (See [60,96,99].) Each Q-admissible map f : R © V — > V admits an 
arbitrarily close regular normal approximation. 



3.3. Algebra behind the construction: Twisted groups and Burnside modules 

Hereafter, we use the following notations: T stands for a compact Lie group and G := 
T x S 1 , where S’ 1 is the unit circle in C. 
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The twisted equivariant degree we are going to construct takes its values in a certain 
module (denoted by A\ (G)) over the Burnside ring A(F). In this subsection, we briefly 
discuss generators and multiplication structure of Aj(G). 

Numbers n(L, H) We start our exposition of algebraic ideas underlying the construction 
of twisted equivariant degree with introducing certain integers intimately related to the 
module (G). Moreover, as we will see later on, these numbers play a substantial role in 
the computational formulae for the twisted degree. 

Given two closed subgroups L C H of a compact Lie group Q, define the set (cf. 
[74,99]) 



N(L,H) = {geQ : gLg~ l c H} 



(27) 



and put 



n(L. H ) := 



N(L, H) 
N(H ) 



where the symbol X stands for the cardinality of the set X. 
It turns out that 



(28) 



PROPOSITION 3.15. Let L C H be two closed subgroups of a compact Lie group such 
that dim W (L) — dim W(H). Then, the number n{L, H) is finite. 



The above statement can be easily proved using the following well-known 



Proposition 3.16. (Cf. [26], Corollary 5.7.) Let L c H be two closed subgroups of the 
compact Lie group Q. Then, the orbit space 



( Q/H) L 
W(L) 



«Q/H) l is considered as the left W (L)-space) 



is finite. 

Observe that the number n(L, H) (where L C H are two closed subgroups of Q with 
dm\W(H) — dim IT (L)) has a very simple geometric interpretation provided by the fol- 
lowing 

Lemma 3.17. Let L and H be two subgroups of a compact Lie group Q such that L C H 
and dim W(H ) = dim W(L). Then, n(L, H) represents the number of different subgroups 
H in the conjugacy class ( H ) such that L C H . In particular, if V is an orthogonal Q- 
representation such that (L), (H) e J (V), then V L fl V^H) is a disjoint union of exactly 
m —n(L, H) sets Vhj, j — 1,2, ... , m, satisfying (Hj) = ( H ). 
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Notation. In what follows, in the case of two orbit types (L) and ( II) such that 
( L ) ^ (II ) (with the order relation defined by (10)), we will assume that the number 
n(L, H) corresponds to representatives L and H such that L C //. In the case the orbit 
types ( L ) and ( H ) are not comparable with respect to the order relation (10), we will 
simply put n(L, H) = 0. 

Remark 3.18. It should be pointed out that the numbers n(L, H) are essentially of non- 
abelian nature: if Q is an abelian compact Lie group and L C H C Q are (closed) sub- 
groups, then n(L, II) = 1 . In a certain sense, the numbers n(L, H) demonstrate a princi- 
pal difference between the (twisted) equivariant degree theory for non-abelian groups from 
that for abelian ones. 

Burnside ring A(F) Recall some basic facts related to the Burnside Ring A(F) of the 
compact Lie group F. 

Denote by <t>o(r) the set of conjugacy classes (H) for H C T, such that W(H ) = 
N{H)/H is finite, i.e. dim W (II ) = 0. Let A(T) be the free abelian group generated by 
( II) e <J> 0 (F). There is a multiplication operation on A(r) which induces a structure of a 
ring with identity on A(r). In order to define the multiplication operation, observe that 

(F /h X r/K) {L) /r = {r/H x t/k) l /n{L) 
c {r/H x t/k) l /n(L) 

= ( t/h l x t/k l )/w(L) 

Since, by Proposition 3.16, the spaces T / H L and F / K L consist of finitely many W(L)- 
orbits and, by assumption, W(L) is finite, one obtains that F/H L and F/K L are finite. 
Consequently the set (T /H x T /K )(L)/ T is finite. 

The multiplication table of the generators (H) is given by the relation 

(H) ■ (K) = n L (H,K){L) (29) 

(DsOoT) 

where hl(H, K) denotes the number of elements in the set (F / H x F / K )</,)/ I', i.e. 
n L (H, K):= | (F /H x F/K) iL) /T\, 

where we denote by |Z| the number of elements in the set X. In other words, the number 
ni(H , K) represents the number of the orbits of the orbit type (L) contained in the space 
r/H x r/K. 

The ring A(T) is called the Burnside Ring of F. We refer to [93] for more details and 
proofs related to the above definition of the Burnside Ring. 
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The computations of the multiplication table for A(T) can be effectively conducted using 
a simple recurrence formula: 



n L (H,K) = 



n(L , H)\W(H)\n(L, tf)| W(tf)| - £ (£)>(i) n(L, L)n~ L \W(L)\ 

\W(L)\ 



(30) 



where |X| denotes the number of elements in the set X. 

Twisted Subgroups of G = T x S l Here, given a compact Lie group T, we briefly discuss 
generators of the Z-module A j ( G ) , where G V x S l . To this end, we need to classify 
subgroups H of G. 

Consider the following diagram 

H 

y v 

r s 1 

where it] and jtj are projections (homomorphisms) on T and .S ’ 1 respectively. Let K 

and consider ker7ri = H fl {e} x .S ' 1 , where e denotes the neutral element of T. If 
ker7Ti = {e} x S l , then simply H — K x S l , i.e. H is a “product” subgroup. Otherwise 
ker it i = {e} x Z/, for some If \ , and in this case, we are dealing with “twisted” sub- 
groups. In the second case, we still have that II / kerTT] C T x .S 1 , thus we can consider the 
diagram below. 



H 



H / ker7Ti 




Since jt\ : ///kerjri —>■ K is one-to-one and onto, we can 
define the homomorphism <p:= 7t2 o tv : K -> .S 1 , and 
consequently the subgroup II j kerjri is the graph of <p, i.e. 

H/'ke,XTt\ := {(k, z) e K x 5 1 : (p(k ) = z}, 

and since the subgroup H is the inverse image pj 1 (/// 
kerjri), we obtain: 



H — {(£, z) £ K x S l : <p(k) = z 1 }. 



In this case, we call the subgroup H a twisted (by the homomorphism cp: K -* S’ 1 ) I -folded 
subgroup which is denoted by K^’ 1 (for / = 1 we simply write K >p ). It is easy to see that 
each (closed) subgroup ? C T = T x {1} C G, where 1 is the unit in S 1 , is (trivially) 
twisted by the homomorphism (p: K S l defined as (p(x ) = 1. 
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Consider a twisted /-folded subgroup H = K v ’ 1 and the normalizer N(H) of the 
group H. Notice that 

N(H) = N{K V ' 1 ) = {(y, w) e Y x 5 1 : (y, w)K <p ’ l (y, w)~' = /O 0 '} 

= {( y , w) e T x 5 1 : yky -1 e A", ^(yA:y _1 ) = ip(k) Vk e K } 

= {ye N(K ): (p(yky~ l ) = <p(k ) V^ef}x S 1 =: /V 0 x 5 1 . 



Consequently, 

dim W ( H ) — dim N a /K + 1 ^ dim Wy{K) + 1, 

where Wr (•) stands for the Weyl group in I'. In the case ( K ) e <l>o(T), i.e. dim Wr (K) = 0, 
we have that dim W ( H) = 1 . 

Remark 3.19. Notice that if H — K v ’ 1 is a twisted subgroup and (H) < ( H ), then H is 
also a twisted subgroup. In particular, every subgroup H' e (H) is twisted. Consequently, 
it makes sense to talk about the lattice of the conjugacy classes of twisted subgroups in G. 
Moreover, if dim Wr(K) — 0 and L^- 1 ' is a twisted subgroup such that ) ^ {K v ' 1 ), 
then it is easy to see that dim Wr (L) = 0. 

With these preliminaries on hands, introduce the following 

Definition 3.20. Denote by 4>j(G) the set of all conjugacy classes of the <p-twisted /- 
folded subgroups H = K v ’ 1 , l — 1,2,..., such that the Weyl group Wr(K) of K in F is 
finite (i.e. dim Wr(/f) = 0). We call any element from 0^(0 a twisted conjugacy class. 

In what follows, twisted conjugacy classes will perform as generators of the module 
A\{G). Clearly, the construction of twisted subgroups provides (algebraic) features allow- 
ing to classify symmetric properties of periodic solutions to dynamical systems. What is, 
probably, less obvious, twisted subgroups are intimately connected to orientability proper- 
ties of the corresponding to them Weyl groups, which, in turn is extremely important for 
the construction of the (twisted) equivariant degree. 

To be more specific, let Q be a compact Lie group and M a (2 -manifold. Take x e M 
with the isotropy Q x — //. By passing to the W (//)-manifold M H , we arrive at the follow- 
ing question: does the orbit N W(H)(x) admit a natural W (H)-invariant orientation? 
Since W(H) is an orientable manifold, one can choose an orientation o w(H) on W ( H ) and 
use the action of W(H) on M H to induce an orientation o on N via the diffeomorphism 
H Xo : W(H ) -> N given by ix Xo (h ) := hx a , h e W(H ), for a certain distinguished point 
x 0 e N . Clearly, in order to this construction to be natural, the orientation of N obtained in 
this way should not depend on a choice of the point x 0 . However, this property is satisfied 
only if the orientation o w(H) is invariant with respect to right translations on W(H). On 
the other hand, the constructed orientation o of the orbit N is W (II ) -invariant if and only 
if °W(H) is invariant with respect to left translations on W(H). Consequently, we obtain 
that an orbit N admits a natural W ( // ) -invariant orientation if and only if W(H) admits an 
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orientation which is invariant with respect to both left and right translations (in this case, 
W(H ) is called bi-orientable). 

Clearly, any reasonable equivariant degree theory allowing an “algebraic count” of or- 
bits of periodic solutions should deal with the above mentioned natural W ( //(-invariant 
orientation on orbits in question (or, equivalently, with bi-orientable groups W (//)). It is 
easy to see that if W(H ) is finite. Abelian or contains an odd number of connected com- 
ponents, then it is bi-orientable. On the other hand, the group 0(2) presents an example of 
the non-bi-orientable group. Our choice of the module A\ ( G ) for the range of values of 
the (twisted) equivariant degree is essentially based on the following 

PROPOSITION 3.21 . Let Y be a compact Lie group, G := Y x S l and H — K^’ 1 a twisted 
subgroup of G such that (H) e O^fG). Then: 

(i) the connected component of 1 e W(H ) can be canonically identified with .S' 1 ; 

(ii) the Weyl group W(H) of H in G is bi-orientable and can be equipped with the 
natural orientation induced from S l . 

A(Y)-module A\(G) Take the set <t>] (G ) introduced in Definition 3.20 and consider the 
free Z-module ,4 ! { ( G ) := Z[<t>j(G)]. Using Proposition 3.16 and the (finiteness) argument 
similar to that for the Burnside ring (cf. formula (29)), one can easily establish the follow- 
ing 

THEOREM 3.22. There is a “multiplication "function ■ : A(T) x Aj (G) — > Aj (G) defined 
on the generators (K) e < I ) o(r) and e <J>j(G) as follows: 

(K)-(HV' 1 ) = J2»l(L ( pJ ), (31) 

(L) 

where the summation is taken over all subgroups L such that W(L) is finite, L — y~ l Ky fl 
H for some y e T and 

UL = {kxS'* H^) (lvJ) / G 

The Jj-module A^(G) equipped with the multiplication becomes an A{Y)-module. 

Below we describe the process one can follow to establish the multiplication tables for 
the A(r)-module A[(G), based on the same idea of a recurrence formula (30). 

Let ( K ) e d>o(r) be a generator of A(T) and ( H e O', (G) a generator of A\ (G). In 
order to compute the coefficients n i given in formula (31), apply the following recurrence 
formula 

n(L,K)\W(K)\n(L*- l ,H*’ 1 ) 
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- n(L v ’ l ,L v ’ 1 ), 

(£)>(£) 



W (z>’') ' 


1/ 


W(LV-') 


s l 


J/ 


S l 



where for a set Y , \ Y\ denotes the number of elements in Y . 



(32) 



Remark 3.23. Notice that the multiplication formulae for conjugacy classes of trivially 
twisted subgroups ( H ) e <f>j(G) (i.e. H — H (0 - 1 with cp = 1), where (//) e $o(r), coin- 
cide with the multiplication formulae for the Burnside ring A(T). That means, the multi- 
plication formulae for the Burnside ring are contained in the A (T) -module multiplication 
formulae for A\ (G). 

Remark 3.24. Let us point out that the formula (32) allows us to implement the mul- 
tiplication tables for the A(T)-module Aj(G) into a computer software, which can be 
effectively used for the computations of the twisted degree. 



3 . 4 . Construction 

We are now in a position to present the construction of twisted equivariant degree. 

We start with the regular normal case, i.e. take an orthogonal G-representation V, open 
bounded G-invariant subset £2 C K. © V and an f2-admissible regular normal map / : K © 
V -+ y. Fix (H) e 4>j (G, Q) := [(H) e J(Q): ( H ) e $'(G)}. By Theorem 2.14(v), 
£2h is a free W (H) -manifold. Assuming, without loss of generality, that Q,h / W (H) is 
connected, and using Theorem 3.7, one can find a regular fundamental domain D on Qh 
with the lifting homeomorphism 

£ : = (P\D„)~ l 'T 0 -> D„ 

(cf. Definitions 3.1 and 3.6). Moreover, since / is normal, it satisfies the condition (26). 
Hence, one can choose D in such a way that 

/- 1 (O)n(D\D o ) = 0, (33) 

where fu f\n H . Since / is regular normal, the set 

P {f-\0)nD o ) 

is finite, therefore, one can construct T 0 providing 

H/fl'(0))cr, (34) 

Since £2h / W(H) is a (smooth) manifold (see Theorem 2.14(v)) and T a is open in 
Q.h/W(H), T 0 is a manifold as well. Since T 0 is contractible , it is orientable. By as- 
sumption, (H) e <f> , 1 (G), therefore, fix the natural orientation on W(H) which is invariant 
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with respect to both left and right translations (cf. Proposition 3.21). Also, fix an orienta- 
tion on V H inducing an orientation on R © V H . By bi-orientability of W(H ), for every 
x e T 0 , the orbit N := W(H)(^x) has a natural W ( // (-invariant orientation. Therefore, 
we can assume that the orientation on T 0 is chosen in such a way that for all x e T 0 , we 
have that the orientation on R. © V H is obtained from the orientation on D a followed by 
the orientation on N , and the lifting homeomorphism % : T a — »■ D a preserves the orienta- 
tion. 

Put 



n H =n H (f):=deg(f H o%,T 0 ) (35) 

(here “deg” denotes the (local) Brouwer degree with respect to zero (this degree is correctly 
defined according to (33) and (34))). 

Furthermore, take A r t (G) and define the twisted equivariant degree G-Deg f (/, £2) by: 
G-Deg f (/,£2) = (36) 

where n h is defined by (35). 

If now / : R. © V — > V is an arbitrary Q-admissihle map (in general, neither normal 
nor regular), choose a regular normal Q-admissible map g : R © V -> V close to / (see 
Proposition 3.14) and put 

G-Deg'(/,£2):=G-Deg r (g,£2). (37) 

Remark 3.25. Some comments related to the definition of twisted degree are in order. 

(i) To some extent, the bi-orientability of W (H) is used to define an “index of an orbit” 
(“local twisted degree”), while the contractibility of T a allows a correct definition 
on the whole T 0 (“global twisted degree”). 

(ii) If we choose an orientation on D a in such a way that £ preserves it, then 
deg (/h, D 0 ) is correctly defined and coincides with deg (/# o §, T 0 ). In this sense, 
one can think of nnif) as a “degree of fn on a fundamental domain D”. 

(iii) It is possible to show that the definition of twisted degree given by (35)-(37) is 
independent of a choice of fundamental domains as well as regular normal approx- 
imations. 



3.5. Axiomatic approach to twisted degree 

Basic properties The twisted degree defined above satisfies all the standard properties 
required from any reasonable “degree theory”. To see that, we need the following 

Definition 3.26. Let V be an orthogonal G -representation with G — T x S 1 and / : R © 
V -> V a regular normal map such that f(x a ) = 0 with G Xo — H and ( H ) e 4^ (G. V). Let 
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U G(Xo) be a G-invariant tubular neighborhood around G{x 0 ) such that / _1 (0) fl U G (x 0 ) = 
G{x 0 ) fcf. Proposition 2.13). Then, / is called a tubular map. 

Next, fix the natural orientation on W ( H ) which is invariant with respect to both left and 
right translations. Also, fix an orientation on V H inducing an orientation oil R ® V H . By 
bi-orientability of W ( H ), choose the natural orientation on the orbit W ( // ) (x 0 ) and assume 
that the orientation on the normal slice v Xo v Xo (W(H)(x 0 )) in R © V H is oriented in 
such a way that the orientation on R © V H is obtained from the orientation on v Xo followed 
by the orientation on W(H)(x 0 ). Then, we call n Xo = signdetZ)/^ (x 0 )|u Io the local index 
of / at x 0 in U G ( Xo ) (here f H /|qh and “D” stands for the differential). 

PROPOSITION 3.27. Let V be an orthogonal G -representation with G — T x S l , £2 C 
R © V an open bounded invariant subset and f : R © V — > V an equivariant £2- admissible 
map. Then, the twisted equivariant degree defined by (35)-(37) satisfies the following prop- 
erties: 

(PI) (Existence) 7fG-Deg f (/, £2) = is such that n h„ fi^Oforsome ( H a ) e 

<l> , | (G, £2), then there exists x e £2 with fix) = 0 and G x D H a . 

(P2) (Additivity) Assume that £2; and £22 are two G-invariant open disjoint subsets of 
£2 such that f~ l (0) fl £2 C £2i U £22. Then, 

G-Deg'(7, £2) = G-Deg r (/, «i) + G-Bcgf f, £2 2 ). 

(P3) (Homotopy) Suppose /i:[0,l]xR©f->V is an £2- admissible G -equivariant 
homotopy. Then, 

G-Deg' (h t , £2) = const 
(here h, := h(t, ■, •), t e [0, 1]). 

(P4) (Suspension) Suppose that W is another orthogonal G-representation and let U 
be an open bounded G-invariant neighborhood ofO in W . Then, 

G -Deg 1 (f x Id, £2 x U) = G-Deg f (/, £2). 

(P5) (Normalization) Suppose f is a tubular map around G(x„) with H := G Xo and the 
local index n Xo of f at x 0 in a tubular neighborhood Ug(x 0 )- Then, 

G-Deg'if, U G ( Xo )) — n Xo iH). 

(P6) (Elimination) Suppose f is normal in £2 and £2// fl / -1 (0) = 0/or every iH) e 
<t>[iG, £2). Then, 

G- Deg r (/,£2) = 0. 

(P7) (Excision) If / _1 (0) H £2 C £2o, where £2o C £2 is an open invariant subset, then 
G-Deg r (/,£2) = G-Deg r (/,£2 0 ). 




36 



Z. Balanov and W. Krawcewicz 



(P8) (Hopf property) Suppose that SIh / W(H) is connected for all ( H ) e T>j(G, £2) 
and £2 k = 0 for all (K) f. (G, £2). Let f, g : R. © V -> V be two £2- admissible 
G-equivariant maps such that 

G-Deg f (/,£2) = G-Deg f (g,£2). 

Then, f and g are G-equivariantly homotopic by an Sl-admissible homotopy. 

Proof. To establish properties (P1)-(P4), (P7) in the regular normal case, one should 
combine Proposition 3.12 and formulae (35), (36) with appropriate properties of the (local) 
Brouwer degree. In the general case, take regular normal approximations sufficiently close 
to / (resp. h ) and use the standard compactness argument. 

Property (P5) (resp. (P6)) follows immediately from the regular value definition of the 
Brouwer degree (resp. definition of the twisted degree). 

To prove property (P8), assume (without loss of generality) that / and g are regular nor- 
mal. Combining Proposition 3.12 with the classical Hopf Theorem (see, for instance, [44]) 
applied to appropriate fundamental domains, construct “local” homotopies between / and 
g around the corresponding zeros and extend the obtained homotopies by G-equivariance. 
Next, using Theorem 3.4 (see also Corollary 3.5), extend the previous “partial homotopy” 
over £2 x [0, 1], The latter homotopy may have “new” zeros which can be eliminated by 
using Proposition 3.9. □ 

Remark 3.28. Following the same lines as above, one can associate with an open T- 
invariant bounded set IJ C W ( W is an orthogonal T-representation) and a continuous T- 
equivariant map g : (U, 3 U) —> (W. W \ {0}) the T -equivariant degree T -Deg(g, U) taking 
its values in the Burnside ring /4(F ) and satisfying the properties similar to (P1)-(P8) with 
obvious modifications (see [93] and [99] for more details). 

Axiomatic approach The following result provides an axiomatic approach to the twisted 
degree theory. 

Theorem 3.29. There exists a unique A , l (G)-valued function on the set of Si-admissible 
G-equivariant maps and homotopies satisfying conditions (P1)-(P6). 

Proof. The existence part of Theorem 3.29 is provided by Proposition 3.27. To prove the 
uniqueness part, assume G-Dcg' is another ‘degree’ satisfying (P1)-(P6). Take an arbitrary 
admissible pair (/, £2). By homotopy property, / can be assumed to be regular normal. 
By additivity (i.e. excision) and elimination properties, we can assume that £2 fi / -1 (0) 
contains only points of the orbit types (H) e T', (G). Since / is regular normal, the set £2 fi 
/ -1 (0) is composed of a finite number of G-orbits. Take tubular neighborhoods isolating 
the above orbits (this is doable, since we have finitely many zero orbits). By additivity 
property, G-Dcg' (/. £2) is equal to the sum of degrees of restrictions of / to the tubular 
neighborhoods. Finally, by normalization property, the orbits in question lead to “local 
indices”, which implies 



G-Deg' (/, £2) = G-Deg r (/, £2). 



□ 
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Theorem 3.29 provides the application of the twisted degree without going into topolog- 
ical, analytical and algebraic roots underlying its construction - this is an obvious advan- 
tage of the axiomatic approach. In addition, this theorem can be extended to equivariant 
maps R" © V — > V with G replaced by T x f", where T n stands for the n-dimensional 
torus (such a setting naturally appears in multiparameter bifurcation problems). However, 
Theorem 3.29 amounts to the normality property (see (P5)-(P6)) which (being of great 
theoretical importance) is easy to formulate but difficult to achieve in practice. 

Fortunately, in the setting relevant to our discussion, there is an effective way “to go 
around the normality problem”, namely: 

(i) to define the twisted degree for G — S 1 by a list of axioms (of course, equivalent to 
those presented in Proposition 3.27) with the normality property not being addressed 
whatsoever; 

(ii) for an arbitrary G = F x S 1 , to obtain a formula canonically reducing the computa- 
tions of G -degree to those for the S ^degree and numbers n(L, H). 



3 . 6 . S l -degree 

Assume F = {<?), i.e. G = { e } x .S' 1 = .S' 1 . Recall that any Abelian compact Lie group 
is bi-orientable. Therefore, A^S 1 ) := A^S 1 ) is the free Z-module generated by (Z*), 
k= 1,2,3.... 

Take an .S’ 1 -representation V , an open S '-invariant bounded set £2 C R © V, and an 
^-admissible S ^equivariant map / : R © V — > V. Then, 



5 1 -Deg(/, £2) = n kl (Z tl ) + • • • + n K { Z kr ), (38) 

where n ki e Z. To provide an axiomatic approach to the degree given by (38), we need two 
auxiliary constructions. 



Two constructions 

(i) Basic maps. Denote by V k , k= 1, 2, 3, ... , the (non-trivial) k-th real irreducible .S' 1 - 
representation, i.e. V k is the space R 2 = C with the 5 1 -action given by yz := y k -z, y e S 1 , 
z e C, and define the set 



'£ 2 := 



(t, z)eR®)4: \t\ < 1, -<\z\<2 



(39) 



and b : R © V k -»■ V k by 

b(t,z):={l-\z\ + it)-z, (l,z)eR®V t , (40) 

where denotes the complex multiplication in V k — C. Clearly, b is .S 1 -equivariant and 
*T2-admissible. In what follows, b is called the k-th basic map. 
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(ii) l-folding. For every integer I = 1, 2, 3, ... , define the homomorphism 8/ : ,S 1 — »• .S' 1 
(called l-folding), by Ofy) = y l , y e S 1 , and define the induced by 0\ homomorphism 
©/:Ai(S x ) -J-AiCS 1 ), by 

©,(Z*):=(Z ,«), £ = 1, 2, 3, , 

i.e. ©/(Z© = (0 ; _1 (Za-)), where (Z© are the free generators of AifS 1 ). 

If / : R ® V — > V is an ©-admissible .S 1 -equivariant map for a certain open bounded .S 1 - 
invariant subset © C R © V, then for every integer 1 — 1, 2, 3, , define the associated 
I -folded S '-representation 1 {V), which is the same vector space V with the 5 1 -action 
given by 



y ■ v Oi(y)v — y l v, y e S l , v e V. 

Next, the map / considered from R © 1 {V) to 1 (V), is 5 '-equivariant as well. The set £2 
considered as an S 1 -subset of R © 1 (V) is denoted by 1 (£1). In what follows, we will say 
that the pair (/, ? (S2)) is the I -folded admissible pair associated with (/, £2). 

Axiomatic approach to S 1 -degree 

Theorem 3.30. There exists a unique A\(S l )-valued function S'-Deg defined on f2- 
admissible .S 1 -equivariant maps and homotopies and satisfying properties (P1)-(P4) (with 
G — 5 1 ) as well as the following ones : 

(P5') (Normalization) For the 1 -st basic map b : R © Vi — > Vi, 

S l -Deg(b, 1 £2) = (Zi). 

(P60 (Elimination) If V is a trivial S’ 1 -representation, then 
5 ,1 -Deg(/, £2) = 0. 

(F) (Folding) Let 1 (V) be the Tfolded representation associated with V, and (/, '(S2)) 
the l-folded admissible pair associated with (/, £2). Then, 

5 1 -Deg(/, '(^)) = © ; [5‘-Deg(/, S2)]. 

PROOF. The existence part of Theorem 3.30 is obvious. The uniqueness easily follows 
from 

LEMMA 3.31. Under the conditions and notations of Definition 3.26, assume G = S l and 
G Xo = Zk o . Assume that S’ 1 -Deg is a function provided by Theorem 3.30. Then, 



5 ,1 -Deg(/, £2) = n Xo (Zk o ), 



where n Xo is the local index of f at x 0 - 



□ 
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3.7. Computational techniques for twisted degree 

Statement of the problem The goal of this subsection is to show how the axiomatic ap- 
proach described in the previous two sections, being combined with some additional tech- 
niques, allows to obtain twisted degree results for an important class of equivariant maps 
which naturally appear in the symmetric Hopf bifurcation problems. 

We start with a simple observation that every S ^representation admits the so-called 
natural complex structure , which turns out to be a convenient setting for the discussion 
of Hopf bifurcation problems and a natural way of describing the S '-action to carry out 
certain computations. To be more specific, let V be an (orthogonal) S '-representation with 

r> 1 i 

V — {0}. Then, one can define on V a complex structure sensitive to the S -action as 
follows. Assume, for a moment, that V — Vk- Then, for zeC, put z = y\z\, where y = e 10 
for some 9 e [0, 2it). The complex multiplication of v e Vy by the number z is defined by 

z ■ v := |z|e* v. (41) 

Suppose, further, that V is (in general) reducible, and we have the following .S' 1 -iso- 
typical decomposition (cf. (13) and (14)): 



V = V kl @V h @---®V ks , (42) 

where Vt Cj is modeled on the irreducible .S 1 -representation Vy, , j = 1, 2, . . . , s. Since for 
every j , V k . can be equipped with the complex stmeture according to (41), every isotypical 
component from (42) also admits such a structure. In this way, we obtain on V a complex 
structure which we call the natural complex structure. 

Let T be a compact Lie group. As we will see later on, the problem of studying T - 
symmetric Hopf bifurcations in many cases can be reduced to the following one. 

Problem 3.32. Let G = F x S’ 1 and let V be an orthogonal G -representation with V s ' = 
{0} (here .S 1 is identified with \e) x S’ 1 ). Suppose V (considered as the S ^representation) 
is equipped with the natural complex structure and put 



O 



(X, v) e C © V: ||u|| < 2, - < |A.| < 4 



(43) 



Assume G acts trivially on C and R and take a continuous map a : ,S’ 1 -> GL g (V ), where 
GL°(V ) stands for the set of all G-equivariant linear invertible maps in V. Define a G- 
equivariant map / : 0 — > R © V by 

fad, u)= ^ 

How can one compute the twisted degree G-Deg r (f a , 0)2 



— l) + ||u|| + l,fl( — 



(X,v)eO. 



(44) 
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Our approach to attack the above problem contains the following four ingredients: 

(i) Recurrence Formula (see Theorem 3.41) allowing a reduction of the general prob- 
lem to the computation of the corresponding S l -degree; 

(ii) Splitting Lemma (cf. Lemma 3.37) allowing a reduction to subrepresentations; 

(iii) Homotopy Factorization (cf. Corollaries 3.36 and 3.38) allowing a factorization of a 
given map through canonical representatives of the elements of tt ] (GL g (k, Q) and 
next deformations to the so-called C-complementing maps being natural “complex 
counterparts’’ for the k - th basic maps (cf. Definition 3.33); 

(iv) Suspension Procedure allowing to reduce the computation of the 5 1 -degree of C- 
complementting maps to the one of A-th basic maps (cf. Proposition 3.34). 

The last three techniques come together at the end of this subsection (see Theorem 3.39 
where the S 1 -degree for (44) is given). Observe that the Splitting Lemma is presented in a 
form much more general than is needed to establish Theorem 3.39. 

C -complementing maps and suspension procedure We start with the following 

Definition 3.33. Let b : R © 14 — »■ 14 (resp. b~ : R. © Vk -> 14) be the A-th basic map 
defined by (40) (resp. the map defined by b~(t, v) = (1 — ||v|| — it)v, t e R, v e Vk) and 
let k be defined by (39). Assume that Vk is equipped with the natural complex structure 
and O is given by (43) with V := Vk- Suppose, finally, that / : C © Vk — » R © Vk (resp. 
/“ : C © Vk —*■ R © Vk) is defined by f(X, v) — (|A.|(||v|| — 1) + ||n|| + 1, X ■ v) (resp. 
f~(X, v) = (|A.| (|| v|| — 1) + IM| + 1, X • v)), where X e C, v e Vk- Then, the pair (/, O) 
(resp. (f~, O)) is called a C -complementing pair to ( b , k £l) (resp. denoted by (b~ , k £2)). 

It is clear that ( f,0 ), (/“, O), ( b , k £l) and {b~ , k Vl) are admissible pairs. The following 
statement (basically, its proof is a careful usage of properties (P2)-(P4)) justifies the above 
definition. 

PROPOSITION 3.34. Let (f-O) (resp. ( f~,0 )) be a C-complementing pair to (b, k VL) 
(resp. (b~, k Vl)). Then f (resp. f~) is S 1 -homotopic (by an O -admissible homotopy) to 
a map f\ (resp. f j - ), which is a suspension of b (resp. b~) on an open subset containing 
zeros of f\ (resp. ff). In particular . ; 

S 1 -Deg(/ > O) = S l -V>eg(b, k Q) = (Z*), (45) 

S l -Dcg(f~,0) = S l -Deg(b~, k C) = ~(Z k ). (46) 

Homotopy factorization: Properties of GL g (V) Consider a continuous map <p:S l —*■ 
C \ {0}. Denote by (p a continuous extension of <p to the space C. Put B := {z e C: |z| < 1 }. 
Clearly, the Brouwer degree deg(^, B) depends only on the map (p. Moreover, by classical 
Hopf theorem (see [44]), for two continuous maps <p, \[r : S l —> C \ [0], cp is homotopic to 
f if and only if deg(i p, B) — deg(i <jr, B). 

Denote by GL(m, C) the group of all complex invertible m x m -matrices. The following 
fact is well-known. 
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Proposition 3.35. (See, for instance, [93].) 

(i) Two continuous maps <f>, : S 1 — > GL(m, C), m ^ 1, are homotopic if and only if 

the maps tp := detc o<J> and detc oVP are homotopic, i.e. 

deg(^5, B) — deg(i/f , B). 

(ii) For every map <l> : S 1 — > GL(m, C), there exists l e Z such that O is homotopic to 
<t>/ given by 

V 0 ... 0" 

0 1 ... 0 , 

4>/(y):= : : • , y e 5 . (47) 

_0 0 ... 1 _ 

In particular, for ip/ := detc one has deg (^/, B) — l. 

Combining Proposition 3.35 with Proposition 2.9 yields 

COROLLARY 3.36. Let V be an orthogonal G -representation and Vk a an isotypical com- 
ponent of V modeled on an irreducible G-representation Vk a of complex type. Assume 
m — dim Vk a / dim Vk„ ■ Then: 

(i) GL G (V ko )~GL(m,Cy, 

(ii) for each a e tc\(GL g (Vjt 0 )), there exists a representative (p a : — > GL(m, C), such 

that 

~X l 0 ... 0" 

0 1 ... 0 , 

<Pa (7) = . . . . i X € S , 

_0 0 ... 1 _ 

for some l e Z. In particular, we have an isomorphism pk„ 'tti(GL G (Vk 0 )) — * Z, 
where p k 0 (a) = I. 

Splitting lemma Combining properties (P1)-(P4) of the twisted degree with standard 
techniques from complex analytic function theory, one can establish 

Lemma 3.37 (Splitting Lemma). Let V\ and V 2 be orthogonal G-representations and 
V — Vi ® Vi. Assume that the G-isotypical decomposition of V contains only compo- 
nents modeled on irreducible G-representations of complex type. Suppose that aj : S l — > 
GL g (V /), j — 1, 2, are two continuous maps and a: S 1 — > GL g (V) is given by 

a(X) — a\(X) © a 2 (X), X £ S^ . 

Assume that O and f a are defined by (43) and (44), respectively. Put 
Oj := (A., Vj ) e C © Vy ||u y -|| <2, ^ < |A| < 4 
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0+ 



+, ^'s 



where j = 1,2 anc/ i’y e Vj. Then, 



G-Deg f (/ fl , O) = G-Deg r (f ai ,O0 + G-Deg'(/ a2> 0 2 ). (48) 

•S’ 1 -degree formulae Here, we combine the above results to compute the S '-degree 
of (44). We start with the following 

COROLLARY 3.38. Let V Vk be the k-th irreducible S l -representation (k > 0) 
equipped with the natural complex structure, / e Z and 

/(>., u) = ^|A.|(||v|| — 1) + ||v|| + 1, (fXf) (*.»Oe0, 

where O is given by (43). Then, 

S 1 - Deg(/, 0)=l(Z k ). 

Proof. For the sake of definiteness, assume that / > 0 (the case / ^ 0 can be treated using 
similar arguments), and consider the map 

/ x Id : O x B,_! M © V k © [V* © • • • © V k \, 

^ V - ' 

/-I 



where B/_ i = B(V k ) x • • • x B(V k ) and B(V k ) denotes the unit ball in V)-. Then, by sus- 
/-l 

pension property, 

5 1 -Deg(/, O) = 5 ,1 -Deg(/ x Id, O x £,_,). 



Obviously, / x Id is equivariantly homotopic, by an O x B/_ | -admissible homotopy, to 
f a given by (44) where v e V = V k © • • • © V k and a : S 1 -> GL S ( V ) is defined by 

" v " 

I 



a(y ) = 




0 ... 0 " 

1 ... 0 



y e S 1 . 



0 0 ... 1 



Using Proposition 3.35, it is easy to see that f a is equivariantly homotopic (by an O x B/_j- 
admissible homotopy) to f k given by 
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with b : S 1 — > GL S ' ( V) defined by 



b(y) = 



■y o .. 

0 Y ■■ 



O' 

0 



, ye S' 1 . 



LO 0 



kJ 



Since S^Deg)/, O ) = S l -Deg(fb, O x 5/-i), by Splitting Lemma (cf. Lemma 3.37) and 
Proposition 3.34, 



S‘-Deg(/, O) = (Z k ) + • • • + (Z*) = /(Z*). 

v- ' 



By combining Proposition 3.35, Corollary 3.36, Splitting Lemma (cf. Lemma 3.37), and 
Corollary 3.38, we immediately obtain 

THEOREM 3.39. Let V be an orthogonal S -representation with L' 5 = {0}, admitting 
the isotypical decomposition (42) and equipped with the natural complex structure. Let O 
{resp. f a ) be defined by (43) (resp. (44)). Then, 



S l -Deg(f,0) = J2 l j(%kj), (49) 

j = i 

where lj deg(detc o aj, B), aj(X) := a(X)\y k . : Vj t . -» Vkj,for j = 1, 2, . . . , s and B := 
{z e C: |z| < 1}. 



As an immediate consequence of Theorem 3.39, one has 

COROLLARY 3.40. Let V and O be as in Theorem 3.39. Let lj e Z, j = 1, 2, . . . , s, be 
given integers and assume that dime Lt, = nij. Define f : O —>■ R © V by 

f(k, vi , ..., v„) = (|A,|(|| n|| - 1) + || n|| + 1, X h v\, ...,k h v s ), 

where X e C \ {0}, vj e Vkj . Then, 



n 

S l -Veg{f,0) = Y j mjljW kj ). (50) 

j = i 

Recurrence formula We complete this subsection with the so-called Recurrence Formula 
for the twisted G-equivariant degree, which, to some extent, can be counted as the Borsuk- 
Ulam theorem in the case of one free parameter. This formula allows a reduction of com- 
putations of G-equivariant twisted degree to the S 1 -degree. 
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Let G, V , £2 and / be as in Proposition 3.27. Take ( H ) e <J> j (G) and put f H := . 

Clearly (cf. Proposition 3.21(i)), f H is .S' 1 -cquivariant and Ll H -admissible, thus 

5*-Deg(/ ff , £2 H ) = + • • • + n*^) (51) 

is correctly defined (cf. (38)). Put 

deg*(/"n ff ):=n*. (52) 

By combining Propositions 3.14, 3.15 and Lemma 3.17, one can prove 

THEOREM 3.41 (Recurrence Formula). Let G, V, £2 C K. © V and f be as in Proposi- 
tion 3.27 . Assume, further, that 

G-Degff, Q) = (53) 

is defined according to (35)-(37). Then, 



n H =\J2 de S k (f H ^ H )- E n K n(H,K)\W{K)/S l 

L k ( K)>(H ) 

(54) 

(see (52) (resp. (28)) for the definition ofdeg k (f H , £2 H ) (resp. n(H, K)). 

3 . 8 . General concept of basic maps 

The case of one free parameter The concept of the basic maps, which was introduced 
in Subsection 3.6 for .S 1 -cquivariant maps (see (39) and (40)), can be generalized to G- 
equivariant maps, where G — T x .S 1 . Following the same lines as in Subsection 3.6, we 
also define the counter part of a basic map, called a C -complementing map. 

Definition 3.42. 

(a) Under the notations explained in Remark and Notation 2.6, let O C R © Vjj be 
defined by 

0= (t,v): \ < ||u|| <2, -1 <t< lj, (55) 

and b : O — > Vjj be defined by 

b(t, v) — (l — || v || + if) • v, ( t,v)eO . 



/ 1 W (H)/S l 



(56) 
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Then, the map b is called a basic map on O, and the pair (/;. O) is called a basic 
pair for the irreducible G -representation Vjj. 

(b) Let 



Q = 



(X, v) € C © Vjj: 



MI<1. 





(57) 



and f : £2 -* R. © Vjj be defined as 

fa, v) = (ai(iiuii - 1) + iiuii + u-«), a, i» e n, 



(58) 



where X ■ u denotes the usual complex multiplication of v by X. Then, the map 
f is called a C -complementing map on f2, and the pair (f , £2) is called a C- 
complementing pair for the irreducible G -representation V; /. 



Obviously, both (56) and (58) are G-equi variant. Moreover, b is (Inadmissible and f 
is Q-admissible. Therefore, G-Dcg' (b. O) and G-Deg r (f, Q) are correctly defined. Al- 
though b and f are rather different in nature (b seems to be the simplest one having a 
non-trivial twisted equivariant degree, while f is motivated by the applications to the bi- 
furcation theory, where it appears naturally), we have the following statement parallel to 
Proposition 3.34. 

PROPOSITION 3.43. Let Uj be a complex irreducible V -representation and Vjj := J Uj 
the associated irreducible representation of G — T x S 1 (cf. Remark and Notation 2.6). 
Then , 



G-Deg f (b, O) — G-Deg f (f, £2), (59) 

where O, b, O and f are given by (55)— (57) and (58), respectively. 

For the sequel, it is convenient to introduce 

Definition 3.44. Let (b. O ) be a basic pair for the irreducible G -representation Vjj. Put 
degpy , : = G-Deg‘(b, O), (60) 

and call degy. ( the basic degree for Vjj. 

Using the same ideas as in the proof of Corollary 3.38 in compliance with Corollary 3.36, 
one can easily establish a formula allowing in certain important cases a reduction to basic 
degrees. 

PROPOSITION 3.45. Under the notations and assumptions of Problem 3.32 suppose, in 
addition, that: 
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(i) V has a single G-isotypical component modeled on an irreducible G-representation 
Vjj and m = dim V/ dim V/,/; 

(ii) the map a from formula (44), identified with a map S’ 1 — > GL(m, C) (cf. Corol- 
lary 3.36(ii)) admits a representation diag{(A*, 1, 1, . . . , 1}. 

Then , 



G-Deg r (/ fl , O) — k ■ degy. ; . (61) 

Observe that basic maps play an essential role in practical computations of the twisted 
degree. A typical degree-theoretical approach to a concrete problem is usually devised on 
the so-called linearization techniques. These techniques are based on local or global linear 
approximations, which can be considered as a way of transforming the original map to the 
one for which the degree can be easily evaluated. In the case of the equivariant degree with 
one free parameter, the linearization techniques are also used. However, due to the nature 
of the equivariant degree, it is inappropriate to expect the same type of computations for all 
kinds of groups. That means, in order to establish a standard method for the computations 
of the (twisted) equivariant degree, one needs to identify the key elements in this process. 
It turns out that the basic degrees are essential for the computations of the twisted degrees 
of arbitrary maps. By providing for a considered group T x S 1 the tables of basic degrees, 
one is able to remove essential technical obstructions from the computation process of the 
twisted degree. 

It should be pointed out that the computational formulae presented in Subsection 3.7 
are enough to completely evaluate degy . ( . Indeed, consider the representation Vy i (the 
case of arbitrary l > 1 can be analyzed similarly). The Recurrence Formula (see Theo- 
rem 3.41) reduces the computations of degy^. ( to degj (f H , Q H ) and numbers n(H, K), 
where ( H ) , ( K ) e (G). Next, by Corollary 3.40, one obtains 

de gi (f H ■ & H ) = \ dim Vy, . (62) 

Thus, to compute degy ( one needs to know: (i) twisted orbit type lattice in Vy i, (ii) 
dimensions of //-fixed-point subspaces in Vy i ((H) e T'j (G)), and (iii) numbers n(H, K). 
Therefore, the computations of basic degrees can be completely computerized. 

The case without free parameter Similarly to the situation of one free parameter, one 
could look for an appropriate concept of basic maps in the case without free parameters 
(cf. Remark 3.28). However, in the latter case, this concept turns out to be almost trivial. 
To be more specific, consider an irreducible orthogonal representation V, of the compact 
Lie group T, and let V be the unit ball in V,-. It is clear that every linear T-equivariant 
isomorphism A from V,- onto V,- is a P-admissiblc T -equivariant map. Therefore, we can 
consider this type of T -equivariant maps as the most elementary, for which the equivariant 
degree T -Deg (4. V) is defined. On the other hand, the representation V,- can be of one of 
three types: real, complex or quaternionic (cf. Proposition 2.9(ii)). It is clear that in the 
case V; is of complex or quaternionic type, the operator A can be connected by a path 
in GL r (Vi) { B e L G (Vi): B is an isomorphism} with the identity operator Id. Thus, 
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r -Deg (/l , V) — (F), which can be considered as a trivial case. In the case the representa- 
tion Vi is of real type, the group GL t (V, ) has two connected components, so if A does not 
belong to the same connected component as Id, it is homotopic to — Id, and consequently, 

r-Deg (A,V) = F-Deg(— Id, V). 

Therefore, we call the map — Id : V/ — > V, a basic map for the irreducible representation V/ 
(see [93] for more information about this type of basic maps) and put 



degy,. := r-Deg(— Id, V). (63) 

It turns out that degy. can be completely evaluated using a recurrence formula similar to 
(53)— (54). More precisely, consider the set Oo(r, V, ) of all the orbit types (L k ) in V,- such 
that ( L k ) e O 0 (r). Then (see [93]), 

degy. = X! ,lL k ' ( L *)’ (64) 

k 



where 



”Lk 0 



(-1)"*° ~ T.k=i n(L ko’ L k ) ~ n Lk ■ \W(L k )\ 

\W(L ko )\ 



(65) 



and n k — dim V^ k . 



3.9. Multiplicativity property 

In this subsection, we connect the multiplication structures on ,4(1") (resp. ,4 ( G ) ) to the 
T -equivariant degree (resp. twisted degree) of T -equivariant maps without free parame- 
ter (resp. G-equivariant maps with one free parameter). The well-known multiplicativity 
property of the classical Brouwer degree, which asserts that the degree of a direct product 
of maps is equal to the product of their degrees (in the ring Z), can be thought of as the 
prototype of the theorems following below (their proofs use a regular normality argument 
combined with the definitions of the multiplications in A(T) (resp. A' (G)) and a careful 
count of orbits of zeros in the product maps). 

THEOREM 3.46. Let T be a compact Lie group, U and W two orthogonal T-representa- 
tions, C U , £^2 C W two open bounded T -invariant sets. Assume that s : V -> V (resp. 
g : W -> W ) is an Lli-admissible (resp. Lli-admissible) equivariant map . Then, 

T-DegCs x g, £2i x Q 2 ) = T-Deg(s, f2j) • F-Deg(g, S2 2 ), (66) 



where stands for the multiplication in the Burnside ring A(T) (see also Remark 3.28). 
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Remark 3.47. Clearly, under the notations of Theorem 3.46, one immediately obtains 
the multiplicativity property for the usual Brouwer degree by putting T = {e}. 

THEOREM 3.48 (Multiplicativity property). Let T be a compact Lie group , G = T x .S' 1 , 
V ( resp . W) an orthogonal G -representation (resp. V -representation), C R® V (resp. 
f2 2 C W) an invariant open bounded set and f \ : R © V — > V (resp. / 2 : W — > W) an 
£i\-admissible (resp. Q. 2 -adniissible) equivariant map . Then, 



G-Deg'l/j x f 2 , Sh x Q 2 ) = T-Deg(/ 2 , fi 2 ) ■ G-Deg'(/,, £20, 



where the multiplication is taken in the A(T)-module A'^(G) (see also Remark 3.28). 

Remark 3.49. Obviously, in the case T = {e}, one has to take for F-Deg(/ 2 , £2 2 ) the 
usual Brouwer degree and for the usual multiplication by an integer. 



3 . 10 . Infinite dimensional twisted degree 

In order to apply the twisted degree theory developed above to symmetric Hopf bifurcation 
problems, one should extend it to reasonable classes of equivariant vector fields on infinite 
dimensional Banach G-representations. To this end, it is necessary to adopt the standard 
infinite dimensional techniques in the equivariant setting. Below, we briefly discuss the 
corresponding framework for two classes of vector fields relevant to the applications we are 
dealing with in this paper: (i) compact fields and (ii) condensing fields. Observe, however, 
that extensions to many other important classes can be easily done as well. 

Throughout this subsection, W is a real isometric Banach G -representation (G = T x 
S 1 ), E R © W is equipped with the norm ||(k, i>)|| = max{|A.|, ||v||} (G acts trivially 
on R) and jt : E —> W stands for the natural projection on W. Given a G-invariant subset 
M C E and a G-equivariant map F : M — »• W, define / : M —> W by 

f:=n- F , (67) 

and call / a G -equivariant field on M. 

Leray-Schauder twisted degree Recall the following 

Definition 3.50. Let X c E be a bounded subset. Then, a continuous map F :X -> W 
is called compact, if F(X) is compact in W. 

THEOREM 3.51 (Equivariant Schauder approximation theorem). Let X C E be a G-in- 
variant bounded subset and F : X — > W a G-equivariant compact map. Then, for every 
s > 0, there exists a G-equivariant finite-dimensional map F e : X — > W (i.e. the image 
F e (X) is contained in a finite-dimensional subrepresentation ofW) such that 



F g (x) — F(x) < e for all x e X. 



( 68 ) 
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PROOF. Take Vk 0 0 defined by ( 17)— (19). By (20), there exists a finite set N — [iq, . . . , v„ } 
C Woo such that F(X) c N E := N + B E { 0), where B s ( 0) — {v eW: ||u|| < e}. Define the 
functions Vk : N E -» R, k — 1, . . . , n, by Vk(v) max{0, s — ||u — Vk\\'. k= 1,2,..., n }, 
v e N e , and put P E (v) := ^»_‘ rAUl) Y!k= t v k(v)vk e convftq, . . . , u„}, v e 1V £ , where 

“conv” stands for the convex hull. 

Next, define the map F £ : X -> W by F E (x) := P E {F{x)) for jeX. Clearly, satisfies 
(68) and /^(X) C span{G(i>i), ..., G(v„)} =: A. By Proposition 2.12, A is G-invariant 
and finite-dimensional. 

To complete the proof, put F E (x) f G gF E (g~ l x)dn(g), x e X (here ji denotes the 
Haar measure on G). □ 

The construction of the Leray-Schauder equivariant degree is standard. 

Definition 3.52. Assume that £2 c E is an open bounded G-invariant subset, F : £2 -> 
IT is a compact equivariant map. 

(a) A G-equivariant field / defined by (67) is called compact. Such a field / is called 

Sl-admissible if 0 for all x G 3 £2. 

(b) Two G-equivariant £2-admissible compact fields fo — tx — /’o and f\ = tt — F\ are 
said to be G-equivariantly homotopic, if there exists a G-equivariant compact map 
H : [0, 1] x £2 -> W with h := tt — H satisfying the following conditions: 

(i) h(o,-) = f 0 , *(!,-) = /i; 

(ii) for each X e [0, 1], h(X, ■) is £2-admissible. 

The map h will be referred to as a G-equivariant homotopy of compact fields 
joining f 0 and f\. 

In order to define the twisted degree G-Deg' (/. £2) of an £2-admissible G-equivariant 
compact field /, take an equivariant finite-dimensional map F s : £2 —> W such that 
F e (£ 2) C W*, dim Vk* < oo and 

1 F (x) — F e (x) I < inf { | / (y) || : ye3£2}, 

and next, define the e-approximation f e of / as f E (X, v) — v — F e (X, v ), (X, v) e £2 (cf. 
Theorem 3.51). Then, put 



G-Deg' (f, £2) = G-Deg f (/ £ |^, £2*) e A[(G), (69) 

where £2* := £2 (T (K © IT*), and call G-Deg r (/, £2) the Leray-Schauder twisted degree. 

By applying the standard arguments, one can verify that the definition, given by for- 
mula (69), neither depends on a choice of the equivariant approximation f £ , nor on an 
invariant finite-dimensional subspace Vk* (see [93] for more details). 

Using Definition 3.52 and following the standard lines (cf. [81] and [93]), one can for- 
mulate and prove an analogue of Proposition 3.27 for compact fields and homotopies. 
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Nussbaum-Sadovskii twisted degree Denote by JA the class of all bounded subsets of E . 

Definition 3.53. A function /x : A4 — > [0, oo) is called a measure of noncompactness on 
E if for all A, B e A4, the following conditions are satisfied: 

(a) /x(A) — 0 <3> A is compact; 

(b )n(A) = n(A); 

(c) /x(conv(A)) = /x(A); 

(d) fx(A U B) = max[/x(A), p,(B)}\ 

(e) fx(rA) = |r | • /x(A), r e K; 

(f) f x(A + B)^ t x(A) + f x(B). 

We refer to [1] and [93], where many important examples of measures of noncompact- 
ness are considered as well as their properties are studied. 

Definition 3.54. Let p be a measure of noncompactness defined on JA. Take X c E 
and Y C W. Consider a continuous map F : X — > Y taking bounded subsets of X to 
bounded subsets of Y. We say that F is: 

(i) a ix-Lipschitzian map with a constant L ^ 0, if /x(F(A )) ^ L/x(A ) for all bounded 
subsets A of X; 

(ii) a completely continuous map , if it is //-Lipschitzian with a constant L — 0; 

(iii) a condensing map , if it is /x-Lipschitzian with a constant L — 1 and // (F( A)) < 
fx(A) for every bounded subset A<zX such that /x(A) > 0. 

Remark 3.55. 

(i) Clearly, any compact map is also completely continuous. The opposite statement 
is true under the assumption that the domain of the map is bounded. Also, any 
completely continuous map is, of course, condensing with respect to any measure 
of noncompactness. 

(ii) Obviously, if F : E -> W is a contraction map (i.e. there exists 0 f q < \ such that 
|| F(pc) — F(y)|| ^ q \\x — y || for all x, y e E ), then F is condensing with respect to 
any measure of noncompactness on A4 (the applications to neutral FDEs we will be 
dealing with appeal exactly to this situation). 

The idea of extending the equivariant Leray-Schauder degree to the class of equivariant 
condensing fields, is based on the same standard construction that is used in order to make 
such an extension in the non-equivariant case (see for example [1] and [93], Chapter 4). For 
the sake of completeness of our presentation, we discuss shortly some of the main steps of 
this construction. 

Definition 3.56. Let c E be an open bounded G-invariant subset and F :Q W a 
condensing equivariant map with respect to some (fixed) measure of noncompactness /x 
on E. 

(a) The map / defined by (67) is called a condensing field. 

(b) Two G -equivariant ^-admissible condensing fields fit — it — Ft) and fi— n — F\ 
are called G-equivariantly homotopic, if there exists a G-equivariant condensing 
map // : [0, 1] x Q W with h n — // satisfying the following conditions: 
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(i) h(0, •) = fo, h(l, •) = /i; 

(ii) for each X e [0, 1], h(X, •) is ^-admissible. 

The map h will be referred to as a G-equivariant homotopy of condensing fields 
joining fy and f\ . The map H is called a condensing G-equivariant homotopy be- 
tween Fo and f j . 

The following notion (see [1] for the non-equivariant setting) plays the central role in 
our considerations. 

Definition 3.57. Let M c E be an invariant subset and F : M — »• IT an equivariant map. 
A subset Q C W is called G -fundamental for F, if it satisfies the following conditions: 

(a) Q is non-empty, compact, convex and G-invariant; 

(b) F(MC Q) C Q\ 

(c) if x a e M\ Q, then x Q ^ com{F (x 0 ) U Q). 

Observe that a G-fundamental set Q for F contains all the fixed points of F. 

Similarly, one can define a notion of a G-fundamental set for a G-equivariant deforma- 
tion H : [0, 1] x M — > W, namely, this set should be G-fundamental for each H(X, •)• 

Remark 3.58. Obviously, if X c W is a (non-empty) compact G-invariant subset, then 
so is conv( X). Therefore, for any G-equivariant compact map F : M —> W, where M C E, 
the set conv( F(M )) is G-fundamental. 

It turns out (cf. [1]) 

LEMMA 3.59. Let LI (Z E be an open bounded G-invariant subset, H : [0, 1] x £2 — > W 
a G-equivariant Ll-admissible condensing homotopy, K C W an arbitrary G-invariant 
compact subset. Then, there exists a G-fundamental set for H containing K. 

Assume that £2 C E is an open bounded G-invariant subset, 7r — F : — > W a G-equi- 

variant condensing Q-admissible field. Let Q C W be a G-fundamental set for F provided 
by Lemma 3.59. By the equivariant Dugundji theorem (see Proposition 3.9), there exists a 
G-equivariant extension F : E — > Q of the map /’j Qn g. Put F := F\ Q . Take the compact 
G-equivariant field it — F and put 

G-DegV - F, Q) := G-Deg'fjr - F, LX). (70) 

We call G-Deg f (7r — F, J2) the Nussbaum-Sadovskii equivariant degree. Using Lem- 
ma 3.59, it is easy to show that the definition given by formula (70), neither depends on 
a choice of a G-fundamental set, nor on an equivariant extension F (see [1,93] for more 
details). 

Using Definition 3.56 and following the standard lines (cf. [93] and [ 1]), one can formu- 
late and prove an analogue of Theorem 3.27 for condensing maps. 
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3 . 11 . Bibliographical remarks 

Equivariant extensions via fundamental domains is one of the crucial ideas underlying our 
approach to the equivariant degree. In the context relevant to our discussion, a simplicial 
fundamental domain for an action of a cyclic group of prime order was used (probably, 
for the first time) in [47], The case of an arbitrary cyclic group action on a sphere was 
considered by M. Krasnosel’skii [88] (see also the paper of P. Zabreiko [149], where a 
slightly more general case was considered). The case of an arbitrary finite group action on a 
subset of R" was studied by Z. Balanov and S. Brodsky in [9], In full generality. Theorems 
3.2 and 3.4 were proved by Z. Balanov and A. Kushkuley in [20,21,98,99]. The concept of 
regular fundamental domain (as well as the proof of Theorem 3.7) was suggested in [14] 
(see also [19]). The detailed study of the case of linear actions of Abelian groups can be 
found in [80,81]. For the equivariant extension problem in a more general setting, we refer 
to [3,5,7], 

The concept of normal/regular normal approximations (being, together with fundamen- 
tal domains, another important ingredient of our approach to studying (twisted) equivariant 
degree) was discussed, on the one hand, by K. G§ba, W. Krawcewicz and J. Wu in [60], and 
on the other hand, by A. Kushkuley and Z. Balanov in [99] (cf. [96]). For other “equivariant 
general position” results (including those for different actions on the domain and image) 
closed in spirit to regular normal approximations, we refer to [99] (cf. [1 15,150]) and [81]. 

The numbers n(L, H) were defined by E. Ihrig and M. Golubitsky in [74] (see also [99]). 
Proposition 3.15 and Femma 3.17 were suggested in [14]. For a detailed discussion on the 
concept of Burnside ring (as well as for computations of several multiplication tables), 
we refer to [43] and [93]. Twisted subgroups of T x 5 1 for certain groups T of practical 
meaning, were studied in [10,11,15,17,18,14,67,65,66,91,92,145] (some additional infor- 
mation (including the numbers n(L. H)), can be found in [27,29,32,67,99]). The notion 
of bi-orientability was introduced by G. Peschke in [126] (see also [60]). Some important 
multiplication tables for (G) can be found in [10,18,92]. In fact, the A(T)-module struc- 
ture on AjlT x .S’ 1 ) coincides with the appropriate restrictions of the multiplication in the 
Euler ring t/(T x .S' 1 ) (cf. [43,59,134]), where A(T) is identified with Z[<t>(T x S’ 1 )] C 
(/(Fx S l ). In the case F is a finite group, we have U(r x S 1 ) ~ A(T) © A^fT x S 1 ) 
(cf. [43]). 

The concept of twisted degree was developed in [1 1,14,19]. Among the important “pre- 
decessors” of (twisted) S’ '-equivariant degree, one should mention the rational-valued 
homotopy invariants introduced and studied in [57,39,40,42,41]. Actually, the approach 
suggested in Subsection 3.4 to construct the twisted degree, can be easily extended to a 
more general setting: G is an arbitrary compact Fie group (not necessarily of the form 
G = T x S’ 1 ) and / : R" © V —*■ V is an equivariant map with n ^ 1 free parameters. In 
this case, the corresponding invariant (known as the primary equivariant degree) takes 
its values in the Z-module Z[4>+(G)], where <I>+(G) consists of all “primary” conju- 
gacy classes (H), i.e. dim W(H) — n and W(H ) is bi-orientable. It was considered by 
K. G§ba, W. Krawcewicz and J. Wu in [60] (following the differential topology frame- 
work), G. Peschke in [126] (using the algebraic topology ideas) and W. Krawcewicz and 
H. Xia in [96] (using an analytical approach). The axiomatic approach to the primary de- 
gree based on the use of (regular) fundamental domains was suggested by Z. Balanov, 
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W. Krawcewicz and H. Ruan in [14] (see also [19]). In turn, the primary equivariant de- 
gree is a part of the construction of equivariant degree defined by J. Ize, I. Massabo and 
A. Vignoli in [78] which is an equivariant homotopy class of a certain auxiliary equivariant 
map of G -representation spheres (a detailed exposition of this concept for Abelian group 
representations (including many non-trivial and elegant examples) can be found in [81]). 
In particular, this degree (as a complete equivariant homotopy invariant) takes into account 
the so-called “secondary” orbit types, i.e. those with dim W(H) < n. Observe, however, 
that (i) the primary degree was defined in [60] (see also [45,46] for G = S [ ) independently 
of the work [78] , and (ii) the general construction of the equivariant degree given in [78] 
(see also [81]), being of great theoretical importance, does not give practical hints for its 
computation. 

The importance of .S' 1 -basic and C-complementing maps was indicated in [14] (see also 
[49,93,18]). The Splitting Lemma was proved in [14] based on ideas from [91]. The com- 
putational formulae for the S l -degree were established in [14] (see also [46] and [93]). The 
Recurrence Formula (in a slightly different version) was suggested in [91] (see also [14] 
and [19]). 

Twisted degrees of basic maps (being another important ingredient of our approach), 
for various irreducible representations, were considered in [10,11,18,14,91,92], where the 
importance of the numbers n(L , H) for the computations of the basic degrees was first 
indicated. The multiplicativity property of the equivariant degree, which is crucial from 
the applications viewpoint, was studied in [17,18,91] (see also [81] for the Abelian group 
actions). The case without free parameter was considered in [93,141]. Finally, a systematic 
exposition of the equivariant degree theory for many important classes of non-Abelian 
group actions can be found in [19]. 



4. Hopf bifurcation problem for ODEs without symmetries 

In this section, we start the (twisted) equivariant degree treatment of the Hopf bifurcation 
phenomena in (symmetric) dynamical systems. To clarify the main ingredients of our ap- 
proach, we begin with the simplest situation - a parameterized by a e R. system of ODEs 
x = f(a , x), x e K w , without spatial symmetries. It turns out that it is possible: 

(i) to reformulate the original problem as the S 1 -fixed point problem for a compact 

map iF : C R © W W, where W is an appropriate space of periodic -valued 

functions with the .S' 1 -action induced by the shift of time variable; 

(ii) to associate to the compact field $ jt — T the S’ 1 -degree whose nontriviality 
indicates the occurrence of a Hopf bifurcation (here, 7r : R. © W — > W is the natural 
projection). 

In the next section, assuming the system to satisfy some T -symmetry conditions, we 
associate to $ the T x .S 1 -equivariant twisted degree allowing to classify the bifurcating 
solutions according to their symmetries. The main advantage of this method rests on the 
fact that it can be equivalently applied (with certain cosmetic modifications) to other classes 
of equations (for instance, functional differential equations, neutral functional differential 
equations or partial functional differential equations). 
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4.1. Statement of the problem 

Put V R ,v . We begin with the following system of ODEs: 

\x — f(a,x), x e V, aeR, 

(71) 

x(0) = x(p), for a certain p > 0, 

where the function / : R. x V -> V is of class C 1 and satisfies the property 

f(a, 0) = 0 for all a e ®L (72) 

The stationary point, at which we are analyzing the occurrence of small amplitude periodic 
solutions for the system (71), is (by the assumption (72)) the origin 0 e V. We say that 
for a = a 0 , the system (71) has a Hopf bifurcation occurring at (a o ,0) corresponding 
to the “limit period” if there exists a family of p s -periodic non-constant solutions 
{(a 5 , x s (t))} S £A (for a proper index set A) of (71) satisfying the conditions: 

(1) The set K := U, sA {(a s , x s (t)): teR) contains a compact connected (infinite) set 
C such that ( a 0 , 0) e C, 

(2) Ve > 0, 3 8 > 0 such that 

V(a s , x s (t)) e C sup | (r ) || < 8 =>• \\a 0 — a s || < e and 

t 

With the system (71), associate the linearized at x — x 0 system 

x — D x f(a,x 0 )x, x e V. (73) 

Taking the complexification of (73) and substituting the function x(t) = c /J ■ v with /, e C 
and ve V, leads to the following characteristic operator 

A {a , Xo )(X): = Ud-D x f(a,x 0 ):V c ^ V c , (74) 

where V c = <C N denotes the complexification of V, D x f(a , .r 0 )(z<8)x) = z®D x f(a , x a )x 
for z ® x e V c , and the characteristic equation 

det c [ A (a ^ o) (A.)] = 0, XeC. (75) 

A solution to (75) is called a characteristic root at the stationary point (a, x„). It is obvious 
that the Hopf bifurcation occurs for the linearized system (73) with a — a 0 if and only if the 
characteristic equation (75) (for a — a 0 ) has a (non-zero) purely imaginary root X — if> 0 . 
It will turn out that the appearance of a purely imaginary characteristic root can provide 
appropriate information to predict the occurrence of Hopf bifurcation for the non-linear 
system (71). In what follows, put Aq,(-) := A („ ())(•)• 



2k 



Ps - 
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4.2. S 1 -equivariant reformulation of the problem 

Normalization of the period Introduce the unknown period p as an additional parameter 
to the considered system (71) of ODEs. For this purpose, substitute u (?) x(f- 1), which 
leads to 



I it — f(a, u), u e V, 
u(0) = u(2jt), 



(76) 



where the unknown function u(t) is considered to be of the fixed 2ic -period. Next, repara- 
metrize the system (76) by introducing f> =y, i.e. we obtain 



I u = ji f(a, u), ueV, 
u(0) = u{2n). 



(77) 



Setting in functional spaces and S 1 -isotypical decomposition The system (77) can be re- 
formulated as an equation in the appropriate functional spaces. Denote by W H l (S l ; V) 
the first Sobolev space of V -valued functions defined on S l , which can be identified 
with the corresponding space of 27? -periodic V -valued functions via the identification 
S’ 1 ~ ]R/ 27 rZ. Formula 

(t;u)(t) u(t + r) (? e R, ueW , £ = e ir eS') (78) 

determines on W the structure of isometric Hilbert .S’ 1 -representation with respect to the 
standard inner product in W given by 

(u,v)h 1 '-= I (u(t) • v(t) + u'(t) • v'(tf) dr. 

Jo 

Identify the subspace of W consisting of all constant functions with V (it can be thought 
of as the “0-mode” of the isotypical decomposition of W). To describe other S' 1 -isotypical 
components W\, l — 1, 2, 3, . . . , of the space W, observe that each component W, / is gen- 
erated (as a linear space) by the functions u(t) = cos It ■ a/ + sin It ■ bi, for t e [0, 2jt], 
a/,bi e V . Consequently, the function u(t) can be viewed as 

u (?) = e 1 " ■ (. xi + i yi), xi , y/ e V. (79) 

Using (79), we can describe the action of e 1T e .S 1 on u(t) as the ‘complex multiplica- 
tion’ by e l/r . Moreover, each of the subspaces IT/ , equipped with this .S' 1 -action, is .S’ 1 - 
isomorphic to the complexification V c of V, considered with the .S’ 1 -action defined by the 
/-folding, i.e. W/ —'V c (cf. Subsection 3.6 and Remark and Notation 2.6). Also, we can 
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write the elements u(t ) e Wi as u(t) — e 1,? • z, z e C w . Therefore, we have the following 
S l -isotypical decomposition of W: 



CO 

w = v©0w ; . 

/=! 



(80) 



.S' 1 -equivariant fixed-point problem Define the following operators: 

L:W L 2 (S l ;V), L(u) = u , (81) 

V), ;(«) = «, (82) 

where u e W and C ( .S' 1 ; V) denotes the space of 27r -periodic, V-valued continuous func- 
tions on R equipped with the usual sup-norm and u — u a.e. (cf. [137]). For a func- 
tion u{t) — e 1,f ■ z e Wi, we have L{u) — ilu, i.e. L\\y t — i/Id \w r Put R x R + , 

R+ :={rel: r > 0}, and let jr: R 2 © W -> W be the natural projection. Denote by N f 
the Nemytsky operator associated with the function /, i.e. for every a e R, put 

(Nf(a,v))(f):=f(a,v(t)), veC(S l ;V). (83) 



Notice that the system (71) is equivalent to the following operator equation 



Lu = -N/(a, ;(«)), 



(a, f)) e R;j_, u e W. 



(84) 



Equation (84) can be transformed to an S ^equivariant fixed-point problem in R 2 © W. 
Define the operator K :W -> L 2 (S l \ V ) by 

1 r 2n 

K(u):= — / u(t)dt, ueW , (85) 

27 r Jo 

which is simply a projection on the subspace V of constant functions (cf. Remark and 
Notation 2.17). Then, it can be easily verified that the operator L + K : W -> 7. 2 ( ,S' 1 ; V ) is 
an isomorphism. Put 



T(a, P, u) (L + K) 1 



N f {a, j(u)) + K(u) , 



^(a, p, u ) := u — T(oi, P, u). 



( 86 ) 



In this way, the following equation is equivalent to (84): 

8(a, P, u) = 0, (87) 

where (a, P) e R^_, u e W (cf. Subsection 3.6 and Remark and Notation 2.6). 
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Fig. 1. Hopf bifurcation as a two-parameter fixed-point problem in functional spaces. 



4.3. S 1 -degree method for Hopf bifurcation problem 

It is clear that every point (a, ft. 0) e x W is a solution to Eq. (87) (called a trivial 
solution). Denote the set x {0} C R+ x W by M. We would like to identify the so- 
called bifurcation points to (87), i.e. the trivial solutions (a 0 , f 0 , 0) e M such that in every 
neighborhood of ( oc 0 , fo, 0) there is a non-trivial solution (a, f, u) e x W. Actually, in 
the case ( a 0 , f a , 0) e M is a bifurcation point, there is a “branch” in x W of non-trivial 
solutions bifurcating from the trivial solution (a 0 , ft 0 , 0) e M. The bifurcation problem for 
Eq. (87) is illustrated on Fig. 1. 

Necessary condition for the occurrence of Hopf bifurcation By the implicit function the- 
orem, the necessary condition for the point (a c , fi 0 , 0) to be a bifurcation point, is that the 
linear operator 

Id —D u T(a 0 , 0) : W — > W 



is not an isomorphism. In such a case, we say that (a c , fi 0 , 0) e M is a W -singular point. 
It follows directly from the definition of the map T that 



fl(cn, f>) := Id — D u T{a, f, 0) = Id— (L + K) 1 



\ N Dxf (a.0) + K , 
P 



( 88 ) 



where the operator Nd x /(<x, 0) is the Nemytsky operator of D x f{a , 0), defined by 
{N Dx f(aA))j(u))(t) := D x f(a,0)j(u)(t), ueW. 
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Clearly, a(a, P)(V) C V and a(a, P)(Wi) C VP/, for all / = 1,2, 3 Put 

ao(u, P) a(a, P)\ y, a/(a, P) := a(a, fi)\wn / = 1,2,3, (89) 

It is clear that for a constant function u e V CW, 

ao(a,P)u = -^D x f(a,0)u, (90) 

P 



and for e, lU ■ z. € VP/, where z = x + iy, x, y e V, we have (see (74) and (79)) 

ai(a,P)=^-A a (UP). (91) 

up 

Consequently, if (a 0 , ft,, - 0) is a W-singular point, then at least one of the linear operators 
ai(a 0 , ft,, ) , l — 0, 1, 2, ... , cannot be an isomorphism. In order to exclude the possibility 
for the occurrence of the so-called steady-state bifurcation (i.e. a bifurcation of constant 
solutions), we assume that the operator (90) is an isomorphism, i.e. 

det D x f{a 0 , 0) 0. (92) 

Using (89) — (92) one can easily establish 

PROPOSITION 4.1 (Necessary condition for Hopf bifurcation). Assume the operator 
a(a 0 , Po ) : VP -> VP (see (88)) is not an isomorphism for some (a 0 , P 0 ) € R x R + , and 
suppose condition (92) is satisfied. Then, the characteristic equation (75) has a purely 
imaginary root iip„for a — a 0 and some l e N. 

Definition 4.2. 

(i) A point (a 0 , x 0 ) e K © is called a center for the system (71), if its characteristic 
equation (75) has a purely imaginary characteristic value i p o (P„ > 0) for a — a 0 . 

(ii) A center ( a„ , x„) for the system (71) is called isolated if it is the only center for (71) 
in a certain neighborhood of (a 0 , x 0 ) in R © V . 

Sufficient conditions for the occurrence of Hopf bifurcation In what follows, it is con- 
venient to identify R 2 with C, and instead of writing (a, P) e R , we use the notation 
X — a + ip. In particular, we write X 0 = a Q + i p o . 

Assume ( a 0l 0) is an isolated center for the system (71) with X a — a 0 + i p o (see Defini- 
tion 4.2). Then, the point ( X a , 0) e R^_ x VP is an isolated VP-singular point of (cf. (86)), 
i.e. for a sufficiently small e > 0, the linear operator a(X) = Id — D,,T(X. 0) : VP — > VP, 
where X — a + ip and |A, — X 0 \ < s, is not an isomorphism only if X — X 0 . Consequently, 
by the implicit function theorem, there exists r > 0 such that for all points (X,u) e R^_ © VP 
with | A. — X a \ = e and 0 < ||m|| ^ r, we have u — T(X, u) 0. Define the set ^ C R 2 © VP 
by 



Q — {(A, u) e R 2 © VP: \X — A 0 | < s and ||m|| < r}. 



(93) 
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Put 



do := £2 H (R 2 x {0}) and d r := {(A., u) e £2: ||w||=r|. 

Definition 4.3. An .S' 1 -invariant continuous function g : £2 -* R. is called an auxiliary 
function for 5 in £2, if 

| (A., u) > 0 for (X, u) e d r , 
jg-(A,M)<0 for(A,w)e3o 



(see Fig. 2). 

The existence of an auxiliary function is provided by Proposition 3.9. 

Take an auxiliary function g and define the map : £3 — > R. © W by 

3f(A, u) := (g"(k, u), u — fF(X, «)), (X,u)e£2. (94) 

Since 3 g (X, u ) f 0 for (A., u) e 9£2, it follows that 3$- is an ^-admissible .S’ 1 -cquivariant 
compact field, so the Leray-Schauder S *-equr variant degree .S’ 1 -Deg(3 tr . £2) is well- 
defined. 

Theorem 4.4. Given the system (71), assume conditions (72) and (92) are satisfied. Sup- 
pose, further, (a o ,0) is an isolated center for (71) (cf. Definition 4.2). Take 3 defined by 
(86) and construct £2 according to (93). Let g : £2 -> R be an auxiliary function (see Defi- 
nition 4.3) and let 3^ be defined by (94). Assume, finally, S'-Deg^^, £2) 0. 
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Then, there exists a branch of nontrivial solutions bifurcating from the point (X 0 , 0) e £2. 
More precisely, the closure of the set composed of all non-trivial solutions (X,u) e £2 
to (87), i.e. 



{(A, u) e £2: u — T{X, u ) = 0, u 0}, 
contains a compact connected subset C such that 
( X 0 , 0) € C and C Pi 3,- 0. 

The main ingredients of the proof of Theorem 4.4 are: invariant Urysohn function tech- 
niques, Zorn lemma and the following statement, which is an immediate consequence of 
Theorem 3 from [97], p. 170. 

Lemma 4.5. Let X be a metric space. A, B C X two disjoint closed sets in X, and K a 
compact set in X such that KC\A=f&=fKC\B. If the set K does not contain a connected 
component K a such that K o nA^X0f^K o C\B, then there exist two open disjoint sets Vi 
and VS such that AUBUA'CfiU VS, A C V\ and B C VS. 



4 . 4 . Deformation of the map Reduction to a product map 

Theorem 4.4 reduces the study of the Hopf bifurcation for (71) to computing ^-Deg)^, 
£2). In this subsection, we deform to a field with “more computable” S 1 -degree. 

Complementing function and linearization Replace the set £2 (resp. the auxiliary func- 
tion g) with the set £2i (resp. the so-called complementing function g : £2i — > R) defined 
as 



£2i := 

Respectively, 



(A, u ) e C © W: - < |A — X a \ < e, ||w|| < r 



<T := |2- — A 0 |(||w|| -r) + ||w|| +£-. 

For each (X,u) e £2i, put 

r](X) := X B + £(A — — 

' ' 2|A — X 0 \ 

and define the map 5": £2i — > ]R © W by 

3(X,u) (g(X, u),a(ri(X))u), 



(95) 



(96) 



(97) 



(98) 
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where a(-) is given by (88). Obviously, the map (98) is Q| -admissible S 1 -cquivariant and 
(by excision and homotopy property of twisted degree) 

5 1 -Deg(j,S2 1 ) = 5 1 -Deg(5' ? ,^). (99) 

Finite-dimensional normalization Obviously, one may consider «(??(•)) from (98) as a 
continuous map 

XeC: S - <\X-X. 0 \ < e| GL S C ' (W), (100) 

nl j 

where GL £ (W) stands for the group of S -cquivariant linear completely continuous fields 
in W. Put 

E:= XeC: |A.-A. 0 | = |J. (101) 

By (97), the map (100) is completely determined by its restriction to E ~ S l . Denote by 
fl(-) the restriction of (100) to (101). Also, given m e N, define W" 1 V ®©"li W ; C W. 

Using the standard compactness argument, one can easily show 

Proposition 4.6. There exists m e N such that : 

(i) w = W m ® (W m )^\ 

(ii) for any AeS, the map d(X), defined by a(X) := d(X)\w m + Id belongs to 

GL?(wy, _ 

(iii) the map $2 : £2i -* R© W, defined by ^2(7-, u ) := (q(X, u), d(rj(X))u), is the com- 
pact equivariant £l\-admissible field (cfi (95)); 

(iv) S 1 - Deg(§, £2 X ) = S 1 - Deg(fo, £20 (cfi (99)). 

Isotypical deformations and finite-dimensional reduction Consider the map a defined in 
Proposition 4.6(ii) more intently. Given AeE, put 

ao(X) := fl(A.)| y; d/(X) a(X)\w l , I > 0. 

It follows immediately from (88)-(90), (92), that the map do : E — »• GL(V) — GL(N , R) is 
homotopic to a constant map 

ao(X 0 ):=-^-D x f(a 0 ,0), (102) 

Po 

where X a — a 0 + if 0 . 

Further, a/(X): W/ Wi is S '-equivariant, therefore, ai(X ) e GL S ( Wi ) ~ GL(N, C) 
(cf. Proposition 2.9). Thus, the map a/ : E — > GL(N, C) determines an element /i e 
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jti(GL(N,C)). By Proposition 3.35(ii), p, contains a representative bj : £ — »• GL(N,C ) 
of the form 



*/(>•) = 



'(*-* 0 

0 



0 ... O' 

1 ... 0 



: C N -> C 



N 



(103) 



where t; is an integer. 

Using Proposition 4.6(i), (ii), (102) and (103), define the map a : £ — »■ GLf (VP) by 



m 

a(X) := ao(X 0 ) + b/{X) + Id , 

1=1 



(104) 



and the compact S'-equivariant field -> VP by $(X,u) (g(X,u),a(rj(X))u). Put 

Sl„ := fl (C © V © VP/) and consider the map 5o := 51^“- By construction of the 
Leray-Schauder equivariant degree and the suspension property. 



1 -Deg (52- fit) = ^-Deg^o, fi„). (105) 

Product formula for S ] -Deg(5,-, £2) Take £2* := B x where := fl (C © 
©/=i VP/) and B is the unit ball in V, and define the map 5 0 * : £2 0 * -> R. © @”1[ VP/ by 



$o*(X, v) := I g(X, v).Qbi(i](X))vi 
\ i=i 

(here v / is an orthogonal projection of v e ©”Li VP/ to VP/ (cf. (103))). Next, take the 
product map 



5* := c<o(X 0 ) x 5o* : B x -> V © ^R. © VP/^ 

(see (102)). Using Theorem 3.48 and Remark 3.49, one obtains 

5'-Deg(5o, S2 0 ) = 5 1 -Deg (5*, ^*) = deg (a 0 (^o). B ) • S^DegGJo*, £2„*), 



where “deg” stands for the usual Brouwer degree. Observe, deg(«o(A. 0 ), B ) = 
sign dctao (/,„). Therefore, by applying Proposition 3.34, Lemma 3.37 and Theorem 3.39, 
we obtain 

PROPOSITION 4.7. Under the assumptions and notations of Theorem 4.4, one has: 

m 

S'-DegGJj, Q) = signdetaoOVo) • J ^fy(Zf), 

1=1 



(106) 




Symmetric Hopf bifurcation: Twisted degree approach 



63 



where a o is given by (90) and the numbers t/ are defined by 

h = deg(det c (a/), D ) (107) 

for a/ given by (91) and 

D := jleC: |A.-A. 0 | <e}. (108) 



4 . 5 . Crossing numbers 

Under the assumption that one is able to effectively compute the numbers t) in formula 
(107), Proposition 4.7 together with Theorem 4.4 provide an effective way to study the 
Hopf bifurcation for the system (71). Fortunately, this task can be accomplished by using 
the information related to the 5 '-equi variant spectral decomposition of D x f(a, 0). 

It is convenient to replace the set D in Proposition 4.7 with a set D defined by 

D := {A. = a + if e C: max{|a — a 0 |, \P — P 0 \] < e} (109) 

with, possibly, smaller s. By excision and homotopy properties of Brouwer degree, 



6; =deg(detc(a/), D). 



Clearly, if the number i lfi„ is not a root of the characteristic equation, then 1/ = 0. Suppose, 
therefore, that i lf„ is a root of the characteristic equation (75) for a — a„. Since ( a Q , 0) is 
an isolated center, we can assume, without loss of generality, that the number e in (109) 
is so small that for every a satisfying 0 < \a — a 0 \ < s, there is no purely imaginary root 
if' of (75) with | /S' — Ifi 0 \ ^ e. Also, there exists 8 > 0 such that there are no characteristic 
roots r + if of Eq. (75) for \ct — a 0 \ ^ e belonging to the boundary of the set 

S:= {r + if: 0 < r < 8, \f - lfi a \ <s}, (110) 

except for the root i If corresponding to a — a„ (see Fig. 3). 

Using a simple Brouwer degree argument, one can show that 

t/=deg(det c A„_,5’)-deg(det c A c(+ ,S) (a± := a 0 ± e). (Ill) 

Definition 4.8. Define the following integers 

t f(a 0 , Po) := deg(det c A ff± , S ), 
and 

t i{a 0 , Po) if (a 0 , Po) - (a 0 , Po). (112) 



The integer t/ := t/(a 0 , p o ) is called the l-th isotypical crossing number at ( a 0 , p o ). 
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The crossing number t / = if — t ; + has a very simple interpretation. In the case lift,, 
is an eigenvalue of the matrix D x f(a 0 , 0), the number if counts the number of all the 
eigenvalues (with multiplicity) in the set S before a crosses the value a 0 , and the number 
if counts the eigenvalues in S after a crosses a„. The difference, which is exactly the 
number t /, represents the net number of the eigenvalues which ‘escaped’ (if t/ is positive) 
or ‘entered’ (if t/ is negative) the set S when a was crossing a„. This situation is illustrated 
on Fig. 4. 



4 . 6 . Conclusions 

Return to the system (71). Take an isolated center (a o ,0) corresponding to the purely 
imaginary characteristic root i/3„, />o > 0. Then, Theorem 4.4 and Proposition 4.7 show that 
the equivariant degree .S' 1 -Degftf^, Q) is a local Hopf bifurcation invariant describing a 
possible occurrence of the bifurcation. Namely, the non-zero components of the equivariant 
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degree provide the information about the existence of branches of non-constant periodic 
solutions to (71) bifurcating from the point ( a„ , 0) (with the limit frequency f 0 ). 

Furthermore, formulae ( 1 10)— ( 1 12), in compliance with Theorem 4.4 and Proposi- 
tion 4.7, allow us to formulate an effective sufficient condition for the occurrence of the 
Hopf bifurcation in terms of the right-hand side of the system (71) only. Namely, 

Theorem 4.9. Let V : — and let /:K © V — > V and satisfy the following 

conditions: 

(i) f is of class C 1 ; 

(ii) f(a, 0) = 0 for all a e R; 

(iii) det D x f(a 0 , 0) 0, where D x f denotes the derivative of f with respect to x e V; 

(iv) (a 0 , 0) is an isolated center for the system (71) with if 0 (f 0 > 0) being the corre- 
sponding characteristic root (cf Definition 4.2 and formulae (74), (75)); 

(v) ti(a 0 , f 0 ) = tf (« 0 , fio) - f| (d 0 , fa) / 0 {see formulae (1 10)— (1 12)). 

Then, there exists a sequence (in fact, it is a connected branch ) of non-constant jf- 
periodic 1 solutions x a „(t) of the system (71) (with a — a„) such that 



| ^ ®-o-> 

\x a„{t) o, 



as n 



oo. 



Proof. By conditions (i), (ii) and (iv), one can associate to {a o,/3 0 ) the degree 
S l - Deg(3^, ^) (cf. formulae (93) and (94)). By Proposition 4.7 and formulae (1 10)— (1 12), 



m m 

S'-DegGSj, £2) = sign det a 0 6/ (Z/ ) = sign det ap ^ t;(« 0 , /S 0 )(Z /) 

1=1 1=1 



for some m f 1. By condition (v), ti (a 0 , f>„) f 0, and the conclusion follows from Theo- 
rem 4.4 (condition (iii) excludes possible steady-state bifurcation). □ 



4 . 7 . Bibliographical remarks 

The standard approach to attack the Hopf bifurcation problem occurring in ODEs is based 
on the use of the Central Manifold theorem (allowing a reduction to the two-dimensional 
case) and further studying the properties of the Poincare map associated with the induced 
system (an excellent exposition of this concept is presented in [113], see also [8,68,75]). 
Other techniques for studying Hopf bifurcation problems, which are based on Lyapunov- 
Schmidt reduction, normal forms and applications of the singularity theory can be found 
in [33,34,64,111], The idea of a crossing number t can be traced back to [2], where the 
framed bordism method was used to show that, if t is odd, then a Hopf bifurcation occurs. 
The general result stating that, if t ^ 0 then a Hopf bifurcation takes place, was proved with 
the use of the Fuller index in [35], One should point out that the framed bordism invariants 

1 We do not assume here that ^ is a minimal period. 
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and Fuller index can be expressed in terms of the equivariant degree (cf. [81,19]). The S 1 - 
equivariant degree approach to the above problem described in this section was discussed 
in [61,93,19] (see also [46,49,81,95]). On the other hand, for Hamiltonian systems (resp. 
systems with first integral), important results were obtained by N.E. Dancer in [39] (resp. 
by E.N. Dancer and J.F. Toland in [40,42,41]). 



5. Hopf bifurcation problem for ODEs with symmetries 
5.1. Symmetric Hopf bifurcation and local bifurcation invariant 

Statement of the problem In this section, we extend the setting and methods developed in 
Section 4 to discuss the Hopf bifurcation phenomenon for the system (71) admitting a cer- 
tain compact Lie group of symmetries. More precisely, suppose V := E’ ,v is an orthogonal 
representation of a compact Lie group T and assume that 
(AO) / : R. © V -> V is T -equivariant. 

Also, assume that / and a 0 e R. satisfy the hypotheses (i)-(iv) from Theorem 4.9. 

We are interested in describing possible symmetries of non-constant periodic solutions 
to the system (71) bifurcating from the origin. 

T x S l -Equivariant reformulation of the problem Following the same scheme as in the 
non-symmetric case (see Subsection 4.2), we start with the normalization of the period 
(see (76) and (77)) and setting in functional spaces (see (84)). Observe that the space W — 
H l (S l \ V ) is a natural Hilbert isometric T x S ^representation with the action given by 
((y, f)u)(t) = yuft + r), t e R, y e F, f — e 1T e S 1 , u e W. In the same way, the space 
C — C ( .S' 1 ; V ) is a Banach isometric G -representation. Further, consider \Kf_ (identified 
with the subspace of C) as a trivial G-space. Then, all the operators L, j, N f, and K (cf. 
(8 1)— (83) and (85)) turn out to be G-equivariant. Consequently, the system (71) translates 
as the G-equivariant fixed-point problem (87). 

G -isotypical decomposition ofW The S l -isotypical decomposition (80) of W is clearly 
G-invariant, therefore we can use it to construct the G-isotypical decomposition of W . 
Consider the real (resp. complex) T -isotypical decomposition of V (resp. V c ): 

V = Vo ® V) © • • • ® W, V c = f/ 0 © Ui ©•••©[/„ (113) 

where the isotypical components V, (resp. Uf) are modeled on the real (resp. complex) 
T -irreducible representations V, (resp. Uf). Notice that it is possible that there is a differ- 
ent number of isotypical components in the isotypical decompositions of V and V c . The 
isotypical components of W/, l f 1, are easily obtained (see Remark and Notation 2.6): 



Wi — Vo,/ © Vi ,/ © • • • © Vs,/. 



(114) 
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where the components Vjj := l JJj , j = 0, 1 .... , s, are modeled on the irreducible 
G -representation V/./. In this way, we obtain the following G-isotypical decomposition 
of W: 



OO 

W = [Vo ® Vi © • • • © V r ] © 0 ( V 0 j ®Vi ,/©■■■ ® V s p. (115) 

l=i 



Dominating orbit types The following notion will be used to estimate the minimal num- 
ber of different periodic solutions (as well as their symmetries) to the system (71) (see 
Theorem 5.4). 

Definition 5.1. An orbit type ( H ) in W is called dominating, if (H) is maximal (with 
respect to the usual order relation (10)) in the class of all ^-twisted one-folded orbit types 
in W (i.e. H — K v , where <p : K — >• S 1 is a homomorphism, and dim W(K) =0 (see Sec- 
tion 3.3 for more details)). 

Remark 5.2. Let ( H ) be a dominating orbit type in W . Using the maximality property 
of ( H ), it is easy to see that there exists an irreducible subrepresentation Vc W and a 
non-zero vector u e V such that G u — H. Consequently, the dominating orbit types in W 
can be easily recognized from the isotypical decomposition of W and lattices of orbit types 
of the corresponding to this decomposition irreducible G -representations. 

Remark 5.3. Assume there is a solution u a e W to (77) (for a = a 0 and some f > 0), for 
which one has G Uo D H a . If (H„) is a dominating orbit type in W with H„ — K for some 
K C T and (p: K —>■ S l , then, by maximality condition, (G Uo ) = ( K ,p ' 1 ) with l f 1, and the 
corresponding orbit G(ii 0 ) is composed of exactly \G/G Uo \ s i different periodic functions 
(where |F| s i denotes the number of 5' 1 -orbits in T). It is easy to check that the number of 
S 1 -orbits in G/G Uo is |T / K\ (where A stands for the number of elements in X). 

On the other hand, suppose that x 0 is, say, a /^-periodic solution to (71) canonically cor- 
responding to the above u 0 . It follows from the definition of /-folding and F x 5 1 -action on 
W that x 0 is also a j-periodic solution to (71). The pair (x 0 , j) canonically determines an 
element u' B e W being a solution to (77) (for a — a 0 and some ft) satisfying the condition 
G„’ o — H a . In this way, we obtain that (71) has at least |F j K different periodic solutions 
with the orbit type exactly (H 0 ). 

Sufficient conditions for symmetric Hopf bifurcation Similarly to the non-equivariant 
case, define the set by (93). Since W is an isometric G -representation, Q is clearly 
G-invariant. Combining the standard Urysohn function techniques (cf. Proposition 3.9) 
with Definition 4.3, construct a G-invariant auxiliary function g - : -> R. Then, define 

the map 3? : £2 — > K © W by (94), which is a G-equivariant ^-admissible compact field. 
Therefore, one can assign to J- the twisted degree G-Dcg'(i?-. G). 

Combining the properties of the twisted degree with Remark 5.3 and Lemma 4.5 (cf. 
Theorem 4.4), one can easily establish 




68 



Z. Balanov and W. Krawcewicz 



THEOREM 5.4. Given the system (71), assume conditions (i)-(iv) from Theorem 4.9 and 
condition (AO) to be satisfied. Take $ defined by (86) and construct £2 according to (93). 
Let g : £2 — > K. be a G-invariant auxiliary function (see Definition 4.3) and let be defined 

by (94). 

(i) Assume G-Deg 1 £2) 0, i.e. 

G-Deg t ($ g ,£i) = J2 n H( H ) and n Ho ± 0 (116) 

(H) 

for some (H a ) e <J>j (G). Then, there exists a branch of non-trivial solutions to (71) 
bifurcating from the point ( a 0 , 0) (with the limit frequency If 0 for some l e N). More 
precisely, the closure of the set composed of all non-trivial solutions (X,u) e 
to (87), i.e. 



{(A.,«)e£2: $(k,u) = 0, m /()} 
contains a compact connected subset C such that 
(X a , 0) e C and Cna r /0, C C x W H ° , 

(X 0 = & 0 + i fo) which, in particular, implies that for every (a, f, u) e C, we have 

G u D H„. 

(ii) If in addition, (H a ) is a dominating orbit type in W, then there exist at least 
\G/H„\ s i different branches of periodic solutions to Eq. (71) bifurcating from 
(a Q , 0) (with the limit frequency lf 0 for some l e N). Moreover, for each (a, f, u) 
belonging to these branches of (nontrivial) solutions one has (G u ) — (H 0 ) (consid- 
ered in the space W). 

Remark 5.5. 

(i) Since the order (10) on the set O'j (G ) is partial, it is usually the case that there is 
more than one dominating orbit type in W contributing to the lower estimate of all 
bifurcating branches of solutions. 

(ii) In addition, if there is also a coefficient 0 such that (K) is not a dominating 
orbit type, but hh = 0 for all dominating orbit types (H) such that (K) < (H), 
then we can also predict the existence of multiple branches by analyzing all the 
dominating orbit types (H) larger than (K). However, the exact orbit type of these 
branches (as well as the corresponding estimate) cannot be determined precisely. 

Local bifurcation invariant Similarly to the non-equivariant case, the non-zero coefficient 
n h„ in (1 16) indicates that in the subspace © W H ° , there exists a branch of solutions to 
(87), which is “invariant” (i.e. does not disappear) under small equivariant perturbations 
of the map f c . This observation justifies the following 

Definition 5.6. Put 



co( K) =co(a a , fo) := G- Deg r (jJ f , G) 



(117) 
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and call it the local equivariant topological bifurcation invariant (or simply local bifurca- 
tion invariant ) of the (bifurcation) point (a 0 , f 0 ). 



5 . 2 . Computation of local bifurcation invariant: Reduction to product formula 

Although the computations of the local bifurcation invariant (117) are, in general, parallel 
to the non-equivariant case (see Subsections 4.4 and 4.5), several (specifically equivariant) 
steps have substantial differences, which should be carefully explained. 

Linearization and finite-dimensional reduction As in the non-equivariant case, we start 
with the linearization of the map Namely, using (95)— (97) and the linear map a (a, f) 

defined by (88), construct the map -> R. © W by formula (98). Then, 



G-Deg'^.^^G-Deg'^,^!). 



Take £ defined by (101) and construct W" and 1 — > R © W as in Proposition 4.6. 
Obviously, W m is G-invariant, so that is G-equivariant. Put := Q i 0 (C ® W m ) and 
:= $2^- Then, 



G-Deg'(3 ff , £2) = G-Deg'G? 2 , £2j) = G-Deg'(3„, £2 0 ). 

Product formula Put := C © ©J'Lj W/ and := £2„ fl VT 0 *. Then, without loss 
of generality, one can assume that Cl„ = B x 0„*, where B is the unit ball in V, and, in 
addition, = oq(X 0 ) x Jo*, where ao(X 0 ) : B — > V is given by (90), X a = a 0 + if a , and 
do* : &o* R © ®T= l w l > is § iven by 






^(1, u), Q)ai(ri(X))u 



l=i 



(118) 



where ai is given by (91) (see also (88) and (89)). 

Then, apply the multiplicativity property of the twisted G-equivariant degree (see The- 
orem 3.48) to obtain 



G-Deg f (5 ? , £2) = T-Deg(flo (A 0 ), B) ■ G- Deg f (£ 0 *, £2 0 *). (119) 

Computation of T-Deglaol^-o). B) Consider the set a_ := {p e a(ao(X 0 )): p < 0}, 
where er(ao(^o)) stands for the (real) spectrum of ao(X 0 ) (observe, by the way, that there 
is a direct connection between er_ and the set of positive eigenvalues of D x f(a 0 , 0)). For 
every p e a_, denote by E(p) C V the eigenspace corresponding to p. Since E ( p ) is 
T -invariant, one can consider its F -isotypical decomposition 



E(p) = Eo(p) © Ei(p) ® • • • © E r (p), 
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where the component E, (ji) is modeled on the irreducible T-representation V;, i — 
0, 1,2, Put 

rrii(n) := dim £)• (/r)/ dim V/ , i = 0, 1, 2, . . . , r. (120) 

The number m, (/r) is called Vi -multiplicity of the eigenvalue p. 

By applying the homotopy and multiplicativity properties (cf. Theorem 3.46), 

r 

r-Deg(fl0(A o ), B) = n (121) 

MSCT- , = 0 



5 . 3 . Computation of local bifurcation invariant: Reduction to crossing numbers and basic 
degrees 

In view of formulae (119) and (121), it remains to compute G-Deg f (3o*, £2 0 *). 

Isotypical representation of a/ Take the isotypical decomposition ( 1 14) and put a jj (X) \— 
aj (?7 (k)) | v j i '■ Vjj —*■ Vjj (j — 0, 1, . . . , s). Observe that for a fixed X, the operator ajj(X) 
is a T -equivariant complex isomorphism, which can be represented (cf. Proposition 2.9) 
by a complex nj x nj- matrix, where nj := dim Vjj / dim Vjj (this number is the same for 
all 1 = 1,2,.. .). Put (cf. (113)) 

A aJ (X) : = A a (X)\ Vj : Uj -> Uj. (122) 

Keeping in mind (91), denote by 

A^j(X):C‘j ->C n f (123) 

the n j x n /-matrix representation of the operator A a j (X) : Uj — > Uj (cf. Proposition 2.9). 
Then, 



ajj(X) 



up<J m 



with X — a+if. 



(124) 



Isotypical deformations The obtained identification (124), (123) of ajjf) and the fact 
that the linear group GiPfVjj ) is isomorphic to the complex linear group GL(nj, C), 
can be used to deform ajjf) in a way similar to the non-equivariant case. Namely, put 
djjf) := a/ j |s (cf. (101)). Then, by Proposition 3.35, the homotopy class of the map 
djj : £ —> GL(nj,C) contains a representative bjj : T —> GL(nj,C) of the following 
form: 



-(X-Xo)^ 

0 



0 ... 0" 

1 ... 0 



: C"; C"; , 



0 ... 1 



(125) 



bjj(X) — 



0 
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where tj j is an integer defined by 

ij.t = deg(det c A^j, D) (126) 

(cf. (103), (107) and (108)). _ 

Using the identification (124), (123) and formula (125), define the map : £2 0 * -> 
Re©}" =1 w, by 



3o*G, v) := ( g(\, v),Q}bj,i(r)(X))vi 



1=1 



(127) 



(here v/ is an orthogonal projection of v e ©"Ij W/ to Wi). Combining formula (127) with 
Proposition 3.45 yields: 



G-Deg r (So*, f2 0 *) = G-Deg r (&,*, £2„*) = ^ t jj deg v . , . (128) 

j,l 

In this way (cf. (119), (121) and (128)), we have proved the following 

PROPOSITION 5.7. Let fig and £2 be as in Theorem 5.4. Take the isotypical decomposi- 
tions (113) and (114). Then, 



G- Deg 1 (fig, © = Y\ • E hi de S Vj, r (129) 

MS a- i=0 j,l 

where o_ denotes the (real) negative spectrum of the operator ao(\ 0 ) (see (90)), degy is 
defined by (63), /«; (p) stands for the Vi -multiplicity of p (cf (120)), tjj is given by (126), 
degy^. ( is defined in (60) (j — 0, ...,s and 1=1, ...,m), and the multiplication is 
taken in Aj(F x 5 1 ). 

Crossing numbers To complete our computations of the local bifurcation invariant, we 
need to express the integers tjj from (129) via the symmetric spectral properties of the op- 
erator D x f(ct, 0). To this end, we adopt the concept of crossing numbers to the equivariant 
setting. 

Following the scheme used in the non-equivariant case, assume that i//)„ is a root of the 
characteristic equation and choose a small neighborhood S of \lf> 0 in the right half-plane 
of C (see (110)) such that for \a — a 0 \ ^ e, the characteristic roots of Eq. (75) can only 
leave S through the ‘exit’ at the point i lf a for a = a 0 . 

Definition 5.8. Using (113) and the identification (124), (123), put 

tfj(<x 0 , M := deg(det c A“ ±J , S ) 
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and 



tjj(ot 0 , Po) = tjj(a 0 , Po) - t ~jj(Q 0 , Po )■ (130) 

The integer (130) is called the V j j-isotypical crossing number at (a 0 , p o ) (cf. (112). 

Remark 5.9. The crossing number (130), if it is positive (resp. negative), indicates the 
algebraic count (with Uj -multiplicities) of roots of the (isotypical) characteristic equation 

det c A aJ (k) = 0 (131) 

(i.e. the characteristic equation restricted to the isotypical component Uj of the space 
V c (cf. (113)), which leave (resp. enter) the neighborhood S through the point iip o as 
a crosses ao ). For the system (71), the characteristic roots are the eigenvalues of the (com- 
plex) matrix D x f(a , 0). Thus, in order to determine the crossing number p a ) , one 

needs to verify what happens to the eigenvalues of D x f(a, 0) when a crosses a 0 . For ex- 
ample, if there is one eigenvalue, which exits S through i ip o , and its Uj -multiplicity is k, 
then t jj(a 0 ,Po) = k. 

Clearly, 

t j,i(a 0 , Po) = tjp(a 0 , iPo ). (132) 

As in the non-equivariant case, a simple Brouwer degree argument leads to the relation 

hi = l jj(f*o,Po)- (133) 

In this way, by Proposition 5.7, we obtain the following computational formula for the 
local bifurcation invariant co(a 0 , p o ). 

PROPOSITION 5.10. Under the notations of Proposition 5.7, we have 



r 

G>( a Q , Po) = n n<w ,,M £ t/,/(«c Po) degy / ( > 

MSCT- !=0 j,l 



(134) 



where tjj is given by (130). 



5 . 4 . Summary of the equivariant degree method 

Theorem 5.4 together with Proposition 5.10 give an effective algorithm to classify sym- 
metric branches of non-trivial periodic solutions to the T -symmetric system (77) (and, cor- 
respondingly, (71)) bifurcating from an isolated center ( a 0 , 0). For the reader convenience, 
we sketch below the main steps one should follow. 
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(a) Take an isolated center ( a 0 , 0) for the system (71) with i/l 0 (/3 0 > 0) being the cor- 
responding characteristic root (cf. Definition 4.2 and formulae (74) and (75)). 

(b) Consider the operator A : — — 4- D x f ( a Q , 0) : V -» V, which is clearly T -equivari- 
ant, and put a_ := {fi e cr(A): fi < 0}, where er(A) stands for the real spectrum 
of A. Notice that cr_ is composed of — 4-v, where v is a positive eigenvalue of 
E> x f(a 0 , 0). 

(c) For every fi e cr_ (or, equivalently, one can take the corresponding positive eigen- 
value of D x f(a 0 , 0)), consider the F-isotypical decomposition of the eigenspace 
E(/i): 

E(n) — Eq(ii ) ® £i(/r) ® • • • ® E r (/i), 

where the component E, (/i) is modeled on the irreducible 1' -representation V), and 
evaluate the V,- -multiplicity of /r, i.e. m, (/r) = dim ^ (/r)/ dim V,-. 

(d) Compute the element deg 0 (a o , fi 0 ) e A(T) according to the formula: 

r 

deg 0 (a 0 ,Po) := Y\ d35) 

/iScr_ f= 0 



(e) Find the (complex) F -isotypical decomposition of the complexification V c , i.e. 

V c = U Q ® Ci ® • • • ® U s , 

where the T -isotypical component U j is modeled on the irreducible T -representa- 
tion Uj, and put Ay (a) := D x f(a, 0)|c/j (here D x f(a, 0) is considered as the corre- 
sponding complexification). Consider the set of all the purely imaginary eigenvalues 
of A j (a 0 ) which are integer multiples of i /6 0 : 

{ i fio > ik \ , . . . , i kq } , 

where k p > 1 are integers ( p — 1 , . . . , q). 

(f) Compute the element deg*(a 0 , p o ) e Aj(G) defined as the following sum: 

•s 9 

deg ,(a 0 ,A) = EE l A (a 0 ,/? 0 )deg v , (136) 

j=0p=l 

where the numbers tyy. p (a (> , Po ) = t/.i(a 0 , k p /3 0 ) are the Vy,* -isotypical crossing 
numbers at (cn 0 , p o ) (cf. (132)). Obviously, all the numbers ty,/(a 0 , p o ) appearing in 
formula (134) and satisfying the condition / ^ k p (p = 1, . . . , q), are equal to zero. 

(g) Compute the local bifurcation invariant co(a 0 , p o ) for the system (71) according to 
the formula: 



0 )(a o , Po) — deg 0 (a 0 , p o ) ■ dzg*(u 0 , /3 0 ) = (//), 

(tf) 



( 137 ) 
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where denotes the product in the A(r)-module A ( G ) . 

(h) Let {(//i), . . . , (H„)} be the set of all dominating orbit types in W such that the 
numbers nn k , k= 1 appearing in (137) are all non-zero. Then, for each 

k — 1 ..... u , there exist at least | -^-| s i different branches of non-trivial periodic 
solutions to (77) (with the limit frequency lf B for some / e N) bifurcating from 
(a 0 , 0). Moreover, for each (a, /f, u), belonging to these | -^-| s i branches, one has 
(G u ) — (Hk) (here, as usual, the symbol |X| s i stands for the number of .S' 1 -orbits in 
the set X). In particular, the number 



G 



Hi 



s' 




G 

~Hn 



S' 



gives a lower estimate for the number of branches of non-trivial solutions resulting 
in the (local) Hopf bifurcation in the system (77). In addition, if in formula (137) one 
has n h,, for some non-dominating orbit type (H a ) in W, then Remark 5.5(ii) is 
applied. 



5 . 5 . Usage of Maple® routines 

The last step of the equivariant degree method is the computation of the exact value of the 
local bifurcation invariant co(a 0 , f> 0 ) given by (134). Depending on the size of the group T, 
the number of related algebraic computations can be quite substantial and the usage of 
computer programming seems to be indispensable. We have created several Maple® rou- 
tines, for selected groups T, that are able to complete these tasks, based on the properly 
prepared spectral data extracted from the characteristic equation (75). 

Arranging equivariant spectral data We begin with the information related to the nega- 
tive spectrum of the operator A (described in (b) and (c)). In order to simplify the com- 
putations of the factor (135) in formula (134), one can take advantage of the fact that 
(degy.) 2 = (T), which is the unit in the Burnside ring ,4(1'). Therefore, it is sufficient to 
consider the numbers 

m,- := ^2 nij (/i), for i = 0, r, 

|U€<T_ 



and introduce the sequence {eo, ei, . . . , e r }, where 
Si := m,- mod 2, i — 0, 1, . . . , r. 



Folding homomorphism 0/ Define on generators ( K < ’°' k ) an A(T)-module homomor- 
phism ®i:A[(r x S' 1 ) -»• A f j(r x 5 J )by 

©/[(/T^)] := (K v ’ lk ) 




Table 2 

Isotypical crossing numbers 
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Representation 


Folding 1 


Folding 2 


Folding / 


Uo 


to,l (<*o,Po) 


k),2 ( a o* Po) 


to ,l(<Xo,Po) 


Ux 


tl,l ( a o, fio) 


0,2 («o,/3 0 ) 


t fto) 


U s 


ty,l ( a O, Po) 


0,2 (a 0 ,Po) 


ts,l( a O,Po) 



(see Subsection 3.6). Then, 

deg Vy; = ©/(degy. ,). (138) 

The full exact value of the local bifurcation invariant co(a 0 , fi 0 ) (cf. (134)) can be obtained 
with the usage of the Maple® routines, by applying the following formula 



co{u 0 ,p„) 

= ^©/[sh°wd e g ree [T](e 0 , £i, . ■ ■ , s r , to,/(a 0 , fi 0 ), ti,/(a 0 , Po), 

l 

t *,/(«„,&))] (139) 

(see Table 2). 



5.6. Bibliographical remarks 

Symmetric Hopf bifurcation was intensively studied during the last decades. The com- 
monly used methods were based on generic approximation, transversality theory (cf. [51- 
53]), reduction to normal forms and special singularity theory (see the fundamental mono- 
graphs [64,67], for the recent developments we refer to [31], see also [30,32,63,66]). The 
case of the symmetric Hopf bifurcation from the so-called “relative equilibria” was con- 
sidered in [28,100-102,1 16,147]). One of the advantages of the singularity theory methods 
is that they allow to predict stability of the bifurcating branches, while the twisted degree 
method is not sensitive to stability. However, it is our belief that the latter method is easier 
to apply (in a standard way), allows to treat “large” groups of symmetries and can be com- 
pletely computerized. The F x .S' 1 -equi variant settings for an ODEs system, relevant to our 
discussion, was studied in [18,19,81,91,93]. The notion of a dominating orbit type (which 
was introduced in [10]) is commonly known in the literature as “maximal”. The Maple® 
library for the computations of the equivariant degree, was developed by A. Biglands. 



6. Symmetric Hopf bifurcation for FDEs 

In this section, we apply the equivariant degree method to study the Hopf bifurcation 
problem in systems of symmetric functional differential equations. Since in this case, the 
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equivariant degree setting is completely parallel to the one that was developed for ordi- 
nary differential equations, we only point out the differences that are specific for FDEs and 
NFDEs. In order to simplify the exposition, we restrict ourselves to F being a finite group. 
In particular, in this case the set <t> , 1 (G) coincides with {(H) e 0(G ): dim W(H) — 1}. 
We also study a continuation of a symmetric branch of non-constant periodic solutions for 
FDEs. 

Throughout this section V stands for an orthogonal T -representation (T is finite). 



6 . 1 . Symmetric Hopf bifurcation for FDEs with delay: General framework 

Statement of the problem Given a constant r ^ 0, denote by Cy T the Banach space of 
continuous functions from [— r, 0] to V equipped with the usual supremum norm 

IMI := sup \<p(6)\, cpeCv.z- 
-r^e^o 

Given a continuous function x : R. -* V and (eR, define x t e Cy,r by 
x t (9) — x(t + 6), 9 e [— r, 0], 

Clearly, the V -action on V induces a natural isometric Banach representation of F on 
the space Cy,r with the F -action given by 

(Y<pm:=y{<p(d)), y e T, 9 e [— r, 0], 

Consider the following one-parameter family of differential delayed equations 

x = f(a,x t ), (140) 

where x : R — >• V is a differentiable function and / : R ® Cy,r — >■ V satisfies the following 
assumptions: 

(Al) / is continuously differentiable; 

(A2) / is T -equivariant, i.e. 

f(a, yep) = yf(a, <p), tp e C v ,r, a e R, ye F; 

(A3) f(a, 0) = 0 for all a e R. 

For any x 0 e V, we use the same symbol to denote the constant function x 0 (t) = x a . 
Clearly, ( x 0 )t = x D for all t e M. A point (a, x a ) eR©V is said to be a stationary point 
of (140) if f(a,x 0 ) = 0. In particular, by condition (A3), (a, 0) is a stationary point of 
(140) for all aet. Moreover, we say that a stationary point (a, x 0 ) is nonsingular if the 
restriction of / to the space R © V C R © Cy.r, still denoted by /, has the derivative 
D x f(a, x 0 ) : V -> V (with respect to x e V), which is an isomorphism. The definition of 
the Hopf bifurcation for the system (140) occurring at (a 0 , 0) is exactly the same as the 
one given in Subsection 4. 1 . 
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In what follows, we consider a fixed stationary point ( a 0 , 0) of (140). In order to prevent 
the occurrence of a steady-state bifurcation at (a 0 , 0), we assume 
(A4) The stationary point (a 0 . 0) of ( 140) is non-singular, i.e. 

det(D x f(a o ,0)\ v )^0. 

Characteristic equation Let V c be the complexification of the vector space V and let 
the T-isotypical decompositions of V and V c be given by (113), where Vo = V r , V j is 
modeled on the real irreducible T-representation Vj , Uq — (V e ) r and Uj is modeled on 
the complex irreducible T -representation Uj . 

Let (a, x Q ) be a stationary point of (140). The linearization of (140) at (a, x Q ) leads to 
the following characteristic equation for the stationary point (a, x a ) 

detc A(o,^ 0 )(A.) = 0, (141) 



where 



A(ff,* 0 )(A.) := Aid - D x f(a , x 0 )(e A '-) 



is a complex linear operator from V c to V c , with (e k '-)(6, x) — e ke x and D x f(a, x 0 )(z ® 
x) = z<8 D x f(a, x 0 )x for z 0 x e V c (cf. [145]). Put A„(A) := A (a>0 )(A). 

A solution X a to (141) is called a characteristic root of (141) at the stationary point 
(a, x 0 )- It is clear that (a, x 0 ) is a non-singular stationary point if and only if 0 is not a 
characteristic root of (141) at the stationary point (a, x 0 ). 

Recall (see Definition 4.2) that a non-singular stationary point (a, x Q ) is called a center 
if ( 141) permits a purely imaginary root. We call (a, x 0 ) an isolated center if it is the only 
center in some neighborhood of (a, x 0 ) in K ® V. 

By (A2) and (A3), the operator A a (A): V c -> V c , a e R, X e C, is T-equivariant. 
Consequently, for every isotypical component Uj of V c , j = 0, 1, s (cf. (113)), 
A a (X)(Uj) c Uj. Put 

Aa,j(A) •— A ff (A)|j/^.. 

Crossing numbers Assume the following condition to be satisfied: 

(A5) The stationary point (a o ,0) is an isolated center for the system (140) such that 
(141) permits a purely imaginary root X — i/3 0 with p o > 0. 

Let A be a complex root of the characteristic equation detc A„ n (A) = 0. We use the 
following notations: 

E{ A) := ker A„ o (A) C V c , 

E j (A) E( A) n Uj, 

m j (A) : = dime E / (A) / dime W,- . 

The integer mj (A) is called the U / -multiplicity of the characteristic root A. 
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Define S by formula (110). Under the assumption (A5), the constants S > 0 and e > 0 
can be chosen so small that the following condition is satisfied: 

(*) For every a e [a 0 — s, a 0 + e], if there is a characteristic root u + iv G dS at (a, 0), 
then u + iv — ip o and a — a„. 

Put a.± := a 0 ± s. Note that Aq,(A.) is analytic in X e C and continuous in a e [a_, a + ] 
(see [71]). It follows that detc Aq, o ± £ (1) ^ 0 for all X e dS. So, the following notation 
(cf. (123)) 



t^(a 0 , Po) ■= deg(det c A^ ±J (.), S), (142) 

is well-defined for 0 ^ j ^ s (see (113)). 

Following the same lines as in Subsection 5.3 (see Definition 5.8), introduce 

Definition 6.1. Let Uj be a complex T-irreducible representation and V, / := j U , for 
/ e N. Put 



t;,i(a 0 , Po) t jA (oio, Po) - ttj(a 0 , Po), (143) 

and for any integer l > 1 , 

t j,i(a 0 , Po) := ij,i(oc 0 , ip o ). (144) 

Then, tjj(a 0 , Po) is called the V jj -isotypical crossing number of ( a 0 , 0) corresponding to 
the characteristic root i p o . 

Remark 6.2. Observe that t jj(a 0 , p o ) — 0 if i ip o is not a root of (141) (cf. (142) and 
(143)). 

In order to establish the existence of small amplitude periodic solutions bifurcating from 
the stationary point (a 0 , 0), i.e. the occurrence of Hopf bifurcation at the stationary point 
(a„, 0), and to associate with ( a 0 , 0) a local bifurcation invariant, we apply the standard 
steps for the degree-theoretical approach. 

Normalization of the period Normalization of the period is obtained by making the 
change of variable u(t) = x(J^t) for 1 e R. We obtain the following equation, which is 
equivalent to (140): 

u(t) = ^~ f (a, u t , 2 n/p), (145) 

Z7T 

where u t ^n/p € Cy, T is defined by 



^t,2n/ p(^) 



— u I t -|- 



2jt 

P 



e e [— r, 0]. 
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Evidently, u(t) is a 2n -periodic solution of ( 145) if and only if jc (?) is a /7-periodic solution 
of ( 140). We can also introduce f ^ into Eq. (145) to obtain 

m = (146) 

p 



r x S l -equivariant setting in functional spaces We use the standard identification S' = 
K/27rZ (with t ** e' r ) and the operators L, j, K defined by (81), (82) and (85). Put := 
R. x K + . Take (L + K)~ l : L 2 (5 1 ; V) — >■ //'(S' 1 ; V ) (cf. Subsection 4.2). It can be easily 
shown that the map T : R+ x H l (S l ; V ) — > V ) defined by 



iF(a, /l, u) = (L + K) 1 



Ku+ —Nf(oe, j(u)) 



(147) 



is completely continuous, where Ny :!q_ x C(S'; V ) -> L 2 (S l ; V ) is defined by 

N/(a, v)(t) = /(a, v t j), (148) 

and e ir e S 1 , (a, f, v) e x C(S'; V). 

Remark 6.3. Notice that, because of the presence of the delay in (140), the map N / de- 
pends on the parameter fi, which is the only difference from the setting that was discussed 
in Subsection 4.2. 

Put W := Z/'(S, V). The space W is an isometric Hilbert T x S '-representation of the 
group G — T x S l (see Subsection 5.1) and the non-linear operator T, defined by (147), is 
clearly G-equivariant. 

Remark 6.4. Notice that (a, ft, u) e x W is a 27T -periodic solution of (146) if and 
only if u = T{a, ft, it). Consequently, the occurrence of a Hopf bifurcation at (a 0 , 0) for 
Eq. (140) is equivalent to a bifurcation of 2it -periodic solutions of (146) from ( a 0 , Po, 0) 
for some f 0 > 0. On the other hand, if a bifurcation at ( a 0 , f„,0) e x W takes place in 
(146), then we necessarily have that the operator Id —D u T(a 0 , p o , 0) : W — >• W is not an 
isomorphism, or equivalently, i lf 0 is a purely imaginary characteristic root at (u 0 . 0), for 
some l e N, i.e. detc A ao (Up o ) = 0. 

Sufficient condition for Hopf bifurcation Bearing in mind Remarks 6.3 and 6.4 and liter- 
ally follow Subsection 5.1 (see also Subsection 4.3), one can establish 

THEOREM 6.5. Given the system (140), assume conditions (A1)-(A5) to be satisfied. Take 
T defined by (147) and construct according to (93). Let g : £2 — > R be a G -invariant 
auxiliary function (see Definition 4.3) and let fig be defined by (94). Then, a complete 
analogue of the conclusion of Theorem 5.4 is true for the systems (140) and (146). 

Remark 6.6. Following the scheme described in Subsections 5.2 and 5.3, one can estab- 
lish a complete analogue of formula (134) in the setting relevant to Theorem 6.5. 
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6.2. Symmetric Hopf bifurcation for neutral FDEs 

Statement of the problem We use the same notations as in Subsection 6.1. 

Consider the following one-parameter family of neutral equations: 

^[x(t) -b{a,x t )\ — f(a,x t ), (149) 

where x : R — > V is a continuous function, and b, / :R©Cy iT ->V satisfy the following 
assumptions: 

(Al) b , / are continuously differentiable; 

(A2) b, f are T -equivariant; 

(A3) b(a, 0) = 0, /(a, 0) = 0 for all a e K. 

Also, to prevent the occurrence of the steady-state bifurcation, assume 
(A4) det (D x f(a, 0)|y) 0 for all a e R. 

In addition, assume that 

(L) b satisfies the Lipschitz condition with respect to the second variable, i.e. 

3* 0 < k < 1, s.t. | b(a, cp) - b(a , f)\\ < k\\<p - fWoo (150) 

for all <p, f e Cy x , a e K. 

Literally following Section 6.1, one can define the notions of stationary/singular points 
to (149). 

Characteristic equation Let ( a,x 0 ) be a stationary point of (149). The linearization of 
(149) at (a, x 0 ) leads to the following characteristic equation, 

detc A (a>JCo) (A.) = 0, (151) 

where 

A( a , *„)(*) := A.[ld -D x b(a,x 0 )(e 1 -)] - D x f(a,x 0 )(C'-). (152) 

In what follows, assume that 

(A5) The system (149) has an isolated center (a„, 0) for some a„ e R, with the corre- 
sponding purely imaginary characteristic root if 0 , for f> n > 0. 

We associate to the problem (149) the local bifurcation invariant and follow the stan- 
dard steps (similar to those in Section 6.1) of the degree -theoretical treatment of the Hopf 
bifurcation phenomenon. 

Normalization of period By making a change of variable x(t) = u(ft) with f> := =y, we 
obtain 

d r -i 1 

— [nit) - b(a,u t ,p) J = -f(a,u,'p), (153) 

^Formally speaking, we do not require in (149) that x(t) is differentiable, but only x(t) — b(a, x t ) to be contin- 
uously differentiable. 
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where u t l g e Cy, T is defined by 

u t ,p(9) = u(t + fiO), 0e[— t, 0]. 

Evidently, u(t) is a 2n -periodic solution of (153) if and only if x(t) is p-periodic solution 
of (149). 

r x S 1 -equivariant setting in functional spaces Put W / / 1 ( 5 1 : V) and let L, j. K and 

N f be defined by (81), (82), (85) and (148) respectively. Define N b :R 2 x C(5 1 ; V ) — > 
L 2 (S‘;y)by 



N b (a, p, v)(t) — b(a, v,,p). 

Take (L + K)~ l : L 2 (S l \ V) -> W and the map T x W — »■ W defined by 

tF(a, f, u) — (L + K)~ l — Nf(a , P, u) + K(u — N b (oi, p, u)) 

_P 

+ N b (a, p, u). 

Observe that the map T is a sum of two maps, where the first map 



(154) 



(a, p, u ) i ->■(£, + K) 



-l 



— Nf(a, p,u) + K (u — N b (a, P, m)) 



is completely continuous, and the second map (a, P, u) N b (a , p, u) is a Banach con- 
traction with constant k (0 ^ k < 1) (see assumptions (Al) and (L)). Therefore, T is a 
condensing map (see Definition 3.54 and Remark 3.55). 

Finally, an analogue of Remark 6.4 is applied to Eq. (149). 

Sufficient condition for Hopf bifurcation Following the same lines as in Subsections 4.3 
and 6.1, define 0 and by (93) and (94) respectively. Obviously, (y c is an Q-admissible 
G-equivariant condensing field. Therefore, the standard Nussbaum-Sadovskii extension of 
the twisted degree (see Definition 3.57, Lemma 3.59 and formula (70)) can be applied to 
the admissible pair , Q). In a standard way, one can easily establish 

THEOREM 6.7. Given the system (149), assume conditions (A1)-(A5) and (L) to be sat- 
isfied. Take T defined by (154) and construct £2 according to (93). Let g : £2 — > R be a 
G-invariant auxiliary function (see Definition 4.3) and let be defined by (94). Then, a 
complete analogue of the conclusion of Theorem 5.4 is true for the systems (149) and (153). 
In addition, an analogue of Remark 6.6 is valid. 



6.3. Global bifurcation problems 

In this subsection, we apply the twisted degree method to a global Hopf bifurcation prob- 
lem for a system of symmetric functional differential equations to analyze a continuation of 
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symmetric branches of non-constant periodic solutions. To this end, we translate/adapt con- 
ditions (A1)-(A5) from Subsection 6.1 to the abstract setting related to symmetric global 
Hopf bifurcation occurring in the system (140). 

To begin with, assume that the system (140) satisfies conditions (A1)-(A3). Take the 
Hilbert G -representation VP // 1 (.S' 1 : V ) and define T : R 2 © VP — > VP by formula (147). 
Put 5(a, f, u) := u — Tip t, ft, u). Then, the conditions (A1)-(A3) translate as: 

(FI) 5 is a completely continuous G-equivariant field of class C 1 and 3 ( X . 0) = 0 for 
all (A.,0) eR 2 ® W. 

Put 3 := i?Ir 20 W s 1 : R 2 © VP 5 * — >■ VP 5 * . Then, the condition (A4) translates as: 

(F2) D W $(X, 0) is an isomorphism from W s ' to W s ' for all X e R 2 . 

Condition (A5), being necessary for the occurrence of the (local) Hopf bifurcation (cf. 
Proposition 4.1), translates as: D w fj(X 0 , 0) : VP —> VP is not an isomorphism. To study the 
global behavior of branches bifurcating from (X a , 0), we need the following condition to 
be satisfied: 

(F3) The set A := {A e R 2 : D W $(X, 0): VP -> VP is not an isomorphism} is discrete 
in R 2 . 

We are interested in a solution set to the equation 

3(k, w) — 0, (A, w) e l 2 ffi VP. (155) 

In the same way, as it was done in Subsection 4.3, one can define trivial/nontrivial so- 
lutions to (155) as well as its bifurcation points. Bearing in mind condition (F3), for each 
X a e A, one can associate the local bifurcation invariant to(X 0 ) (cf. Section 6.1) and the 
local bifurcation Theorem 6.5 can be applied. 

Below we discuss the global bifurcation phenomenon for Eq. (155). Let S be the closure 
of the set of all non-trivial solutions to (155), i.e. 



S { (A., w)eR 2 $ VP: 3(A, w) = 0, w ± 0}. (156) 

Notice that (X a , 0) is a bifurcation point of (155) if and only if ( X a , 0) e S. Take a con- 
nected component C C S. If C contains a bifurcation point (X 0 . 0), then it is clearly G- 
invariant. Notice that, in general, C may be composed of several orbit types, i.e. 

c = U C (H), 

(H) 

and the global behavior of C(H) can be different for different orbit types ( H), for example 
some of the branches C(H) may be bounded, while the other are unbounded. 

The result following below can be considered as a global Hopf bifurcation theorem for 
the system (140). 

THEOREM 6.8. Suppose that 34 R 2 © VP -> VP satisfies the assumptions (F1)-(F3) and 
let C be a bounded connected component of S ( cf. (156)) such that C (T R 2 x {0} 0. Then , 

COR 2 x {0}= {(Ai, 0), (A. 2 , 0) (Aiv, 0)}, 
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and 



N 

£«(**) = o. 

k= 1 

The proof of Theorem 6.8 can be easily obtained by combining the methods developed 
to prove Theorems 4.4, 5.4 and 6.5 with the standard global bifurcation techniques (see, 
for instance, [89,93,95,128]). 

In order to present global bifurcation results for symmetric systems we will be dealing 
with in what follows, we need a slightly more general 

THEOREM 6.9. Suppose that $ : R 2 © W —> W satisfies the assumptions (F1)-(F3) and let 
C™ be a bounded connected component ofS (H,l> (cf. (156)) such thatC^ H °^ OR 2 x {0} = 
{ (A i , 0), (A. 2 , 0), . . . , (Xy/, 0)} ^ 0. Suppose that 

*>(**) = £«»( H )- 
(ff) 



Then , 

X>k=o. 

it=i 

Proof. Consider the map 

$ H ° : R 2 © W H ° -» W H °. 

Put G a — N(H a ). Since the map $ H ° is G c -equivariant and satisfies similar to (F1)-(F3) 
conditions, we can define for every X a e A the local bifurcation invariant 

co 0 (X 0 ) = y, m k(K ) e A\(G 0 ) 

( K ) 

associated with 'S H ° . Since C H ° is a bounded connected component of S H ° , we can apply 
Theorem 6.8 to obtain 

N 

7> o (*fc) = 0, a>o&k) — £ot|-(A'). 
k= 1 

On the other hand, ( H a ) is an orbit type in IT H " and, it is easy to see that m k H — n k H for 
all k — 1.2, . . . , /V . Consequently, 

£4=o, 

k= 1 



and the statement follows. 



□ 
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COROLLARY 6.10. Suppose as in Theorem 6.9 that J:R 2 © W — > W satisfies the as- 
sumptions (F1)-(F3) and letC^ H °^ be a connected component ofS (H ' J> ( cfi ’ (156)) such that 
q(H 0 ) p| jj 2 x jQj _ 0)}, where ( H a ) is an orbit type in W. If n l H 0, then C^ H °^ is 

unbounded. 

Remark 6.11. 

(i) Observe that the conclusions of Theorems 6.8 and 6.9 and Corollary 6.10 are still 
true if we replace condition (F2) with the following one: 

(F2') (a) D W ^(X, 0) is an isomorphism from W 5 ' to W s ' for all X — (a, ft) / 
(a 0 , ft), where a 0 is a certain fixed number; 

(b) there is no Hopf bifurcation in (140) from the point (a 0 , 0). 

(ii) It should be pointed out that the global bifurcation results described in this sub- 
section can be easily extended to almost all the classes of parametrized symmetric 
dynamical systems considered in this paper (as long as the corresponding local re- 
sult is established). 

6.4. Bibliographical remarks 

The approach outlined in Section 6.1 (resp. Section 6.2) was discussed in [11] (resp. [15]) 
(see also [19]). The global bifurcation results given in Section 6.3 were published in [13]. 
Similar systems of symmetric DEs and FDEs were considered in [67,65,66,68,92,94,95, 
129,140,145,146,148]. For the singularity theory treatment of the symmetric Hopf bifur- 
cation in NFDEs, we refer to [69]. In the non-symmetric case, local and global Hopf bifur- 
cation problems in FDEs were studied in [36,110,111,124,125,122,123], 



7. Symmetric Hopf bifurcation problems for functional parabolic systems of 
equations 

As we have seen in Sections 4-6, the twisted degree provides an effective and direct 
method for the classification of symmetric Hopf bifurcations in ODEs and FDEs, based 
on the equivariant spectral properties of the linearized equation at a stationary point. In 
this section, we present a setting for applications of the twisted degree to study the Hopf 
bifurcation problem for a continuously parametrized F -symmetric Fredholm coincidence 
equation, which is next associated to a system of non-linear functional parabolic equations 
with T -symmetries. 



7.1. Symmetric bifurcation in parameterized equivariant coincidence problems 

Delayed functional parabolic systems of our interest fall into a category of the so-called 
equivariant coincidence problems. Therefore, we start with a brief discussion of an ab- 
stract functional setting for such equivariant coincidence problems. We use the notations 
introduced in Subsections 2.3 and 2.4 (G = F x S 1 ). 
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Functional setting for equivariant coincidence problems Let E and F be real isometric 
Banach G-representations, V a topological space equipped with the trivial G-action, and 
{Ly}x 6 -p C Op G a continuous family of equivariant Fredholm operators of index zero, 
parametrized by V, i.e. L\ e $ G for each A. e V, and the mapping ty.V —r Op G defined by 
q(k) — Ly for k e V, is continuous. 

Define £ by 

f := {(A, u, y) e V x (E ©F): «eDom(D, y = Lxu}, 

and consider tc\% -> V, n(k,u,y ) = k for (A., u,y) e t;. It has been shown in [50] that 
7t : ^ — > F determines a locally trivial G-vector bundle. 

Let 



£ := {(A., u) e V x E: u e E^} (157) 

and let p\ : £ — > £ be given by p\(k, u, y) = (A., u), for (A., u, y ) e £. Since, for every 
k e V, the projection pr\ : Gr (Lx) -> E^ := E^ A is an equivariant isometry, the mapping 
pi : f — »■ £ gives us the natural identification of the G-bundles ^ and £ (we use the same 
symbol for a bundle and its total space). 

Define the vector bundle morphism L :£ -> F, where F is viewed as a bundle over a 
one-point space, by 



L(k,u) = L x u, ( k,u)e£ . (158) 

Definition 7.1. Let X be a subset of V and let L be given by (157) and (158). An 
equivariant resolvent of L over X is a G-vector bundle morphism K : X x E -» F such 
that 

(i) for every k e X, Kx : E — >• F is a finite-dimensional linear operator; 

(ii) for every k e X, Lx + Kx : E^ -> F is an isomorphism. 

Denote by 1Z G (L , X) the set of all equivariant resolvents of L over X. 

Remark 7.2. 

(i) In contrast to the non-equivariant case, given k a e V, one may have 7 Z G {L, { /.„ ] ) = 

0 . 

(ii) Also, in general it might happen that 1Z G (L , X) — 0, while 1Z G (L , {A 0 }) ^ 0 for 
each k 0 e X. 

In the light of Remark 7.2, the following result turns out to be useful. 

LEMMA 7.3. (Cf. [90].) Let X C V be a compact contractible set containing a point k* 
such that 1 Z g {L, {A.*}) ^ 0. Then, 1Z G {L , X) 0. 

Assume the following condition to be satisfied: 

(HI) There exists a compact subset X C V such that 'JZ G (L. X) f 0. 
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Fix K eK G (L,X) and put 
R k := ( L x + K x )~ l 



(159) 



(cf. Definition 7. l(ii)). 

Given a completely continuous G-equivariant map F : £ — »■ IK', consider the associated 
parametrized equivariant coincidence problem (cf. [90]) 

L\u — F (A, u), (A, u) 6 ^ |xxDom(Lj.)- (160) 

Using the resolvent K, one can transform (160) into the following fixed-point problem: 

y — T(k,y), (AjJeXxF, (161) 



where 



7-(A, y) = F(k, R x y) + K x (R x y), (A, y)eXx F. 

By assumption (HI), X is compact, therefore, T is completely continuous. 

Bifurcation invariant for the equivariant coincidence problem In what follows, E, F 
stand for isometric Banach G -representations, ?=Rx R + and {L x } Xe p is a continu- 
ous family of G-equivariant Fredholm G-equivariant operators of index zero satisfying 
condition (HI). Fix K e 1Z G (L, X) with R x , A e V, defined by (159). 

Keeping in mind the setting relevant to parametrized parabolic systems discussed in the 
next subsections, we will specify F from (160), assuming 

(i) there exists a real isometric Banach G-representation E and an 
injective G-vector bundle morphism J :£ -> ? x E such that 
J x := /(A, •) is a compact linear operator for every A e V\ 

(ii) there exists an equivariant C 1 -map F : V x E -> F. 



Put 



F := F o J. (162) 

Obviously, F is G-equivariant and completely continuous. 

Consider now the coincidence problem (160) with F defined by (162) (see also con- 
dition (H2)). In addition, assume that there exists a two-dimensional submanifold M C 
V x E g (thought of as a “bifurcation surface”) satisfying the following two conditions: 
(H3) M is a subset of the solution set to (160); 

(H4) if (A„, u 0 ) e M, then there exist open neighborhoods U Xo of A 0 in V and U Uo of 
u„ in E c , and a C 1 -map x '■ U Xo -> E G such that 



MC(U Xo x U Uo ) = Gr( X ). 
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Bearing in mind condition (H3), (X, u) e M is called a trivial solution to (160) while the 
other solutions to (160) are said to be non-trivial solutions. A point (X a , u 0 ) e M is called 
a bifurcation point if in each neighborhood of (X a , u 0 ), there exists a nontrivial solution 
to (160). In what follows, we study the existence and multiplicity of branches of non-trivial 
solutions bifurcating from M, and classify their symmetries. 

Remark 7.4. (i) It is clear that (X, u ) is a solution to (160) if and only if (X, y ) is a solu- 
tion to the system (161), where y — (Lx + K x )u. Moreover, the set of all trivial solutions 
to (161) can be represented as 

M := {(A, y) e X x F: (A, R x (y)) e M). 

Then, condition (H4) translates as: 

(H4 / ) if (X 0 , v 0 ) e M, then there exist open neighborhoods XJ\ 0 of X a in V and U yo of 
y 0 in F G and a C 1 -map y : \J Xo -a- F g such that 

Mn(U ko x Uy a ) — Gr(/). 



(ii) Also, ( X 0 , M 0 ) e M is a bifurcation point of (160) if and only if (X 0 , y 0 ) e M is a 
bifurcation point of ( 161), where y a — (L Xo + K Xo )u 0 . 

Rewrite (161) as 

(jr — T)(X, y) = 0, (Ij)eXxF, (163) 

where tx is the projection map on F, jc(X, y) = y. Clearly, n — T is a G-equivariant com- 
pletely continuous field of class C 1 , and 



D y (n - F){X, y) = Id ~(D U F(X, R k (y))Rx + K x R k ). 



Thus, by assumption (H2) (see also (162)), D y ( n — T) is a bounded Fredholm operator 
of index zero. Since G acts trivially on X x F G , for (X, y) e X x F G , D v (tt — IF)(X, y) 
is G-equivariant (in particular, it is also G-equivariant for (X, y) e M). By the implicit 
function theorem, a necessary condition for (X 0 , y a ) e M to he a bifurcation point, is that 
the derivative D y (tt — !F){X 0 , y 0 ) is not an isomorphism of F. Such a point (X Q , y a ) e M 
is called L-singular. An L-singular point (X f) . y a ) is said to be isolated, if it is the only 
/.-singular point in some neighborhood of (X„, y„) in M. 

Finally, assume that 

(H5) there exists an isolated L-singular point (X 0 . y 0 ) e M. 

In order to associate a local bifurcation invariant w{X 0 , u 0 ) e Aj(G) to (160), take a 
neighborhood V ko of (X 0 , y 0 ) in M such that (i) ( X 0 , y 0 ) is the only L-singular point in 
V lo and (ii) V Xo cifn (U Xa x U y J (see (H4')). 

Choose a small number r > 0, define 



U(r):={(X,y)eV x¥: (X, x(X)) e V Xo , ||y-j((A.)|| <r}, 



(164) 
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Fig. 5. Functional setting and auxiliary function for the bifurcation problem related to Eq. (163). 



and introduce a G-invariant auxiliary function g : U(r) M satisfying the properties 

E(A,y)>0 if ||y-/(A)|| =r, 

{s'(^,v)<0 if (A,y) eV Xo . 



Put 



dU 0 := {(A., y) e U(r ): (A, x(A)) e dV Xo } C dU(r). 

Then, by the implicit function theorem, the above r > 0 can be chosen to be so small that 
y - y) ^ 0, for (A, y) e dUo \ M 
(see Fig. 5). 

Define the map : U (r) — > K © F by 

(A, y) := (ff(A, y), (tt - J0(A, y)), (166) 

which is clearly a U (r)-admissihle G-equivariant completely continuous vector field. 
Therefore, the following local bifurcation invariant 

«(A 0 , u 0 ) := G-Deg f (^, U(r)) e A'(G) (167) 

is well-dehned. 

Using the standard scheme discussed in Sections 4-6, one can prove the following 
G-symmetric (local) bifurcation result for the equivariant coincidence problem (160). 



Symmetric Hopf bifurcation: Twisted degree approach 



89 



THEOREM 7.5 (Local bifurcation theorem). Suppose that the assumptions (H1)-(H5) are 
satisfied, a>(X 0 ,u 0 ) is given by (167) (with defined by (166), U(r) by (164) and g 
satisfying (165)). If 

co(X a , Uo) = (H) 7^ 0, 

(H) 

i.e., there is nfj 0 ^ 0 for some orbit type ( H a ), then there exists a branch of non-trivial 
solutions (X, u) to Eq. (160) bifurcating from (X 0 , u 0 ) such that G u D H a . 



7 . 2 . Hopf bifurcation for FPDEs with symmetries: Reduction to local bifurcation 
invariant 

Throughout this section, assume T = Ti x T 2 , where Ti and T 2 are compact Lie 
groups. Let V' R" ! (resp. V R") be an orthogonal T i -representation (resp. P 2 - 
representation). Assume that C V is an open Ti -invariant bounded set such that i)Q 
is C 2 -smooth. Clearly, the space L 2 (R x Q: V) is an isometric Banach F-representation 
with the F -action given by 

(yu)(t,x) — y 2 {u(t, y\x)), y = (y u y 2 ) € Ti x F 2 . 

Statement of the problem Consider a system of functional parabolic differential equations 
on R x £2 



1 §ju(t, x) + P(a, x)u — f(a, u t )(x), (?,x)eRx£2, 

B(a,x)u(t,x) — 0, (Cx)eMx3S2, 

where u € L 2 (R x Q: V ) satisfies appropriate differentiability requirements, u t (9,x) := 
u(t + 0, x) for 0 e [— r, 0] (r > 0 is a fixed constant), a e R is a (bifurcation) parameter, 
/:R x C([— r, 0]; L 2 (£2\ V)) — »• L 2 (f2; V ) is a map of class C 1 , which is bounded on 
bounded sets, P(a,x) — [/) (a, v)]” = | is a vector with components being second-order 
uniformly elliptic operators, i.e. 

Pi (a, x) — V T Ai(a, x)V + a, (a, x), 

with Aj (a, x) being a continuously differentiable (with respect to a and x) n x n symmetric 
positive definite matrix satisfying the condition 

3ci, C 2 >0V(o’,t)eRx £2 Vy e V' ci||y|| ^ y T Aj (a, x)y ^ <72 II v || , 

^ u is weakly differentiable with respect to t and has weak derivatives of order 2 with respect to v e Q. More 
precisely, assume here that u is an element of the Sobolev space // 1 ’ - ( IP: x Q; V ) of L--integrable V 7 -valued 
functions from R x £2 with weak /.--intcgrable derivative in R and weak /.--inlegrable derivatives of order 2 
in 
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where V stands for the gradient operator, and a, (a, x) is continuous. The boundary opera- 
tor B(a , x) is defined by either (Dirichlet conditions) 

B(cn, x)u(t , x) — u(t, x) 

or (mixed Dirichlet/Neumann conditions) 



B(a, x)u(t, x) — b(a , x)u{t, x) + —(a, x) u(t, x), 

3 n 

where b eC*(Ix 3£2; R), ^( a,x ) = [v T (x)Ai{ a,x)V]" =1 ( v(x ) is the outward normal 
vector to d£2 at x). 

Assume that 

(Cl) the operators P, B and the map / are T -equivariant, i.e. for y e 1\ 

yP(a,x)u = P{a,x)yu, x e f2, 0e[— r, 0], 

yf(a,v(6,x)) = f(a,yv(6,x)), x e 0e[-r,0], 
y B(a, x)u = B(a, x)yu, xed£2. 

We use the standard identification S l — R/27rZ and introduce the following notation 

= W e x £2; V): B(a,x)cp = Q}, (169) 

where H k ’ t (S l x !T2: V ) stands for the Sobolev space of V -valued functions with weak 
(L 2 -integrable) derivatives of order k in S' 1 and of order / in C. Put 

E = F = L 2 (S 1 x Q; V), P = RxR + , E = C(S 1 ; L 2 (Q.\ V)), (170) 

where E is equipped with the usual supremum norm. 

We are looking for p-periodic solutions to the system (168) for an unknown period 

p > 0. 

Normalization of the period As usual, we replace the original problem with the equivalent 
one, for which we are looking for 2jz -periodic solutions. Namely, let f := and 

v(t,x) — u^—t,x^j. 

Then, the original problem is reduced to finding non-trivial solutions (a, fi, v) for the sys- 
tem 



Jjt ft, x) + jjP(a, x)v — j f(a, v t ,p)(x), (t, x)eRxfl, 

B(a,x)v(t,x) — 0, (f,x)eRx9£2, 

v(t, x) — v(t + 2 jt, x), (t,x)eRxfl, 



( 171 ) 
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where 



v t ,p(0, x) := v(t + P6, x ) for (9, x) e [— r, 0] x £2. 

T x S l -setting in functional spaces Below we reformulate the system (171) as an 
equivariant parametrized coincidence problem based on the general discussion in Sub- 
section 7.1. 

For every X := (a, ft) e V, define the subspace 



Dom(L^) := {u e E: ue Ti l B f a) \, 



and the operator 

L\ : Dom(L^) cE-)-E 
(cf. (170)) by 



Lxv(t,x ) 



8 

dt 



1 

v(t, x) H — P(a, x)v 

P 



(cf. (169)— (171)). 

Notice that E, H l ' 2 (S l x 0: V ) and E are isometric Banach G-representations, where 
S l acts in a standard way by shifting the time argument t. It is also clear (see [106]) 
that each (unbounded) linear operator Lx , for X e V, is a closed G-equivariant Fredholm 
operator of index zero, and the orthogonal projection on the (finite -dimensional) kernel of 
Lx is a G-equivariant resolvent K of Lx- Therefore, R G (L , {A.}) f 0 for any X e 'P, and, 
by Lemma 7.3, the condition (HI) is satisfied for every compact subset X C V. 

On the other hand, since 



-pf («, v t , p ) e L 2 (Sl- V) for v t ,p e C([- r, 0]; L 2 (^; V)), 

we have the continuous map N / : V x E — >■ L 2 (T2 , V) defined by 

N f (a, ft, v)(t) := \f(a, v t ,p). 

P 

Define F : V x E — > F by 

F(X, v)(t,x) := i o Nf(a, P, v)(t)(x) = \f{a, v t< p)(x ), X= (a, P), 

P 

where i denotes the natural embedding E F. The continuous differentiability of / im- 
plies that F is continuously differentiable. Since the following composition of the embed- 
dings 

H 2/3 ’°(S l x £2; V) <-> C(5 1 ; L 2 (Q.\ V)) = E 
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is compact (cf. [106]), we have the following embedding 
/ : £ — » PxE 

where Jx : —> E is a compact operator for all X e V. Therefore, F and J satisfy the 

condition (H2) from Subsection 7.1. In particular, F : £ —*■ F defined by F = F o / is a 
G-equivariant completely continuous map of class C 1 . 

As a consequence, finding a periodic solution v e H l,2 (S l x V) for the system (171) 
is equivalent to solving the following parametrized coincidence problem (cf. (160)) 

L x v=F(X,v), XeX, (172) 

where X is a given compact subset of V. 

T -symmetric steady-state solutions to (168) In order to describe a manifold of trivial 
solutions to (171) (cf. conditions (H3) and (H4) from Subsection 7.1), at which we expect 
the occurrence of a Hopf bifurcation, observe that the functions u(t,x) from // 1,2 (.S' 1 x 
Q: V), constant with respect to the first variable, can be identified with functions from 
H 2 (£l; V ), where ll 2 (Q: V ) denotes the Sobolev space of V -valued functions with weak 
(L 2 -integrable) derivatives of order 2 in £2. Clearly, for a function u(t,x), constant with 
respect to t, we have u t (6, x ) = u(6 , x) for all f eR. 

With these preliminaries on hands, introduce the following 

Definition 7.6. Let ( a„ , u 0 ) be a solution to (168) satisfying the following conditions: 

(i) u 0 eH 2 (Q,V)-, 

(ii) yu 0 = u o for all y e T; 

P(a 0 ,x)u 0 = f(a 0 , u a )(x) inf2, 

111 B(a o ,x)u o = 0 on 

Then, (a 0 , u 0 ) is called a T -symmetric steady-state solution to (168). 

Introduce the following spaces 

£„ o : = H 2 (Q\ V): B(a 0 ,x)w = 0}, 

X c ao := {weH 2 (Q; V c ): B(a 0 , x)co = 0}, 

£:= C([-r,0];L 2 (f2; V)), 

£ c := C([— r, 0]; L 2 (£2; V c )), 

where V c stands for the complexification of the F-representation V . Identify L 2 ( Q : V ) 
with the subspace of £ consisting of constant L 2 (£, 1; L) -valued functions, and L 2 (Q: V c ) 
with the subspace of <Z C consisting of constant /. 2 ( C : F c )-valued functions. Denote by 
f(a, ■) the restriction of /(a, •) to L 2 (T2; V) and define 

C ao := P(ct 0 ,x)-Df ao :Z ao c L 2 (f2; V) -> L 2 (T2; V), 

where 0 /<*„(<? ) := D u f(a 0 , u a )<p for cp e X„ 0 . 



( 173 ) 
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In what follows, we apply the same symbols to denote the complexified operators 
P(a, x ), d f a , and B{a 0 , jc), i.e. the operators: 

P(a, x) : X c a c V c ) -> L 2 (Q\ V c ), 

V c ), 

B(a 0 ,x):H 2 (Q: V c )-> L 2 (dQ. V c ). 

Suppose that (a 0 , u Q ) is a T-symmetric steady-state solution to (168) with a = a 0 . We 
say that ( a 0 ,u 0 ) is non-singular if 0 ^ er(£„ o ), where cr(£(a 0 )) denotes the spectrum 
of Ca D . Assume that 

(C2) (a 0 . u 0 ) is a nonsingular T -symmetric steady-state solution. 

Then, by the implicit function theorem, there exists a continuously differentiable func- 
tion u(a ) for a e (a 0 — q,a Q + q) (for a sufficiently small q > 0) such that (a, u(a)) is a 
T -symmetric steady-state solution to (168) for each a (the condition yu(a) = u(a) for all 
ye T (cf. Definition 7.6(ii)) is provided by the T-equivariance of C a ). In what follows, 
assume that {(a, u(a )): a e (a„ — q,a 0 + q)} is a fixed family of steady-state F -symmetric 
solutions near ( a Q , u 0 )■ Since (a, ft, u(a)), a e (a 0 — r),a 0 + /;), ft e K+, is clearly a so- 
lution to (171) belonging to V x E G , consider it as a trivial solution. Moreover, define 
the map /: ( a 0 — a 0 + rj) x R + — >• E c by /(a, /S) = (a, ft, u(a)). Then, the set of 
(nonsingular) T-symmetric steady-state solutions to (168) (cf. condition (C2)), gives rise 
to a manifold McPx E G , M {(o’, fi, u(a)): a e (a 0 — rj, a 0 + r ?), /S e K+} (defined 
locally) satisfying the conditions (H3) and (H4). 

Characteristic equation Let (a, u(a )) be a non-singular T-symmetric steady-state solu- 
tion to (168). The linearization of (168) at (a, u(a)) leads to the following characteristic 
equation (near ( a 0 , u(a 0 ))) 

A a;u ( a )(X)w := Xw + P(a,x)w — df a (e l 'w) = 0, AeC, (174) 

where the characteristic operator A a; „( a ) — > L 2 {Q.\ V c ) is defined (by (174)) using 

the standard complexifications of Piu, x) and df a ((p). 

Observe that equipped with the H 2 - norm is a complex Hilbert space such that the 
embedding X^ r — > L 2 (Q: V‘ : ) is compact, P(a, x) is an elliptic self-adjoint operator (thus, 
it is a bounded Fredholm operator of index zero from XJ, to L 2 (Q: F' )), and D /„(e / -) is a 
bounded linear operator for all AeC, therefore A «;«(«) (A) : X^ -> L 2 (f2; V c ), where X^ is 
equipped with the H 2 - norm, is a bounded Fredholm operator of index zero. 4 Consequently, 
A a \u(a) (A) is a closed (unbounded) Fredholm operator of index zero from l 2 (SI: V c ) to 
itself. 

A number A e C is called a characteristic root of the system (168) at a T-symmetric 
steady-state solution (a,u(a)) if ker A q . ;m ( q .)(A) ^ {0}. It is clear that a T-symmetric 
steady-state solution (a, u(a )) is non-singular if and only if 0 is not a characteristic root of 

4 A a;H ( a )(A) is a sum of the compact operator Xld — i>/a(e^'-) : — > /7 ( Q ; V' I and the Fredholm operator 

P(a,x) of index zero. 
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(168) at (a, u(a)). We say that a non-singular T-symmetric steady-state solution ( a 0 , u 0 ), 
u a = u(a 0 ), is a center if it has a purely imaginary characteristic root i/l 0 , p o > 0, i.e. 
ker Ao. D;Uo (i/l 0 ) ^ {0}. A center (a 0 , u 0 ) is called isolated if it is the only center in some 
neighborhood of ( a Q , M 0 )inR©L 2 (£!;V). 

For the purpose of studying the local Hopf bifurcation problem for (168), assume: 

(C3) There exists a T-symmetric steady-state solution ( a 0 ,u 0 ) e R. © L 2 {£1\ V) to 
(168), which is an isolated center such that i /3 0 (for p o > 0) is a characteristic 
root of (168) for a — a 0 . 

Thus, condition (H5) from Subsection 7.1 is satisfied. Also, notice that (C3) is the neces- 
sary condition for the occurrence of the Hopf bifurcation at (a„, u a ), while (C2) excludes 
the appearance of the “steady-state” bifurcation. 

Apply the “eigenspace” reduction to describe the characteristic roots of the system (168) 
at the T-symmetric steady-state solution (a,u(a)). Denote by o a C R. the spectrum of 
the self-adjoint operator P(a, x ) : XJj, C L 2 (T2; V c ) -> L 2 (£2\ V c ). Since P(a, x) is a uni- 
formly elliptic differential operator, the spectrum o a is discrete and all the eigenvalues /r,“ 
are real of finite multiplicity and such that 



C/O/ 0/ 

[i 0 < < . . . < jttj < • • • . 

Using the fact that for every r > 0, the number ir is not in the spectrum o u of P(a, x), the 
(auxiliary) operator S : L 2 (Q\ V c ) -> T 2 (£2; V c ) defined by 

Sw — irw, weL 2 (Q; V c ), 

is a T -equivariant resolvent (cf. Remark and Notation 2.17 and Definition 7.1) of P(a. x), 
i.e. the (bounded) inverse R a r [ P{a,x ) + S] -1 \L 2 (Q.\ V c ) — »■ L 2 (Q; V c ) exists for 

all a e R. and is F-equivariant. On the other hand, since P(a,x) + .S’, as a (bounded) 
operator from the space X‘ a (equipped with the Sobolev // 2 -norm) is also invertible and the 
embedding L 2 (T2; V c ) is compact, we obtain that the inverse R a r \L 2 {£i\ V c ) -» 

L 2 (T2; V c ) (i.e. R ur is considered here as the inverse of the unbounded operator P(a, x) + 
S from L 2 (Q: V c ) into itself) is a compact F-equivariant operator. Eq. (174) can be re- 
written as 



A^; U(a) (A)w := w - df a (e x R aj -(w)) + (X - i r)R a , r (w) = 0. (175) 

It is clear that X e C is a characteristic root of the system (168) at the F -symmetric steady- 
state solution ( a,u(a )) if and only if ker ^' a . u(a )(X) ^ {0}. Also, A ' a . ll(a) (X) is an ana- 
lytic function in X (cf. [145]), hence all the characteristic roots X are isolated. Moreover, 
A r a . u i a )(k) is a T-equivariant compact field, thus it is a bounded F-equivariant Fredholm 
operator of index zero. 

Denote by E ^ C l 2 (Q: V c ) the eigenspace of P(a,x) corresponding to ^ e o a , 
and let pj : L 2 (Q.: V c ) — >■ £“ be the orthogonal projection. Consequently, for every w e 
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L 2 (Fl\ V c ), we have w — ^jloPe( w )- By substituting w = (^ into (175), we 

obtain 




1 

/ij + i r 



^fa(e k 'p^(w)) 



X - \r 



/ij + 1 r 



- P “(«0 



= 0 . 



(176) 



Denote by F“ the subspace of £ spanned by functions of the type t — » (p(t)w, where 
(p e C ([ — r , 0]; C) and w e E^. We need the following hypothesis (cf. [90,119]) 

(C4) Pf a (F “) C Eg for all F-symmetric steady-state solutions (a, !<(«)) and f = 

0 , 1 , 2 ,.... 



Remark 7.7. The condition (C4) is required mainly to simplify the computation of the 
characteristic roots through a reduction to isotypical components of L 2 (£2, V c ) (see also 
[1 17,1 18]). One can check that the reaction-diffusion systems with delay of the type con- 
sidered in [34-36] satisfy (C4). In the case of a parabolic system of T -symmetric PDEs 
(without delay), or the reaction-diffusion logistic equation with delay, (C4) is automati- 
cally satisfied. 

Under the assumption (C4), Eq. (176) can be reduced to the following sequence of equa- 
tions 



p* («o - + 4 ^-p?(«o = 0, e = o, i (177) 

-f /X g i r 

Equation (177) can be written in the equivalent form as 

( l i a i +X)p a t (w) + df a {c x ppw)) = 0, t = 0, 1, . . . . (178) 

Under the assumptions (C1)-(C4), for any compact subset X C V , the system (168) 
leads to a parametrized equivariant coincidence problem of the type (160) satisfying the 
conditions (H1)-(H5) (cf. (172)). Hence, given an isolated center ( a 0 , u„) with the corre- 
sponding characteristic root ifi 0 (cf. condition (C3)), and following the scheme outlined 
in Subsection 7.1 (cf. (164)-(167)), one can associate to ( a 0 , /1 0 , u 0 ) the local bifurcation 
invariant cd(X 0 , u q ) — u>(a 0 , p o , u a ) e A\ (F x 5 ' ) . 



7.3. Computation of local bifurcation invariant 

In order to obtain an effective computational formula for co(a 0 , ft,,, u 0 ), we need to discuss 
the so-called negative spectrum and crossing numbers. 

Negative spectrum For the sake of simplicity, assume that F is a finite group and, more- 
over, F] acts trivially on V' . Assume that V and V‘ admit the isotypical decompositions 
(113) with Vo = V r and Uq — (V e ) r . Moreover, these decompositions are required to 
correspond to a complete list of the irreducible F-representations Vo, Vi, . . . , V) (resp. 
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UqMi U s ). As in the previous sections, we do not exclude the possibility that some of 

these T-isotypical components are trivial. Clearly, (113) induces the T-isotypical decom- 
positions 



L 2 (C2; V) = 0QJ,-, (179) 

1=0 7=0 

where 03; (resp. ii ; ) denotes the T-isotypical component of L 2 (Q: V) (resp. I 2 CD.: V c )) 
modeled on V, (resp. U:). 

Consider the operator P(a 0 ,x)\X ao C L 2 (T2; V ) — > l 2 (D: V ) and let K be the or- 
thogonal projection on its kernel. Then, K is a T-equi variant resolvent of P(a 0 . x). Put 
R Uo := [ P(a 0 ,x ) + K~\~ x and define 

A := Id —Re,, o D u f(a 0 , u a ) - R ao K : L 2 {D: V) -» L 2 (D: V), (180) 

Po 

which is clearly a compact field. Put A' := : 93/ -> 93, and let o-(A) denote the set 

of all negative eigenvalues of the operator A. Since A is a compact field, it is a Fredholm 
operator of index 0, the set cr- (A) is finite and all the eigenvalues in <J-(A) are of finite 
multiplicity. Thus, for /i e cr-(A ), define 

OO 

E(n) [J ker[„4 — /x Id]*, 

k=l 

OO 

£ ! (/r):=|JkerM , '-/7ld| 2 , i f, 

7-1 

m.i(n) •= dim£;(/T)/dimV/, (181) 



where E, (/i) is referred to as a V, -isotypical eigenspace of the operator A and the integer 
w/ (/i) is called the Vi -multiplicity of p. 



Crossing numbers Put A r a . u(a) .(A.) := A r a;u(a) (k)\pj (cf. (175) and (179)). For a char- 
acteristic root X of the system (168) at the T-symmetric steady-state solution (a 0 , m 0 ), we 
use the following notations: 



Ej(X) :=Uker[A; ;M( „ )j( A)f 



7=1 



m j (X) := dim E j (X ) / dim Uj , 



(182) 



where the integer m j (X) is called the U / -multiplicity of the characteristic root X. Notice 
that, since A'", , , . (X) is a Fredholm operator of index 0, m / (A.) < oo for all characteristic 
roots X. 
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Let ( a 0 , u 0 ) el® Lr{Q.\ V ) be an isolated center with i j8 0 (f 0 > 0) being the corre- 
sponding characteristic root as described in condition (C3). Define the set 

5 = {r + i/3: 0 < r < S, |/6 — /3 0 | < e} c C, 

where S > 0 and s > 0 are so small numbers that for all r + i/3 e dS and a € [a 0 — s,a 0 + 
e], ker A Q . ;[( ( Q ,)(r + i/3) / {0} implies a = a 0 and r + i/3 = i /3„. Put a± a 0 ± s and 
denote by s± the set of all characteristic roots X eS for a —a±, i.e. 

Si {k G ker ^a±;u(a±) (k) {0} J . 

Since ker A a±;H(ce±) (A.) = ker A' ±;M(a±) (A.) and & r a± - u(a±) (X) is an analytic function 
in X, the sets s± are finite. Then, for j — 0, 1, 2, . . . , s (corresponding to the complex 
T -irreducible representations Uj), put 

kf (a 0 . Po, u a ) := (183) 

Ags-i- 

(cf. (182)). 

Definition 7.8. The V j j-isotypical crossing numbers of (a 0l /3 0 , u 0 ) are defined as fol- 
lows: 



t;,i(a 0 , Po, «o) := t j (a 0l p o , u a ) - t+ (a 0 , f a , u a ), (184) 

where t j(a 0 , /3 0 , u 0 ) are given by (183), and in the case i//3„ is also a characteristic root of 
(168) at (a„, u 0 ) for some integer / > 1 (cf. Definition 4.8), 

ky,/(®oj Po • Mo) - — f /, 1 (tl-o 1 lA, Mo)- 

Local bifurcation result By applying the standard steps, one can establish the following 
formula for the local bifurcation invariant: 



co(a 0 ,P 0 ,u 0 ) 

=( n iWH e t/,/(«o, Po, u 0 ) deg Vj l . (185) 

\fJ.ecr-(A) 1=0 / j,l 

Combining the concept of the dominating orbit types with Theorem 7.5 (see also Re- 
mark 5.2) and using the same argument as in Sections 4 and 5 (cf. Theorems 4.9 and 5.4), 
one can prove the following 

THEOREM 7.9. Suppose that the system (168) satisfies the assumption (Cl) and (C4), and 
suppose that (a 0 , u 0 ) is a T -symmetric steady-state solution to (168) (cf Definition 7.6) 
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satisfying (C2)-(C3), co(a 0 , f 0 ,u 0 ) is given by (167) ( with X 0 — (a 0 , fo), defined 
by (166), U(r) by (164) and g satisfying (165)). Assume (cf (185)) a>(a 0 , f 0 , u 0 ) ^ 0, 
i.e. 



(o{a 0 , f 0 , u 0 ) = Yn H (H) and n h„ / 0 
(H) 



(186) 



for some ( H a ) e <t>^ (G). 

(i) Then, there exists a branch of non-trivial solutions to (168) with symmetries at least 
H 0 ( considered in the space F (cf (170))) bifurcating from the point (a„, u 0 ) ( with 
the limit frequency I for some l e N). 

(ii) If in addition, (H a ) is a dominating orbit type in F, then there exist at least 
\G/H 0 \ s i different branches of periodic solutions to Eq. (168) bifurcating from 
(a 0 ,u 0 ). Moreover, for each (a,f,u) belonging to these branches of (nontrivial) 
solutions, one has (G u ) — ( H 0 ) (considered in the space F). 



7.4. Bibliographical remarks 

The general functional framework for abstract coincidence problem for unbounded para- 
metrized Fredholm operators was studied in [90]. The equivariant situation was considered 
in [16]. For additional references, see [34-36,117,118]. 



8. Applications 

In this section we consider three concrete models of practical meaning, which can be stud- 
ied using the methods developed in the previous sections. 

Throughout this section, V stands for an orthogonal representation of a group T which, 
for the sake of simplicity, is supposed to be one of the following finite groups: the dihedral 
groups If, £>12 and the icosahedral group (i.e. the alternating group of five elements) A 5 . 
The notations used in this section are explained in Appendix A. For all other details, we 
refer to [19], 



8.1. T -symmetric FDEs describing configurations of identical oscillators 

Model Consider a ring of 8 identical cells (for example, being chemical oscillators) cou- 
pled symmetrically by diffusion between the adjacent cells. Denote by x J (t) the concen- 
tration of the chemical substance in the y-th cell. The coupling is taking place between 
adjacent cells connected by the edges of a regular 8 -gon. More precisely, the coupling 
strength between cells is represented by a function /-; : IR — > R, in general non-linear. Since 
the coupling strength between the adjacent y-th and / -th cells may be non-linear as well, 
and depending on the concentrations x J and x‘ , we assume that it is of the form 



h{x j (t))(g(a,xj) - g(u,x \ )). 
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This term is supported by the ordinary law of diffusion, which simply means that the chem- 
ical substance moves from a region of greater concentration to a region of less concentra- 
tion, at rate proportional to the gradient of the concentration. 

The following system of delayed differential equations represents the simplest mathe- 
matical model for the above process: 

= —ax(t) + aH(x(t)) ■ C(G(x(t - 1))), (187) 



where 





x l 
x 2 




h{x x ) 

h(x 2 ) 




8 (x 1 ) 
g(x 2 ) 


X = 


.X s _ 


, H(X) = 


_A(x 8 )_ 


, G(x) = 


-g(x 8 )_ 



the product is defined on the vectors by component-wise multiplication, and 

(Gl) The functions h, g : R. — »• R. are continuously differentiable, h{t) / 0 for all reR, 
g( 0) = 0, g'(0) > 0 and C is a symmetric 8 x 8-matrix of the type 

~c d 0 0 0 0 0 

d c d 0 0 0 0 

0 d c d 0 0 0 

~_00dcd00 
C ~ 000dcd0 
0 0 0 0 d c d 

0 0 0 0 0 d c 

0 0 0 0 0 

which clearly commutes with an orthogonal Dg -representation. 

Therefore, conditions (A1)-(A3) from Subsection 6.1 are satisfied for the system (187). 

Characteristic values To verify the remaining conditions (A4)-(A5), consider the lin- 
earization of the system (187) at (a, 0): 

— x(t) = — ax(t ) + ah{0)g' (0)C(x{t — 1)), 



(188) 



and put 



r,:=h(0)g'(0). (189) 

Thus, the condition (A4) for the system (187) amounts to 

4 

Y\[-u + otr)%i]^0, 

1=0 



( 190 ) 
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where Ho, £1, Hi, Hi, Ha are the eigenvalues of the matrix C given by 

Hi :=c + 2dcos^, i =0,1, 2, 3, 4, (191) 

8 

i.e. 

^0 * = c 2 d, := c + d\[2, 

Hi c, Hh'-— c ~d\/ 2 , 

H 4 c — 2d, 

and the eigenspace E (Hi), for i — 0, 1,2,3 corresponding to the eigenvalue Hi is equivalent 
to the irreducible Z?§ -representation Vi, while E(Ha) is equivalent to V5 (cf. Appendix A 
and [19]). Moreover, 

A a (X) — (X + a) Id —arje~ x C. 

Therefore, a number X e C is a characteristic root of ( 141) at the stationary point (a„, 0) if 
and only if 



k 

det c A„(A.) = ]~~[[A + a - ar]Hie~ k ] = 0. (192) 

i = 1 

To find a root AeCof the system (192), consider the following equation 

X + a — oniHo^~ X = 0, (193) 

where Ho is an eigenvalue of C. Obviously, Ho 7 ^ 0 (otherwise X — —a e LR cannot be purely 
imaginary). A similar reason forces 



tt/0. 

By direct computation, X — i/3 is a purely imaginary root of (193) if 
1 

3S/6 = — , 

>lHo 



(194) 



1 



(195) 



sin p = 



oirj^o 



For the sake of simplicity, in our computations of the local bifurcation invariants, we 
take concrete values of the numbers c, d and involved in (195). For example, put 



c — 2, d — 3, ii — 6. 

Then, clearly | ^ | < 1 for i =0, 1 , 2, 3, 4, there exists /!,- e (0, tt] such that cos fit = ^>r, 
and, in addition, it is possible to find a unique a; = —ft/ cot /l, (which clearly satisfies 
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conditions (A4) and (A5) from Subsection 6.1). The approximate values of the pairs of 
solutions (a 0 , p o ) to (195) are: 

(a 0 , /So) = (-0.03229787433, 1.549961486), 

(«!, jSi) = (-0.04123910887, 1.544095051), 

(a 2 , p 2 ) = (-0.1243798137, 1.487366240), 

(a 3 , ft) = (0.1226042867, 1.645182058), 

(ct 4 , /S 4 ) = (0.06724485806, 1.612475059). 

Crossing numbers In order to determine the value of the crossing number associated 
with a purely imaginary characteristic root X a — i/S 0 , compute (by implicit differentiation) 
^i<(a). By following the same lines as in [19], we obtain that 

d A l 

d« M| “=“” a 0 ((a 0 + l ) 2 + P~) ’ 



thus 



sign u\ a =a 0 = sign ol 0 . 
da 

Consider an eigenvalue e<r(C). Then, there is exists a purely imaginary characteristic 
root i/6j., fa > 0, of the characteristic equation (192) for a = a k , where 



1 

cos ft. = - — , 

mk 



a k ■■ 



Pk 



r]$k sin Pk 



and consequently, 

if <x k > 0, then ijp{a k , P k ) — — m j(ip k ) = — 1; 

if a k < 0, then i (a k , Pk) — m j (i p k ) — 1 ■ 

Notice that in our case, for the chosen values of c, d and q, all the crossing numbers 
tjj(ak , Pk), / > 1, are zero. 

Negative spectrum er_ We have A ao(ak, Pk) — — akW+akh(0)g' (0)C — — a^IdT 
a k qC (cf. (89), (90) and Subsection 5.2), so 

er(A) = {n: jl = -a k + a k q^ % e cr(C)}. 
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By direct computations, for the bifurcation points (oik, Pk) we have the following 
sets o_: 



(«o. A)): 


O- 


(at. /Si): 


O- 


(a 2. yS 2 ): 


cr_ 


(«3. A): 


O- 


(a 4 , M ■ 


O- 



= {-Q'O + Q'O'lfo, 
= {-«i + atpfo, 

= {— a 2 + a 2 »7£o> 

= {- 0:3 + Q!3?;§3, 

= {-a4 + «4';§3, 



-ao + aopfi- - 
-»i +aitj£i, - 
-a 2 + a 2 t}£i, - 
-a 3 +a3pf 4 }, 
-»4 + a 4 f^4}. 



ao + ao'7?2}, 
at +ai)7§2}, 
«2 + a2'7§2l, 



Maple® input data Consequently (for the chosen values of c, d and if), we obtain the fol- 
lowing input data for the computation of the exact value of the local bifurcation invariants 



(&O1 fio) 


£0.£l.£ 2 .«3. £ 4.£5. £ 6 


to . ti , t 2 . t 3 , t 4 , t 5 , t 6 


(“0. Pa) 


1,1, 1,0, 0,0,0 


1,0, 0,0, 0,0,0 


(“1. Pi) 


1,1, 1,0, 0,0,0 


04,0,0,0,0,0 


(“2- Pi) 


1,1, 1,0, 0,0,0 


0,04,0,0,0.0 


(“ 3 . Pz) 


0,0,0, 1,0, 1,0 


0,0,0,- 1, 0.0,0 


(“4- ftt) 


0,0,0, 1,0, 1,0 


0,0, 0,0,0,- 1,0 



Table of results Finally, based on the fact that (Z)g), (Z>g), ( D |), (D%), (Zg 1 ), (Zg 2 ), 
(Zg ), ( D(j ) and (D(f ) are the dominating orbit types in W, we are able to establish the 
following table of the local bifurcation invariants for each the bifurcation point (a,-, fif), 
i = 0,1, 2, 3, 4: 



(“(.ft) 


total, Pi) 


# of branches 


(“0. Po) 


-(Dg) + (D 2 ) + (D 2 ) - {DO -(DO- (Z 2 ) + (Zi ) 


1 


(“1. A) 


— (Zg 1 ) + ( 5 f ) + (Dj) — ( 5 f) - ( 5 !) - (Dj) - (Di) - (Z-) + 2(Zj) 


10 


(“2. Pi) 


-(£>4) - (D 4 ) - (Zg 2 ) + (Dj) + ( 5 2 ) + (DJ) + (D 2 ) + (Zf) 
- (Df) - ( 5 !) - (D\) -(DO- 2(Z 2 ) + 2(Z!) 


6 


(“3. Pz) 


(Zg 3 ) - ( 5 f) - (Dj) + (Sf) + (»!) + (£>f) + (£>!) + (Zj ) - 2(Zj) 


10 


(“4. Pa) 


-(£>^) + (D 4 ) + ( 5 f)-(Di) 


1 



8.2. Hopf bifurcation in symmetric configuration of transmission lines 

In this subsection, we consider two simple types of symmetric configurations for the loss- 
less transmission line models. For all details we refer to [19]. 

Configuration 1: Internal coupling Consider a cube of symmetrically coupled lossless 
transmission line networks between two recipients and two power stations. Assume all 
coupled networks are identical, each of which is a uniformly distributed lossless transmis- 
sion line with the inductance L s and parallel capacitance C s per unit length. To derive 
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A i B i 



Fig. 6. Symmetric model of transmission lines: internal coupling. 



the network equations, place the v-axis in the direction of the line with two ends of the 
normalized line at x = 0 and a = I (see Fig. 6). 5 

Denote by i J (x, t) the current flowing in the j - th line at time t and distance x down 
the line and v J (x,t) the voltage across the line at t and x, for j — 1,2, 3,4. It is well- 
known that (see, for instance, [109]) the functions i J := i ] (x, t ) and v J v J (x, t) obey 
the telegrapher’s equation 

' dv-i _ 3 a 

dx . S dt . ’ (196) 

dv J di J 

. ' S dt dx ’ 

with the boundary conditions determined by Kirchoff law 



£ = Vo + 0'o + *o)^> 

i a i dm 1 

E = vl + (iQ + $)R, 

' . t du? 

i\ + i\ = M) + C- L, 

12 3 4 

V 0 = Vq, = v 0 , 

13 2 4 



(197) 



5 This example of internal coupling can be easily generalized to a coupling of N recipients and N power stations 
with N > 2. 
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Fig. 7. Symmetric model of transmission lines: external coupling. 



where ij — i J s (t ) := i ’ ( 8, t ), vj = v J s ( t ) v -'(<5, t) for S e {0, 1}, E is the constant direct 

current voltage and f(v j) is the current through the non-linear resistor in the direction 
shown in Fig. 6. Assume that 

(El) the boundary value problem ( 196)— ( 1 97) admits a unique solution (v(, ;*) := 

(vl ( x , t), ii ( x , ?)), for y = l, 2, 3, 4 such that ^ = 0 (the so-called equi- 
librium point). 

By applying standard transformations (cf. [19]) we obtain from (196) the following sys- 
tem of neutral functional differential equations 



where 



d 

dr 



[x(t) - Qx(t - r)] 



~^c x ( f )~ 

+ ~ QG(x(t - r )), 




Q = 



b 

2 R+b 
2 R 

2 R+b 



2R 1 
2 R+b 

b 

2 R+b J 



G(.r(r)) 



'gCvJlr))' 



(198) 



Configuration 2: External coupling A second example of symmetric coupling was con- 
sidered in [145], where N recipients are mutually coupled via lossless transmission line 
network which are interconnected by a common resistor R a between neighboring recipi- 
ents, and extensively connected with N power stations (see Fig. 7). 

Denote by i ] (x. t) the current flowing in the / -th line at time t and distance x down the 
line and v J (x, t) the voltage across the line at t and x, for / = 1 ..... /V . The same teleg- 




Symmetric Hopf bifurcation: Twisted degree approach 



105 



rapher’s equation (196) holds for i 1 (x . t ) and v J (x, t). However, the boundary conditions 
need to be modified for this external coupling. For j = 1 ..... A', 

E = v J 0 + i^R, 

Hi 

i{ = f(v{) + C-^ - ( V~\t ) - iHt)), (199) 

v{ - v{ +1 - I j (t)R 0 , 

where I°(t) I N (t), v N+l := w, O’s are the so-called coupling terms (see [145]). 

For mathematical simplicity, assume that (cf. (El)) 

(E2) the boundary value problem (196) and (199) admits a unique equilibrium point 
(i ■= (vl(x, t), ii(x, t)), for j = 1 .... , N. 

By applying similar standard transformations, the system (196) with the boundary con- 
ditions (199) can be translated to 

d r -,1 1 1 , , 

— [x(r) - ax(t - r)] = - — Px(t) - —aPx{t - r) - —G(x(t)) 

+ ^a G(x(t-r)), (200) 



where 



r = — , x(t) — 
a 



" v}(t) - 




" g(vj(t)) ~ 




, G(x(t)) = 




-<(0- 




-g(v?(t»- 



a — — - 



R-b 
R + b’ 



P = 



l + f 0 

Ko t \ 0 

b_ i . 2 b_ b_ 

R n 1 R n R 0 



o 

o 



- 4 - o 



L Ro 



0 



b_ 

' R„ 



_b_ , i 2b 

K 1 ' P 



Ro J 



Notice that (200) is a D ^- symmetric system in the following sense: consider D v acting 
on V by permuting the coordinates of vectors 



r v l -i 



e y, 



then the system (200) is symmetric with respect to the -action on V. 



Symmetric configuration of transmission lines Being motivated by the above two generic 
models of symmetric couplings, we consider a general symmetric system of functional 
differential equations and discuss several crucial elements related to computations of its 
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associated bifurcation invariant, which are the prerequisite for the usage of our Maple® 
package. 

Combine the two coupling models in the following symmetric neutral functional differ- 
ential equation 

d r 

— [x(t) — a Qx(t - r)J 

= — P\x(t) — aQP2x(t — r) — aG(x(t)) + ciaQG(x{t — r )) ( 201 ) 

where a and r are positive constants, a e R. is the bifurcation parameter, and 





~x l (t)~ 

X 2 (t) 


eR", G(.r(f)) = 


gCx 1 ^))' 

g(x 2 (t)) 


x(t) = 




-X n (t)_ 




-g(x n (t))- 



For definitiveness, assume n = 12 , r = 1 , and 

(HI) g : R -> R is continuously differentiable, g( 0 ) = g'( 0 ) = 0 ; 

(H 2 ) r = D 12 acts on K 12 by permuting the coordinates of vectors x e V := R 12 , mean- 
ing geometrically it permutes the vertices of the 12-gon; 

(H 3 ) 

(i) Q , P] , /h are 12 x 12 -matrices of the type: 



~c d 0 0 0 0 

d c d 0 0 0 

0 d c d 0 0 

0 0 d c d 0 

0 0 0 d c d 

0 0 0 0 d c 

0 0 0 0 0 d 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

_d 0 0 0 0 0 



0 0 0 0 0 d~ 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
d 0 0 0 0 0 
c d 0 0 0 0 
0 0 d c d 0 
0 d c d 0 0 
0 0 d c d 0 
0 0 0 d c d 
0 0 0 0 d c_ 



( 202 ) 



(ii) for the matrix Q, we choose c — — ^ , d — ^ ; for P\ , c = 5 , d = j ; and for /h, 
c — 25 ,d— 10; 

(H 4 ) we will consider a satisfying |a| • ||< 2 || = ||a| < 1 . 



Remark 8.1. 

(i) It is clear that the system ( 201 ) is symmetric with respect to the /1 12 -act ion on V 
and (a, 0) is a stationary point for all a. 
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(ii) Q, Pi, P 2 are pairwisely commuting matrices. They can be diagonalized simul- 
taneously. In other words, Q, P\, P 2 share the same eigenspaces with respect to 
a certain choice of a basis of V . We use the symbols f, £ and i] to denote the 
eigenvalues of Q, P\, and Pi (respectively) corresponding to the same eigenvector 
veV. 

(iii) One can verify that in the case £ rj > 0, £ and ;/ satisfy ^ for any k e Z. 

In this way, we are dealing here with a D^-symmetric system of functional differential 
equations, and we are interested in studying a Hopf bifurcation phenomenon. 

Let us organize all the eigenvalues of the matrices Q, P\ and Pi according to their 
/)i 2 -isotypical type (see Appendix A): 



k 


& 


ik 


*ik 


Eigenspace 


0 


1 

6 


7 

6 


45 


Vo 


1 


4 + 1V3 




25 + 10^3 


Vi 


2 


1 

12 


5 

6 


35 


v 2 


3 


1 

3 


1 

2 


25 


V 3 


4 


7 

12 


1 

6 


15 


v 4 


5 


-MV3 




25 - 10^3 


V 5 


6 


5 

6 


1 

6 


5 


Vv 



Characteristic equation and isolated centers By linearizing the system (201) at x — 0, 
we obtain 

d r 

— \x{t) — a Qx(t - 1)1 = - P\x{t ) -aQP 2 x(t - 1), 
dr L J 

and substituting x = c ,J v for X e C, 0 ^ v e V, leads to 

Xe xt v — aQXe x(t ~^v = —Pie x 'v — aQP2& X{, ~^v 

i.e. 

[Aid — aQXeT x + Pi +aQPie~ X ]v — 0. 

Therefore, we have the following characteristic equation for the system (201) 

detc A(« 7 o)(A) = 0, (203) 

where 



A(„,o)W := (Aid -aQXe x ) + Pi + aQP 2 e x . 
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Table 3 

Some of the first bifurcation points (o! 0 , f} 0 ), their isotypical types and the corresponding negative spectrum <r_ 



k 


v k 


do 


/So 


G— 


0 


Vo 


0.3134847613 


2.044048292 


/r 2 ./* 3 .M 4 ,/r 5.^7 


1 


Vi 


0.5409015727 


2.014360183 


/r 2 >/r 3 >M 4 ./r 5-M7 


2 


V 2 


-0.7179480745 


1.924503245 


M0. Ml 


3 


v 3 


-0.2206845553 


1.774570762 


M0 


4 


V 4 


-0.1796805216 


1.572004370 


M0 


5 


V 5 


-0.2247337034 


1.340355130 


M0 


6 


V 7 


-0.2821763604 


1.197438321 


M0. Ml 


0 


Vo 


-0.6602221152 


4.841664958 


M0. Ml 


1 


Vi 


-1.163028327 


4.818957370 


M0. Ml 


2 


v 2 


1.638785602’! 


4.751099765 


excluded 


3 


V 3 


0.5502165702 


4.636440934 


M 2 .M 3 ’M4.M5.M7 


4 


V 4 


0.4889847314 


4.460684627 


M 2 .M 3 .M4.M5.M7 


5 


V 5 


0.6255618890 


4.194073856 


M 2 . M 3 . M 4 . M5’ M7 


6 


v 7 


0.7498744480 


3.996406449 


M 2 .M 3 ’M4.M5.M7 


0 


Vo 


1.039854303 


7.829632575 


M 2 ,M 3 .M 4.M5.M7 


1 


Vi 


1.837568325+ 


7.808625800 


excluded 


2 


V 2 


-2.607182120+ 


7.743452649 


excluded 


3 


V 3 


-0.8769191325 


7.623492141 


M0. Ml 


4 


V 4 


-0.7600522375 


7.417224874 


M0- Ml 


5 


V 5 


-0.8856961981 


7.097079227 


M0. Ml 


6 


V 7 


-0.9713506495 


6.886959465 


M0. Ml 



' These values of a 0 have to be excluded because they are not in the required interval (— 5 . |). 



Next, we need to find possible values of a such that (203) has a purely imaginary root 
i/3 for some /l > 0, so we could detect potential bifurcation points (a, fi. 0) e (—1,1) x 
R+ x W. 

By Remark 8.1(h), when restricted to the same eigenspace of Q , Pi and P 2 , the charac- 
teristic equation (203) reduces to the following algebraic equation 



(A. + ^)e A - af (A. - rj) — 0. 



(204) 



By replacing in (204) A with i/1 and separating the real and imaginary parts, we obtain 



tan(yS) = 



Pi j: + n) 

P 2 -^i' 



a 



. sin /l + /I cos /I 

M 



(205) 



The system (205) has infinitely many solutions, which can be easily estimated. In Table 3, 
we present some of the first values of the bifurcation points (a 0 , p o ) arranged according to 
the isotypical type Vk of the eigenspace £(£*). 
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Negative spectrum er_ Consider a bifurcation point (a 0 , p o ). The spectrum er( A (a 0 , p o )) 
of the linear operator A(a 0 , p o ) —j D x f(a 0 , 0)|y is given by 



<r(A(a 0 ,p 0 )) 



1 

ttk = - (& + otoHkmY 

P o 



k — 0, 1,2, 3, 4, 5, 6 



Therefore, the negative spectrum o_ of A(a 0 , P„) can be obtained easily by inspection (see 
Table 3). The V/ -multiplicity m; (p) for each p e cr_ is 1. 



Crossing numbers ftj For a given bifurcation point (a 0 , p o ), in order to evaluate the 
crossing number t k,i(ot 0 , Po), we substitute X = u + ii> in (204), separate the real and 
imaginary parts, and apply implicit differentiation with respect to a at a 0 , u = 0, v — ( J >„. 
If p 0 > 1, then one can show (see [19]) that 



sign 



du 

da 




sign(a 0 ). 



Consequently, if ( a 0 , p o ) satisfies (205) with £ = ft, p — pk and i] = r)k, for some k — 
0, 1,2, 3,4, 5, 6, then 



t u(«o> Po) — -sign(a 0 ). 



Table of results In Table 4 we list the exact values of the local bifurcation invariants 
co(a 0 , Po) for all bifurcation points indicated in Table 3. The dominating orbit types in W 



are (Z> 12 ), (Df 2 ), (Z? 2 ), (Z? 2 ), (Z? 2 ), (Z[ 5 2 ), (5$), and (D$). 



8 . 3 . Global continuation of bifurcating branches 

Here, we apply the general results presented Subsection 6.3 to study the global behavior 
of branches of periodic solutions to the system (187) (with the dihedral symmetries Df) 
occurring as a result of the (local) Hopf bifurcation. 

By applying the same setting as in Subsection 6.1, the problem of finding periodic solu- 
tions to (187) can be reformulated as an equation of type (155), where $ is given by 



5(a, P, u) — u — T(a, P, u). 



(206) 



and 



(F(a, p, u)(t) = (L + K) 



-l 



L ~ {u(t) - H(u(t)))-CG(u(t - P))) + Ku 



(207) 



Throughout this subsection, we assume that the condition (Gl) of Subsection 8.1 is 
satisfied with c — —3, d — 1, and ?; := h(0)g'(0) — 2. 
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Table 4 

Classification of the D \ 2 -symmetric Hopf bifurcation in (201) for selected bifurcation points 





> A?) 


O— 


A>) 


# 


0 


(0.31 348476 1 3,2.044048292) 


M2,M3,M4,M5,M7 


-(Z) 12 ) + (D6) + 2(D 4 ) + (D 3 ) 


1 








- (D 3 ) - (S 2 ) - (£> 2 ) - (Z 4 ) 










-(5i) + (D!) + (Z 2 ) 




1 


(0.5409015727,2.014360183) 


M2,M3>M4,M5>M7 


-(z' 1 2 )H-(Z^ 1 )-(D^) + (Df) 


6 


2 


(-0.7179480745,1.924503245) 


M0, Ml 


-(Z' 2 2 ) - (Df) - (D d ) + (Zf) + (Df) 


4 








+ (Df) + (Si) + (ZJ 1 )-2(Zi) 




3 


(-0.2206845553, 1.774570762) 


M0 


-(D d )-(D d )-( Z' 3 2 ) + (Z^) 


6 


4 


(-0.1796805216,1.572004370) 


M0 


-(Z' 4 2 ) - (D*) - (D 4 ) + (Z 4 ) 


4 


5 


(-0.2247337034, 1.340355130) 


M0 


-(Z' 5 2 )-(Df)-(Df) + (Z 2 ) 


4 


6 


(-0.2821763604,1.197438321) 


M0, Ml 


-(Df 2 ) + (5f) + (D 1 )-(Z 1 ) 


1 


0 


(-0.6602221 152,4.841664958) 


M0, Ml 


-(D 12 ) + (5i) + (D 1 )-(Z 1 ) 


1 


1 


(-1.163028327,4.818957370) 


M0, Ml 


-(Z^) - (Sf )-(£>!*) + (Sf) 


6 








+ (Df) + (Si) + (Di) + (Z 2 ) - 2(Zj) 




3 


(0.5502 1 65702,4.636440934) 


M2,M3,M4,M5>M7 


-(£><;) + (Og) - (Z' 3 2 ) + (S 2 ) 


6 








- (Z>|) + (S3) - (£>3) + (Zj?) 
-(5p + (Z)j)-(5 1 ) + (Di) 




4 


(0.4889847314.4.460684627) 


M2,M3,M4,M5>M7 


-(Z' 4 2 ) + (D|) + (£>4) + (Z{?) 


4 








- (S 2 ) - (S 2 ) - (Z 4 ) + (Z 2 ) 




5 


(0.6255618890,4.194073856) 


M2,M3,M4,M5,M7 


-(Zj 5 2 ) + (Zg 1 )-(S^) + (£'f) 


4 


6 


(0.7498744480,3.996406449) 


M2,M3,M4,M5,M7 


(£>f 2 )-(D 6 )-2(£>f)-(5 2 ) 


1 



+ (D 3 ) + (D~) + (D 2 ) + (Z d ) 
+ (D\) - (DO - (Z 2 ) 



0 (1.039854303,7.829632575) n 2 , M 3 , M 4 , M 5 , M 7 -(£> 12 ) + (Z> 6 ) + 2(D 4 ) + (S 3 ) 1 

-(D 3 )-(S 2 )-(D 2 )-(Z 4 ) 

-(D 1 ) + (D 1 ) + (Z 2 ) 

3 (-0.8769191325,7.623492141) /i 0 ,Ml -(S|) - (Z>|) - (Z' 3 2 ) + (Zj?) + (5j) 6 

+ (Df) + (D 1 ) + (D 1 )-2(Z 1 ) 

4 (-0.7600522375,7.417224874) aiq.MI -(1^ 2 ) - (D\) - (D 4 ) + (1 4 ) + (D\) 4 

+ (£>[) + ( 5 ,) + (D 1 )-2(Z 1 ) 

5 (-0.8856961981,7.097079227) n 0 , m -(Z' 5 2 ) - (5|) - (D d ) + (Sj) 4 

+ (D\) + (»!) + (Di) + (ZJ) - 2(Z X ) 

-(Dj 2 ) + (5f) + (Df)-( ZO 



6 (-0.9713506495,6.886959465) AM), Ml 



1 
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Global Hopf bifurcation in a system with dihedral symmetries Z?8 The system (187) is 
symmetric with respect to the dihedral group F = Z?s acting on V — R x by permuting 
the coordinates of vectors. In addition, er(C) is composed of negative numbers: £o := — 1, 
£1 := —3 + y/l, & —3, £3 := —3 — s/ 2 , £4 := —5 and clearly < — 1 for all e 

1 7 (C). Therefore, for every /, e ct(C), the system of Eqs. (195) has a unique solution 
(q! 0 , f> „) such that f a e (j, n). We are interested in the point (014, fiy) (for | 0 = §4), which 
can be easily approximated, i.e. (014, ff) — (0.1679381755, 1.670963748). By applying 
the same steps as in Subsection 8.1, one can verify that the set o_ for the point ( 0 : 4 , /I 4 ) 
is empty. Since the eigenspace Eif 4 ) is equivalent to V 5 , we obtain that the V 5 -isotypical 
crossing number tsj ( 014 , /I 4 ) = — 1 , which allows us to compute the exact value of the local 
bifurcation invariant 

a>(a 4 ,04) = -(I>8). 

Let us point out that (Z)g ) is a dominating orbit type in W. Therefore, by the local bifurca- 
tion theorem (cf. Theorem 5.4), there exists a branch C := of non-constant periodic 

solutions of the orbit type (D^’ 1 ) (for some / ^ 1), bifurcating from ( 0 : 4 , /I 4 ). Notice that 
£>g C Dg J . 

Assume in addition, the following conditions to be satisfied 

(Bl) tg(t)/h(t) > 0 for all t / 0; lim,-^ tg(t)/h(t) — 00 . 

(B2) There exist constants A, B > 0 and <5, y > 0 with 1 > 8 + y such that 

|/i(r)|^A + B|t| 5 , |g(f)|<A + W. 

Let us point out, that under the above assumptions one has (cf. Remark 6.11): 

(a) if (a, x a ) is a stationary point for the system (187) and a / 0, then x a = 0; 

(b) if a Hopf bifurcation occurs at (a 0 , x Q ), then a 0 / 0. 

Suppose that (a, fi, x) belongs to C. Then, the -symmetry properties of xit) can be 
translated as follows: x(t) = (j: 0 (f),x 1 (O> • • • ,x 7 (t)) T is a ^-periodic solution such that 



x k (t)=x k+l 



(mod 8 ), 



(208) 



and 



x k {t) = x n ~ k ~ { ^ (mod 8 ). (209) 

Combining (208), (209) with condition (Bl) and applying the same argument as in [94], 
one can easily show that the periods p — jf- of solutions (a, f,x)eC satisfy the inequality 
2 < p <4. This fact immediately implies C fl R 2 x {0} = ( 0 : 4 , ^ 4 , 0). 

Consequently, C C R x (tt/ 2, n) x W. Further, using the assumption (B2), one can easily 
show that there exists a constant M > 0 such that for every periodic solution x(t) to (187) 
sup{||.r(f)||: (eRKJIf (see [19]). Thus, 

C c R x (jt/2, n) x {.r e W: ||x||^M}. 
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Finally, the system (187) has no non-constant periodic solution for a = 0, from which it 
follows 



C c (0, oo ) x (jr/2, tt) x {x e W: ||x||<M}. 

However, by Corollary 6.10, the connected component C is unbounded, therefore 
[a„/2, oo) C {a: (a, f,x)eC). 

In this way we obtained the following 

THEOREM 8.2. Consider the system (187) and suppose the conditions (Gl) from Subsec- 
tion 8.1 ( with c — —3, <7=1 and ?; = 2), (Bl) and (B2) are satisfied. Then, the branch 
C := C n d.i of periodic solutions bifurcating from ( a 4, /S4, 0) is unbounded and satisfies 

u t, 

[04, 00) C {a: (a, /3,x)eC}. 



8 . 4 . Symmetric system of Hutchinson model in population dynamics 

Hutchinson model of an n species ecosystem The standard model for the dynamics of a 
simple (single) population (in terms of its density) is the Verhulst equation (cf. [73,70]) 

1 - £)• (210) 

which is based on the idea that the population grows exponentially at low densities and 
saturates towards the carrying capacity K (of resources) at high densities. The Hutchin- 
son model (of a single species) is obtained from (210) by taking into account a delayed 
response to the remaining resources, 

v (f) = au(f)^l — 

where r > 0 is a presumed delay constant and a refers to the intrinsic growth rate. 

Consider an ecosystem composed of n species interacting with each other (according 
to a certain symmetry) by competing (or cooperating) over shared resources such as food 
and habitats, while maintaining a self-inhibiting nature (meaning self-limiting in respond 
to rare resources and self-reproducing to abundant resources). A mathematical treatment 
for such a community model was developed by Levins in [104], where one attaches a loop 
diagram in order to carry out a loop analysis for this community type situation. 

In such a system (which is illustrated on Fig. 8), the coefficient ajj describes the self- 
inhibiting nature of the j-th species, and a\j < 0 (resp. « (/ > 0) is the competing (resp. 
cooperating) coefficient between species i and j. Also, observe that ajj — ap. 



1 ft — r) 
K 



( 211 ) 
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Fig. 8. System with dihedral symmetries. 



Introduce 



«ll 


012 • 


^1 n 


021 


022 • 


' Clin 


- 0/7 1 


0/7 2 


ttnn 



( 212 ) 



and call it the community matrix. This community ecosystem can be described by the 
following equations, 



ii(t) = aCv(t) ■ 




v(t — r) 
K 



(213) 



where *■’ stands for the component-wise “vector-multiplication” u ■ v = [u\V \, . . . , u n v n ] T 
for u = [u i, . . . , u n ] T and v = [tq, . . . , v n ] T (cf. Subsection 8.1). 

By applying the standard substitution, (213) is transformed to the equivalent system 

u(t) = —aCu{t — r) • [l + m(0], (214) 

where u(t) = v(t)/K — 1 is, in fact, a population saturation index with respect to the 
available resources. In order to study the system (214) in a heterogeneous environment, 
we add to (214) a spatial diffusion term, which leads to the following reaction-diffusion 
equations 



— u(x, t) — d — m ( x , t) — aCu(x, t — 1)[ 1 + h(x, f)l, 
at dx L 

where d > 0 is a spatial diffusion coefficient. 



( 215 ) 



114 



Z. Balanov and W. Krawcewicz 



Symmetric system of the Hutchinson model Consider a symmetric system of n species 
Hutchinson model of the form (215) (for t > 0 and x e (0, tv)) 



— u(x , t) — — w u{x , t) — aCufx, t — 1) • [l + u(x, Ol, 
3 1 dx- 

3 

U(x,t)=0, X—0,7T, 

dx 



(216) 



where u : [0, 7r] xI-> R" is a population saturation index (cf. (214)), d > 0 is a spatial 
diffusion coefficient and a 0 is the intrinsic growth rate (cf. (211)), which is consid- 
ered as a bifurcation parameter, and C is a (symmetric) community matrix describing the 
interaction among the species. For simplicity, in what follows, we assume that d — 1. 

Assume that 

(Al) The geometrical configuration described by the system (216) has the icosahedral 
symmetry group A5. The group A 5 permutes twenty vertices of the related dodec- 
ahedron, which means it acts on R 2(l by permuting the coordinates of the vectors 
x e R 20 . The (symmetric) matrix C commuting with this As-action is of the type: 



1 


2 


0 


0 


2 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 " 


2 


1 


2 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


2 


1 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


2 


1 


2 


0 


0 


0 


0 


0 
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0 
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2 


1 . 



(217) 

Under the assumption (Al), the space V R 20 becomes an orthogonal A5 -representa- 
tion and the system (216) is symmetric with respect to the action of the group T = A5. 
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Characteristic equation and isolated centers At the As-symmetric steady-state solution 
(a, 0) the system (216) has the linearization 



— u( x, t) = — ~u(x, t) — aCu(x , t — 1), 
3 1 dx 2 

d 

u(x,t) = 0, X = 0,7T. 

OX 



(218) 



Since the matrix C is symmetric, it is completely diagonalizable with respect to a basis 
composed of its eigenvectors. Consider the spectrum a(C) of the matrix C, 



a(C) = {& = 7, & = 1, $2 = -3, $3 = 3,^4 = 1 + 2V5, $ 5 = 1 - 2V5 } 



and denote by <S($&) C V the eigenspace of £&. One can verify that 

<£(&) = Vo, <£(&) = V u <£(&) = Vi, 

<£($3) = V 2 , <£(&) = V 3 , <£(&) = v 4 . 

Then, 

5 

L 2 ([0,tt]; V)=0L 2 ([O,it]; <£(&)), (219) 

*=o 

and w e L 2 ([ 0, tt] ; V) can be represented as w(x) = Wk(x ), where w , t e Z, 2 ([0, tt]; 

€(^k))- In a similar way, one also has 

5 

L 2 ([0, t r]; V c ) = 0 L 2 ([0, tt]; £ c ®t)), (220) 

jfc=0 



where (f/t) denotes the complexification of the eigenspace £(|/t)- 

Notice that (a, 0) is a F-symmetric steady-state solution to (216) for all (non-zero) a. 
Thus, we can take the set (a, ft, 0), a ^ 0, for the manifold M C V x E G described in 
Subsection 7.1 (see also Subsection 7.2). Moreover, ( a 0 , 0) is non-singular if 0 ^ cr(£ ffo ), 
where C ao ■— -^2 — ot 0 C : H^([ 0, tt]; V ) — > Z, 2 ([0, jr); V] with //q ([0, tt]; V) being the 

subspace of H 2 ([ 0, tt]; V) consisting of functions u satisfying u( 0) = u(jt) — 0. One can 
easily verify that if 

^ m 2 for all k = 0, 2, . . . , 5 and m — 0,1,..., 

d 

then (a„, 0) is a non-singular T-symmetric steady-state solution, i.e. (a o ,0) satisfies the 
condition (C2) from Subsection 7.2. 
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A number X e C is a characteristic root of the system (216) at a F-symmetric steady- 
state solution («,0)eR©y if there exists a non-zero function v e Lr([ 0, 7r]; V c ) such 
that 



A a (X)v(x) := Xv(x ) — 



3 2 , 

— yv(A') + o:e A Cv(x) = 0, 
3x 2 



( 221 ) 



where we put A a A a -o (cf. (174)). 

By using the decomposition (220), v can be written as v(x) = Y^l = o v k(x), for Vk(x) e 
Zs(fi). Consequently, (221) yields 



Aq,(A)i)(a-) 



E 



i^.Vk(x) 



3 , \ 

-^Vk(x) + ae &Vk(x) 1=0. 



( 222 ) 



Next, by using the point spectrum {£,„ := «r 2 }“_ 0 of the (scalar-valued) Laplace operator 

L := — anc l the corresponding eigenspaces £(£,„), we can write Vk(x) = Vk, m {x), 
for D/t.m e £(Cm). thus 



A a (AMx) = ^(A.U£ jm (x) + mV,m(*) + ae x %kVk, m (x)) = 0. (223) 

k,m 



Therefore, 7 e C is a characteristic root of (216) at the T -symmetric steady-state solu- 
tion (a, 0), if 

1 + m 2 + a^k^~ X = 0, for k — 1 , . . . , 5 and m = 0, 1 , (224) 

Computations for the local bifurcation F x S 1 -invariant In order to find the values a„ 
for which the condition (C3) from Subsection 7.2 holds, we need to find purely imaginary 
roots X — if (f > 0) of (224). Assume that (a, 0) is a non-singular T-symmetric steady- 
state solution to (216) (in particular, a f- 0). 

• Computation for purely imaginary roots X = if (f > 0) 

By substituting X — if into (224), 



I m 2 + a^k cos f — 0, 
f — a^k sin f = 0, 



for k — 0, . . . , 5. 



(225) 



In the case m — 0, 

7 r 

P ■ = Pv,0,k = - + V7T, 

a -=oi v fi,k = (-1)" — , 



for k = 0, . . . , 5 and v = 0, 1, Consequently, 

signer = (-1)" sign^. 



(226) 
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Fig. 9. Purely imaginary roots of the characteristic equation. 



In the case m ^ 0 (thus cos P ^ 0 by the first equation in (225)), 



tan B = ■ 



a — — 



777 - 

,,,2 



Hk COS P ' 



(227) 

(228) 



Eq. (227) has infinitely many positive solutions, which are denoted by {P v ,m,k}^Li ( see 
Fig. 9). The corresponding solution a of (228) is denoted by a Vt m,k- I* 1 Table 5 we list 
approximate values of the roots (a VJ „ t k, Pv,m,k ) for rn = 0, 1, 2, 3 and v — 0, 1, 2, 3, 4. 
Also, notice that sign cos p v , m ,k — (— l) v , thus by (228) for m > 0, 



sign a vm Jc = (-lf +1 sign ^ . 



(229) 



• Computation for sign ^w(a)| a=ffi) 

Put u 0 and p o := p vjn ,k- In order to determine the value of the crossing number 

fj, i (a 0 , Po, 0), compute ^ w(a)\ 0l = 0 , o by implicit differentiation. 

By substituting X = w + in into (224), then, differentiating with respect to a, and sub- 
stituting a — a 0 , w = 0 and v — p o , we obtain 



du> 

s ig n ~Y~\ u=u 0 =u v , m ,k 



(— l) 1 ’ signet, if 777 = 0, 

(— T) v+1 sign ft, if 777 = 1,2 



(230) 



Therefore, for m — 0 



I j, 1 (& 0 , Po) — 



(-l) v+1 sign ^777 j(ip o ), j = jp a , 
0, j 7^ jp 0 , 



(231) 
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Table 5 

List of approximate values of several bifurcation points (a 0 , (5 0 ) for (216) 



(y, m) (ofy,m,0’ ( a v,m, 1 ’ l) ( a v ,m, 2’ Pv,m, 2) ( a v,m,3’ Pv,m,3) ( a v ,m,4’ Pv,m, 4) ( a v,m,5’ Pv,m,5) 



(0,0) 


(0.224, 1.57) 


(1.57, 1.57) 


(-0.523, 1.57) 


(0.523, 1.57) 


(0.286, 1.57) 


(-0.451, 1.57) 


(1,0) 


(-0.673,4.71) 


(-4.71,4.71) 


(1.57, 4.71) 


(-1.57, 4.71) 


(-0.857, 4.71) 


(1.35,4.71) 


(2.0) 


(1.12,7.85) 


(7.85, 7.85) 


(-2.62, 7.85) 


(2.62, 7.85) 


(1.43, 7.85) 


(-2.25,7.85) 


(3,0) 


(-1.57, 11.0) 


(-11.0, 11.0) 


(3.67, 11.0) 


(-3.67, 11.0) 


(-2.00, 11.0) 


(3.16, 11.0) 


(4,0) 


(2.01, 14.1) 


(14.1, 14.1) 


(-4.70, 14.1) 


(4.70, 14.1) 


(2.57, 14.1) 


(-4.05, 14.1) 


(U) 


(0.323, 2.03) 


(2.26, 2.03) 


(-0.752, 2.03) 


(0.752, 2.03) 


(0.411,2.03) 


(-0.649, 2.03) 


(2,1) 


(-0.730, 4.91) 


(-5.10,4.91) 


(1.70, 4.91) 


(-1.70, 4.91) 


(-0.928, 4.91) 


(1.46,4.91) 


(3,1) 


(1.13,7.98) 


(7.94, 7.98) 


(-2.64, 7.98) 


(2.64, 7.98) 


(1.45,7.98) 


(-2.28, 7.98) 


(4,1) 


(-1.38, 11.1) 


(-9.62, 11.1) 


(3.20, 11.1) 


(-3.20, 11.1) 


(-1.75, 11.1) 


(2.76, 11.1) 


(1,2) 


(0.679, 2.57) 


(4.76, 2.57) 


(-1.58,2.57) 


(1.58, 2.57) 


(0.866, 2.57) 


(-1.37,2.57) 


(2,2) 


(-0.960, 5.35) 


(-6.72, 5.35) 


(2.24, 5.35) 


(-2.24, 5.35) 


(-1.22,5.35) 


(1.93,5.35) 


(3,2) 


(1.32, 8.30) 


(9.28, 8.30) 


(-3.09, 8.30) 


(3.09, 8.30) 


(1.69, 8.30) 


(-2.66, 8.30) 


(4,2) 


(-1.90, 11.3) 


(-13.3, 11.3) 


(4.43. 11.3) 


(-4.43, 1 1.3) 


(-2.42, 11.3) 


(3.82, 11.3) 


(1,3) 


(1.35,2.84) 


(9.42, 2.84) 


(-3.14,2.84) 


(3.14, 2.84) 


(1.71, 2.84) 


(-2.70, 2.84) 


(2,3) 


(-1.52, 5.72) 


(-10.6,5.72) 


(3.55, 5.72) 


(-3.55,5.72) 


(-1.93,5.72) 


(3.04, 5.72) 


(3,3) 


(1.79, 8.66) 


(12.5, 8.66) 


(-4.16, 8.66) 


(4.16, 8.66) 


(2.28, 8.66) 


(-3.59, 8.66) 


(4,3) 


(-1.99, 11.7) 


(-13.9, 11.7) 


(4.63, 11.7) 


(-4.63, 11.7) 


(-2.53, 11.7) 


(3.99, 11.7) 



and for m A 0 



f /. 1 (^ 0 ’ — 



(—l ) 11 sign m j (i/3 0 ) , j = jp„, 
0 ’ j ± bo ■ 



On the other hand, we have 



mj(ip v , m ,k) = mj(!;k) 



1 for j — k, k A 1 , 

2 for j — k, k — 1 , 
0 otherwise. 



(232) 



Negative spectrum a_ For a given bifurcation point (a 0 , 0), we need to determine 

the negative spectrum er_ of the operator A (given by (180) with u 0 = 0). One can easily 
verify that the spectrum a (A) of the operator A is given by 



a (A) = 




m 2 + Qtob , 
m 2 + 1 



m — 0, 1,2,3,.. 



= 0,1 5 



where the isotypical multiplicity of Km,k is the same as that of £&. Consequently, we can 
define 



nii := m, (/tt), i = 0, 1, 2, 3, 4, 5. 

jU.ec r_ 



For the considered bifurcation points, the values (mo, /«i, m 2 , m 3 , ?« 4 , ?« 5 ) are listed in 
Table 6 . 
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Table 6 

Numbers (mo, mi, m2, m3, /714) for the bifurcation points (<x v m k, /3 v , m ,k) 



(v, m, k ) 


* = 0 


*= 1 


* = 2 


* = 3 


* = 4 


k = 5 


(0, 0, k) 


[0, 1 , 0, 0, 1] 


[0, 3, 0, 0, 3] 


[2, 1,2,2, 0] 


[0, 2, 0, 0, 2] 


[0, 1,0,0, 1] 


[2, 1, 2, 2, 0] 


(1.0, k) 


[3, 1, 2, 2, 0] 


[6, 3, 4, 6, 0] 


[0, 3, 0, 0, 3] 


[4, 2, 3, 3, 0] 


[3, 1,2, 3,0] 


[0, 3, 0, 0, 3] 


(2, 0, k) 


[0, 2, 0, 0, 2] 


[0, 5, 0, 0, 6] 


[5, 2, 3, 4, 0] 


[0, 3, 0, 0, 4] 


[0, 3, 0, 0, 3] 


[4, 2, 3, 4, 0] 


(3,0, k) 


[4, 2, 3, 3, 0] 


[8, 4, 6, 8, 0] 


[0, 4, 0, 0, 4] 


[6, 2, 4, 5, 0] 


[4, 2, 3, 4, 0] 


[0, 4, 0, 0, 4] 


(4, 0, k) 


[0, 3, 0, 0, 3] 


[0, 7, 0, 0, 8] 


[6, 3, 4, 6, 0] 


[0, 4, 0, 0. 5] 


[0, 3, 0, 0, 3] 


[6, 3, 4, 5, 0] 


(1.1,*) 


[0, 1,0,0, 2] 


[0, 3, 0, 0, 3] 


[3, 1,2,3, 0] 


[0, 2, 0, 0, 2] 


[0, 2, 0, 0, 2] 


[3, 1,2, 2,0] 


(2, IT) 


[3, 1,2, 2,0] 


[6, 3, 4, 6, 0] 


[0, 3, 0, 0, 3] 


[4, 2, 3, 4, 0] 


[3, 1,2, 3,0] 


[0, 3, 0, 0, 3] 


(3. IT) 


[0, 2, 0, 0, 2] 


[0, 5, 0, 0, 6] 


[5, 2, 3, 4, 0] 


[0, 3, 0, 0, 4] 


[0, 3, 0, 0, 3] 


[4, 2, 3, 4, 0] 


(4, IT) 


[4, 2, 3, 3, 0] 


[8, 4, 6, 8, 0] 


[0, 4, 0, 0, 4] 


[5, 2, 4, 5, 0] 


[4, 2, 3, 4, 0] 


[0, 3, 0, 0, 4] 


(1,2, k) 


[0, 2, 0, 0, 2] 


[0, 4, 0, 0, 5] 


[4, 2, 3, 3, 0] 


[0, 3, 0, 0, 3] 


[0, 2, 0, 0, 2] 


[4, 2, 3, 3, 0] 


(2,2,*) 


[3, 1,2, 3,0] 


[7, 3, 5, 7, 0] 


[0, 3, 0, 0, 3] 


[4, 2, 3, 4, 0] 


[3, 2, 2, 3, 0] 


[0, 3, 0, 0, 3] 


(3,2,*) 


[0, 2, 0, 0, 3] 


[0, 6, 0, 0, 6] 


[5, 0, 4, 5, 0] 


[0, 4, 0, 0, 4] 


[0, 3, 0, 0, 3] 


[5, 2, 3, 4, 0] 


(4. 2, k) 


[4, 2, 3, 4, 0] 


[8, 4, 7, 8, 0] 


[0, 4, 0, 0, 4] 


[6, 3, 4, 5, 0] 


[5, 2, 3, 4, 0] 


[0, 4, 0, 0, 4] 


(1,3,*) 


[0, 3, 0, 0, 3] 


[0, 6, 0, 0, 6] 


[5, 2, 4, 5, 0] 


[0, 4, 0, 0, 4] 


[0, 3, 0, 0, 3] 


[5, 2, 3, 4, 0] 


(2,3,0) 


[4, 2, 3, 3, 0] 


[8, 4, 6, 8, 0] 


[0, 4, 0, 0, 4] 


[5, 2, 4, 5, 0] 


[4, 2, 3, 4, 0] 


[0, 4, 0, 0, 4] 


(3,3,0) 


[0, 3, 0, 0, 3] 


[0, 7, 0, 0, 7] 


[6, 3, 4, 5, 0] 


[0, 4, 0, 0, 4] 


[0, 3, 0, 0, 3] 


[6, 2, 4, 5, 0] 


(4,3.0) 


[4, 2, 3, 4, 0] 


[8, 4, 7, 8, 0] 


[0, 4, 0, 0, 5] 


[6, 3, 4, 6, 0] 


[5, 2, 3, 4, 0] 


[0, 4, 0, 0, 4] 



Consequently, in order to compute the value of the local bifurcation invariant co( ot v , m ,k-> 
Pv,m,k) we need to use the following Maple® procedure 

showdegree[A 5 ](eo, £1, £2, £3, £4, £5, to, ti, t2, t 3 , t 4 , ts) 

where £,- = m, mod 2 , and (since only §2 and §5 are negative) 

'(-l) v if j — k, k = 0, 3, 4, 

t ; - :=tj(a v , m ,k, Pv, m ,k)= (-l) v+l if j = k, k — 2,5, 

(— l) v 2 ifj = k,k=l. 

Preparation of input data for the Maple ® routines Based on the above computations we 
are now in a position to prepare the input data for the Maple® routines in order to eval- 
uate (for selected bifurcation points f Vt m,k, 0 )) the exact value of the bifurcation 

invariant 

k*)(ptv,m,k’ fv,m,k) 

— showdegree [A5] (£ 0 , £ 1 , £ 2 , £ 3 , £ 4 , £ 5 , to, ti, t 2 , t 3 , t4, ts), 
which is presented in Table 7. 

Table of results In Table 8, we present the classification of the /^-symmetric Hopf bifur- 
cation in (216) for selected bifurcation points (a v , /f v ,m,*> 0). 
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Table 7 

Input data (Eg, £1 , £2* £ 3> £ 4 , £ 5- tg, ti , t 2 , t3, t4, t5 ) for selected bifurcation points (a v m , t, fi v m i) 



Pv , m , k ) 


(v, m , k ) 


Eg, Si, e 2 , £3,64 


tg. tl, t 2 , t3, t4 


( 0 . 224 , 1 . 57 ) 


(0, 0, 0) 


0, 1,0, 0, 1 


-1,0, 0,0,0 


( 0 . 286 , 1 . 57 ) 


( 0 , 0 , 4 ) 


0, 1,0, 0, 1 


0, 0,0,-l,0 


(- 0 . 673 . 4 . 71 ) 


(1,0,0) 


1. 1.0, 0,0 


-1,0, 0,0,0 


( 1 . 57 , 4 . 71 ) 


(1,0, 2) 


0, 0, 1, 1,0 


0, 1,0, 0,0 


( 1 . 35 , 4 . 71 ) 


( 1 , 0 , 5 ) 


0, 1,0, 0, 1 


0, 0, 0, 0, 1 


( 7 . 85 , 7 . 85 ) 


(2,0.1) 


0, 1,0, 0,0 


0, -1,0, 0,0 


( 1 . 43 , 7 . 85 ) 


(2,0. 4 ) 


0. 1,0, 0, 1 


0,0,0, -1,0 


(-11.0, 11.0) 


( 3 , 0 . 1 ) 


0. 0, 0, 0, 0 


0, 1,0, 0,0 


(-2.00, 11.0) 


( 3 , 0 . 4 ) 


0.0. 1,0,0 


0, 0,0, 1.0 


( 2 . 01 , 14 . 1 ) 


( 4 , 0 , 0 ) 


0. 1,0, 0, 1 


-1,0, 0,0,0 


( 4 . 70 , 14 . 1 ) 


( 4 , 0 , 3 ) 


0. 0, 0, 0, 1 


0, 0,-1, 0,0 


( 0 . 323 , 2 . 03 ) 


(1.1,0) 


0, 1,0, 0,0 


0, 0,-1, 0,0 


(- 0 . 649 , 2 . 03 ) 


( 1 , 1 , 5 ) 


1, 1.0, 0,0 


0, 0, 0, 0, 1 


( 1 . 70 , 4 . 91 ) 


(2,1,2) 


0, 1,0, 0, 1 


0, 1,0, 0.0 


(- 0 . 928 , 4 . 91 ) 


( 2 . 1 . 4 ) 


1. 1,0, 1,0 


0,0, 0,-1, 0 


( 7 . 94 , 7 . 98 ) 


( 3 , 1 , 1 ) 


0, 1,0, 0,0 


0, 1,0, 0,0 


( 1 . 45 , 7 . 98 ) 


( 3 , 1 , 4 ) 


0, 1,0, 0, 1 


0, 0,0, 1,0 


(- 3 . 20 , 11 . 1 ) 


( 4 . 1 , 3 ) 


0. 0, 0, 0, 0 


0, 0,-1, 0,0 


( 2 . 76 , 11 . 1 ) 


( 4 . 1 . 5 ) 


0. 1,0, 0,0 


0, 0, 0, 0, 1 


( 4 . 76 , 2 . 57 ) 


(1,2,1) 


0,0. 1, 1,0 


0, 1,0, 0,0 


(- 1 . 37 , 2 . 57 ) 


( 1 , 2 , 5 ) 


0, 0, 1, 1,0 


0, 0,0,0. 1 


( 2 . 24 , 5 . 35 ) 


(2, 2, 2) 


0. 1,0, 0, 1 


0, 1,0, 0.0 


( 1 . 93 , 5 . 35 ) 


( 2 , 2 , 5 ) 


0. 1,0,0, 1 


0, 0, 0, 0, 1 


(- 3 . 09 , 8 . 30 ) 


( 3 , 2, 2 ) 


1.0, 0, 1,0 


0, -1,0, 0,0 


( 1 . 69 , 8 . 30 ) 


( 3 , 2 . 4 ) 


0, 1,0, 0, 1 


0, 0,0, 1.0 


(- 2 . 42 , 11 . 3 ) 


( 4 , 2 , 4 ) 


1.0, 1,0,0 


0,0, 0,-1, 0 


( 3 . 82 , 11 . 3 ) 


( 4 , 2 . 5 ) 


0,0. 0, 0,0 


0, 0, 0, 0, 1 


(- 3 . 14 , 2 . 84 ) 


( 1 , 3 , 2 ) 


1.0. 0, 1,0 


0, -1,0, 0,0 


(- 2 . 70 , 2 . 84 ) 


( 1 , 3 , 5 ) 


1,0, 1,0,0 


0, 0,0,0. -1 


( 3 . 55 , 5 . 72 ) 


( 2 , 3 , 2 ) 


0.0. 0, 0,0 


0, 1,0, 0,0 


(- 1 . 93 , 5 . 72 ) 


( 2 , 3 , 4 ) 


0.0. 1,0,0 


0, 0,0,-l,0 


( 4 . 16 , 8.66) 


( 3 , 3 , 3 ) 


0.0, 0, 0,0 


0, 0, 1,0.0 


(- 3 . 59 , 8.66) 


( 3 , 3 , 5 ) 


0. 0, 0, 1,0 


0,0,0, 0,-1 


(- 4 . 63 , 11 . 7 ) 


( 4 , 3 , 3 ) 


0, 1,0, 0,0 


0, 0, -1,0,0 


(- 2 . 53 , 11 . 7 ) 


( 4 , 3 , 4 ) 


1.0. 1,0,0 


0, 0,0,-l,0 



8.5. Bibliographical remarks 

The model presented in Subsection 8.1 was rigorously studied in [11] . Symmetric config- 
uration of transmission lines presented in Subsection 8.2, was analyzed in details in [15] 
The global bifurcation results given in Subsection 8.3 were published in [13]. For more de- 
tails we refer to [19]. Similar systems of symmetric DEs and FDEs were also considered in 
[67,65,66,68,92,94,95,129,140,145,146,148]. In the non-symmetric case, local and global 
Hopf bifurcation problems in FDEs were studied in [36,1 10,11 1,124,125,122,123]. 

The results presented in Subsection 8.4 were taken from [16]. For population ecology 
background, which was used in this section, we refer to [73,136,56,70]. An equation, sim- 
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Table 8 

Classification of the A 5 -symmetric Hopf bifurcation in (216) for selected bifurcation points (ce v ,m,k’ Pv,m,ki 0) 



( a v,m,ki fiv,m,k) 


(v, m, k ) 




# branches 


(0.224, 1.57) 


( 0 , 0 , 0 ) 


-(A 5 ) + 2(A 4 ) + 2 (D 3 ) + (Z 5 ) - 2(Z 3 ) - 2(Z 2 ) + (Zj) 


1 


(0.286, 1.57) 


( 0 , 0 , 4) 


-(Dip + (Df ) + (Zf 1 ) + (Z 5 ) + (V“) + (Zf) - (Zj) 


48 


(-0.673, 4.71) 


( 1 , 0 , 0 ) 


{A S ) - 2 (A 4 ) - 2 (D 3 ) + 3(Z 3 ) + 3(Z 2 ) - 2(Zi) 


1 


(1.57.4.71) 


( 1 , 0 , 2 ) 


(A 4 ) - (Of) - (D 3 ) + (Zf 1 ) + (Zf 2 ) + (V-) + (Zp + (Z 3 ) 
+ (^2 ) (^ 2 ) — ) 


55 


(1.35.4.71) 


(1,0, 5) 


(Op - (Dp - (Zf 2 ) - (Z 5 ) - (V 4 “) - (Zp + (Zj) 


48 


(7.85, 7.85) 


( 2 , 0 , 1 ) 


(A 4 ) + (Dp + (D 3 ) - (Z 5 1 ) - (Z 5 2 ) + (V 4 -) - (Zp 
-3(Z 3 )-3(Z“)-3(Z 2 ) + 4(Zi) 


55 


(1.43,7.85) 


( 2 , 0 , 4) 


-(Dp + (Dp + (Z'p + (Z 5 ) + C V ~ ) + (Zp - (Zj) 


48 


(- 11 . 0 , 11 . 0 ) 


(3,0,1) 


(A 4 ) + (Dp + (D 3 ) + (Z' 1 ) + (Zf 2 ) + (Vp) + (Zp 
- (Z 3 ) - (Z-) - (Z 2 ) 


55 


(- 2 . 00 , 11 . 0 ) 


(3,0,4) 


—(Op - (Op - (Z 5 1 ) + (V 4 “) - (Zp - (Z 2 ) + (Zj) 


48 


(2.01, 14.1) 


(4, 0, 0) 


~{A 5 ) + 2 (A 4 ) + 2(D 3 ) + (Z 5 ) - 2(Z 3 ) - 2(Z 2 ) + (Zj) 


1 


(4.70, 14.1) 


(4,0, 3) 


— (A 4 ) - (A 4 2 ) - (D 5 ) - (D 3 ) + (Zf 1 ) + (Z' 2 ) 

+ (^ 5 ) — (p ) + 4(Zp + (Z 3 ) + 2(Z 2 ) + 5(Z 2 ) — 5(Z[) 


50 


(0.323, 2.03) 


( 1 . 1 , 0 ) 


(A 4 ‘ ) + (A 4 2 ) - (D 5 ) + (D 3 ) - (Z 5 1 ) - (Z' 2 ) 

+ (V 4 -) - 4(Zp - (Z 3 ) - 2(Z“) - 3(Z 2 ) + 4(Z0 


50 


(-0.649, 2.03) 


(1. 1.5) 


-(Op + (Op - (Zf 2 ) + (V~) - (Zp - (Z 3 ) - 2(Z“) 
— (Z 2 ) + 2(Zj) 


48 


(1.70,4.91) 


( 2 . 1 , 2 ) 


-(A 4 ) - (Op - (D 3 ) - (Z'P - (Z 5 2 ) - (V~) - (Zp 
+ (^ 3 ) + (^2 ) (^ 2 ) 


55 


(-0.928, 4.91) 


(2. 1,4) 


(Op - (Dp - (Zf 1 ) - (Z 5 ) - (V 4 -) - (Zp + (Zi) 


48 


(7.94, 7.98) 


(3.1.1) 


-(A 4 ) - (Dp - (D 3 ) + (Z'P + (Z 5 2 ) - {V~) + (Zp 
+ 3(Z 3 ) + 3(Z“) + 3(Z 2 ) - 4(Zi) 


55 


(1.45,7.98) 


(3.1,4) 


(Of) - (Dp - (Zg 1 ) - (Z 5 ) - (V~) - (Zp + (Zj) 


48 


(-3.20, 11.1) 


(4. 1,3) 


— (A 4 ) - (A 4 2 ) - (Ds) - (D 3 ) - (Zf 1 ) - (Z' 2 ) 
-(V 4 -) + 2(Z 2 ) 


50 


(2.76, 11.1) 


(4, 1.5) 


(Of) - (Of) + (Zf 2 ) - (V~) + (Zp + (Z 3 ) + 2(Z“) 
+ (Z 2 )-2(Z 1 ) 


48 


(4.76, 2.57) 


( 1 , 2 . 1 ) 


(A 4 ) - (Op - (D 3 ) + (Zf ) + (Zf 2 ) + (V 4 -) + (Zp 
+ (^ 3 ) + (^2 ) (^ 2 ) — 2(^1 ) 


55 


(-1.37, 2.57) 


(1.2,5) 


-(Of) - (Of) + (Zf 2 ) + (Z 5 ) + (V 4 “) + (Zp + (Z 3 ) 
+ 2(Z-)-2(Zi) 


48 


(2.24, 5.35) 


( 2 , 2 , 2 ) 


— (a 4 ) - (Of) - (D 3 ) - (Zf) - (Zf 2 ) - (V 4 -) - (Zp 
+ (^ 3 ) + (^2 ) (^ 2 ) 


55 


(1.93,5.35) 


(2, 2, 5) 


(Of) - (Of) - (Zf 2 ) - (Z 5 ) - (V 4 “) - (Zp + (Zj) 


48 


(-3.09, 8.30) 


(3, 2, 2) 


(A 4 ) + (Of) + (D 3 )— (zf 1 ) — (Zp) + (V 4 -) - (Zp 
— 3(Z 3 ) — 3(Zf ) — 3(Z 2 ) + 4(Z[) 


55 


(1.69, 8.30) 


(3,2,4) 


(Of) - (Of) - (Zp) - (Z 5 ) - (V 4 -) - (Zf) + (Zj) 


48 


(-2.42, 11.3) 


(4, 2, 4) 


-(Of - (Df) - (Zf 1 ) + (V~) - (Zf) - (Z 2 ) + (Zj) 


48 


(3.82, 11.3) 


(4, 2, 5) 


(Of) + (Df) + (Zp) + {V~) + (Zf) - 2(Z“) 

(1 continued 


48 

on next page) 
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Table 8 
(i continued ) 



Hv,m,k) 


(v, m, k ) 




# branches 


(-3.14, 2.84) 


(1,3,2) 


(A 4 ) + (Dj) + (D 3 ) - (Z' 1 ) - (Z' 2 ) + (V~) - (Z') 
-3(Z 3 )-3(Z-)-3(Z 2 )+4(Z 1 ) 


55 


(-2.70, 2.84) 


(1,3,5) 


-(£>§) - (Op - (z' 2 ) + (V 4 -) - (Z ' ) - (Z 2 ) + (Zj) 


48 


(3.55, 5.72) 


(2, 3, 2) 


(A 4 ) + (Dp + (D 3 ) + (Z' 1 ) + (Z' 2 ) + (V-) + (Zp 
- (Z 3 ) - (Z-) - (Z 2 ) 


55 


(-1.93,5.72) 


(2,3,4) 


(op + (Dp + (Z' 1 ) - (y-) + (Zp + (Z 2 ) - (Z 3 ) 


48 


(4.16, 8.66) 


(3, 3, 3) 


(A 4 ‘ ) + (A4 2 ) + (Z> 5 ) + (D 3 ) + (Z' 1 ) + (Z' 2 ) + (V-) - 2(Z 2 ) 


50 


(-3.59, 8.66) 


(3,3,5) 


-(Dp - (Dp + (Z' 2 ) + (Z 5 ) - (V-) + (Zp + (Z 3 ) 
+ 4(Z 2 ) + (Z2) — 3(Zi ) 


48 


(-4.63, 11.7) 


(4, 3, 3) 


(A4 1 ) + (A4 2 ) - (Z> 5 ) + (D 3 ) - (Z5 1 ) - (Z5 2 ) 

+ (V“) - 4(Zp - (Z 3 ) - 2(Z“) - 3(Z 2 ) + 4(Zj) 


50 


(-2.53, 11.7) 


(4, 3, 4) 


-(Dp - (Dp - (Z' 1 ) + (y-) - (Zp - (Z 2 ) + (Z,) 


48 



ilar to (215) (for a single species in one dimensional space), was also studied in [145] for 
the stability property of the periodic solutions bifurcating from 0. 



Appendix A 

Dihedral group Dn 

Represent the dihedral group Dy of order 2 N as the group of rotations 1, §, £ 2 , . . % N ~i 

2yti 

of the complex plane (where § is the multiplication by eT) plus the reflections k, Kp 
Kp 2 , . . ., k^ n ~ 1 with k being the operator of complex conjugation described by the matrix 

[ 1 -°.]- 

Let us introduce some special subgroups of /f y and of /)y x 5*. For a positive integer 

2 jt i 

k with k\N, and y e * , we have: 

(i) the subgroups Dk — {1, y, y 2 , . . . , y k ~\ k, Ky Ky k ~ 1 } and their isomorphic 

copies 

D kJ = {1, y,y 2 ,..., y k ~ l ,Ki;j,Kl;jy, K^y k ~'} c D N , 

j = 0, 1 , . . . , j- — 1 , which are all conjugate if j- is odd, but split into two conju- 
gacy classes (Dk) and (DO, where Dk := lh i - if j- is even; 

(ii) the twisted subgroups of Z k = {1, y, y 2 , . . . , y k ~ 1 }, which are the subgroups 



Z'' :={(!, 1), (y, y r ), (y 2 , y 2r ), (y k ~ l , y (k ~" r )}. 




Symmetric Hopf bifurcation: Twisted degree approach 



123 



with r e {0, 1, . . . , k — 1}. Obviously, for 0 < r < |, kZ'^k = Z ^ r , i.e. Z^ and 
l!f~ r are conjugate; 

(iii) the twisted subgroups 

D\ = {(1, 1), (y, 1), . . . , (y k l , 1), (k, —1), (icy, — 1), . . . , (/cy* -1 , — 1)}, 

of Dk (and similarly for the D^j and, in particular, for DO; 

(iv) another set of twisted subgroups in the case k — 2m : 

First, 



Kn = {(1- 1). O'. -1), O' 2 , !),•••, O'* -1 . -1), (K, 1), (ICY, -1), • - , 

(KY k ~\-\)} 

and similarly 

D d lm = {(1, 1), (Y, -1). O' 2 - !)-•••- O'* -1 . -1). (*£, 1), 0 ct-Y, -1), 

1 )}. 

If =: / is even, then 

oi, := {(1, 1), O', -1), O' 2 . D, • •• , O'* -1 , “!), («,—!). (*y, D, 

• ••, ('ey* -1 , 1)} 

27T i j 2tt i l j l 

= e 4 "' 02 m e4 '" = $ 3 £> 2 ^, 

i.e. D^ );) and D^ are conjugate, but not in the case of / := ^ being odd. Observe 
that for 5 ^ e {3, 5,7,.. .}, 






_ z(^ +1) £)^ fcz (sr+F = D(? 

2 m’ 2 m’ 



i.e. D' 



2 m 



D 



2 m ’ 



(v) the subgroup, for k = 2m, 

Kn ■■= Kn = {(0 1), O', -1)- O' 2 , 1) O' 2 " -1 , - I)}- 



In the case m = 1 we will write Z,, instead of Z, . 



Irreducible representations of dihedral groups 



Let us describe the list of all real irreducible representations of D n . 
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(aO) Clearly, there is a one-dimensional trivial representation Vo- In this case, 

de gVo = “(AO- 

(al) For every integer number 1 ^ j < n/2, there is an orthogonal representation Vj of 
D, , on C given by 

yz y-i ■ z, for y e Z„ and z e C; 
kz z, 

where y J ■ z denotes the usual complex multiplication. Put 
h:=gcd(j,n) and m:—n/h. (233) 

Put ;„:=[(« + l)/2], 

(a2) There is a representation V /n given by the homomorphism c: D n —> Z2, such that 
ker c — Z„ . 

(a3) For n even, there is an irreducible representation V/,,+1 given by d\ D n — >• Z2 such 
that ker<f = Z>„/2- 

(a4) Also, for n even, there is an irreducible representation Vj n + 2 given by cl : l)„ Z2, 

where kerJ = D n / 2. 



Icosahedral group A5 



Consider the icosahedral group I consisting of symmetries (preserving orientation) of a 
regular icosahedron. The group I is isomorphic to the alternating group of five elements 
A5 and it has 60 elements. Let us list (nontrivial) representatives of the conjugacy classes 
of the subgroups in A5: 

Z 2 = {(1), (12) (34) } , 

Z 3 = {(1), (123), (132)}, 

V 4 = {(1), (12) (34), (13) (24), (23) (14)}, 

Z 5 = {(1), (12345), (13524), (14253), (15432)}, 

D 3 = {(1), (123), (132), (12) (45), (13)(45), (23)(45)}, 

A 4 = {(1), (12) (34), (13) (24), (14) (23), (123), (132), (124), (142), (134), 
(143), (234), (243)}, 

D 5 = {(1), (12345), (13524), (14253), (15432), (12)(35), (13) (45), (14)(23), 
(15) (24), (25)(34)} . 
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We have the following list, up to conjugacy, of the twisted (one-folded) subgroups II' 4 ' 
of A 5 x .S 1 , where H is a subgroup of A 5 , cp : H -> S 1 a group homomorphism, and II 41 = 
{(h,z)eH x S l : <p(h) = z}: 

z 2 ={((D, 1 ),((12)(3 4 ),-1)}, 

V- = {((1), 1), ((12)(34), -1), ((13) (24), -1), ((23)(14), 1)}, 

Z 5 = {((1), 1), ((12345), f), ((13524), f 2 ), ((14253), £ 3 ), ((15432), § 4 )}, 

til = {(0), 1), ((12345), § 2 ), ((13524), f 4 ), ((14253), |), ((15432), § 3 )}, 

Z 3 = {((1)’ l)’ ((123), y), ((132), y 2 )}, 

D\ = {((1), 1), ((123), 1), ((132), 1), ((12) (45), -l), ((13)(45), -l), 
((23)(45), -1)}, 

A'l = {((1), 1), ((12)(34), 1), ((13X24), 1), ((14) (23), l), ((123), y), 

(032), y 2 ), ((124), y 2 ), ((142), y), ((134), y), ((143), y 2 ), 

((234), y 2 ), ((243), y)}, 

A‘ 4 2 = {((1), 1), (02)(34), 1 ), ((13)(24), 1 ), ((14) (23), l), ((123), y 2 ), 

((132), y), ((124), y), ((142), y 2 ), ((134), y 2 ), ((143), y), ((234), y), 
((243), y 2 )}, 

D : 5 = {((1), 1), ((12345), 1), ((13524), l), ((14253), l), ((15432), l), 
((12)05), -1), (03)(45), -1), ((14) (23), -l), ((15)(24), -l), 
((25)04), -1)}, 

2 7t • 2it i 

where § = e s , y — e 3 . 



Irreducible representations of As 

There are exactly 5 irreducible representations of A 5 : Vq - the trivial representation, Vi 
- the natural 4-dimensional representation of A 5 , V 2 - the 5-dimensional representation 
of A 5 , and two 3-dimensional representations V 3 and V 4 . We distinguish these two repre- 
sentations by their characters X3 an d X 4 > i- e - we assume that 

, \ 1 T V5 . ,1 — V5 

X3 ((12345)) = X4((12345)) = — . 

Notice that all the irreducible T -representations considered in this appendix are of real 
type. Therefore, the corresponding to V/ irreducible T x .S ' 1 -representation Vjj can be 
easily constructed from the formula Vjj = 1 V). 
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1. Introduction 

In the last four decades, the field of nonautonomous dynamical systems has developed from 
a loose collection of results and techniques into a coherent area with a recognizable and 
characteristic set of methods and problems. Among the more classical areas of pure and 
applied mathematics which it has influenced are spectral theory, control theory, bifurcation 
theory, functional differential equations, monotone systems, and others as well. 

There is a certain amount of conceptual overlap between the fields of nonautonomous 
dynamical systems and stochastic dynamical systems. In the latter area, one places em- 
phasis on the use of dynamical techniques to study stochastic differential equations. This 
point of view has been applied systematically and with particular success by L. Arnold and 
his school. It is natural to think of the two fields - nonautonomous dynamics and stochas- 
tic dynamics - as occupying complementary parts of the theory of differential equations 
with time-varying coefficients. It may not be unreasonable to use a term such as “random 
dynamics” to cover their union. 

Be that as it may, the following considerations allow one to distinguish the two fields. 

First of all, a nonautonomous dynamical system is frequently defined in terms of the so- 
lutions of a differential equation whose coefficients vary with time, but in a nonstochastic 
way. The limiting case is that of equations with periodic time dependence; however, one 
is also interested in equations whose coefficients satisfy Bohr almost periodicity, Birkhoff 
recurrence, or still weaker recurrence properties. One can express the same idea in a differ- 
ent way by saying that the time dependence of the coefficients exhibits randomness which 
is “between" periodicity and stochasticity. 

A second distinction occurs on the methodological level. Ergodic techniques, for ex- 
ample the Oseledets theory, have an important place in the study of stochastic dynamical 
systems. This is true in the study of the nonautonomous ones, as well. However, in the 
latter area, techniques of topological dynamics are of equal importance. There is a reason 
for this. Namely, a Bebutov-type construction can often be applied to the right-hand side of 
a nonautonomous differential equation, giving rise to a compact hull. The solutions of the 
original equation together with those of the equations in the hull then form a continuous 
dynamical system. Of course one has a vast array of results available to study this sys- 
tem; they are associated with the names of Bronstein, Ellis, Furstenberg, Sell, and many 
other researchers. These results, however, cannot usually be applied to a stochastic dynam- 
ical system since, for such a system, the equivalent of the “hull” has only a measurable 
structure (but see [69]). 

We will explain the Bebutov construction later on. Before doing so, we make some 
simple observations concerning autonomous differential equations, with the purpose of 
putting the succeeding discussion into perspective. 

It is well known that the solutions of an autonomous differential equation 

x'=f (x), .teP (1.1) 

define a local flow on R" if / is Lipschitz continuous. They define a global flow if / is 
complete; that is, if for each .ro € R", the solution x(t) of (1.1) satisfying x(0) = xq is 
defined on the whole real line — oo < t < oo. This simple observation is very useful if one 
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wishes to study the asymptotic behavior of the solutions of Eq. (1.1). In particular, a coher- 
ent and articulated answer to the question “where do the solutions go?” can be given using 
the concepts of a- and &>-limit sets, attractors and repellers, basins of attraction/repulsion, 
etc. 

The situation is quite different if / is time dependent: / = f(t, i),(teR,reR"). It is 
of course true that, if / is T -periodic for some T > 0, then one can introduce the period 
map defined by solving 

x’ = f(t,x) (1.2) 

for initial conditions x(0) e R" and continuing them for time T . One thus obtains a discrete 
flow or discrete dynamical system, at least if all solutions of (1.2) exist for all t e R. The 
study of such a system is in many (but not all) ways analogous to that of the continuous 
dynamical system defined by the solutions of the autonomous equation (1.1). 

If / is aperiodic, however, the period map is not available. The fact is that such objects 
as &>- limit sets do not in general provide much information about the asymptotic behavior 
of the solutions of (1.2). One can adjoin the equation t' — 1 to (1.2), thereby obtaining an 
autonomous equation on R x R" which defines a dynamical system on that space. How- 
ever, all a- and w- limit sets are empty. Moreover, the r -recurrence properties of / are not 
reflected in the extended vector field. The addition of the equation t' = 1 to (1.2) therefore 
is unsatisfying if one wishes to use dynamical methods to study Eq. (1.2). 

Fortunately, it turns out that very often a simple and direct construction - first studied 
systematically by Bebutov ([12], also [143]) - permits one to use the full panoply of meth- 
ods of dynamical systems theory to study the solutions of a nonautonomous differential 
equation (1.2). See, e.g., [33,94,143]. Let us illustrate the Bebutov construction in the case 
of a linear system 

x' — A(t)x, xeR",/eR (1.3) 

where A is a bounded, uniformly continuous function with values in the space Ml,, of n x n 
real matrices. Introduce the space C = C(R, M„) = [C:R — > M„ | C is continuous and 
bounded], equipped with the topology of uniform convergence on compact subsets of R. 
For each / e R, let t, : C — > C be the translation: 

r ,(C)(-) = C(r + .) (C eC). 

Then [r r | t e R] defines a flow on C. That is to = idv; r t o r s = r t+s for all t. e R; and 
r :C x R — > C: r(C, t) = r ,{C) is continuous. We call [r r ] the Bebutov flow on C. 

Now view A(-) as an element of C. Let £2 = cls[r r (A) 1 1 e R}. Then £2 is compact since 
A is uniformly continuous. Let us outline a proof of this fact. Let [f ;i ] C R be a sequence. 
We first show that the sequence { r tn ( A ) ] contains a subsequence which converges in C. 
For, let k ^ 1, let //. = [— k, k] C R. By the Ascoli-Arzela theorem, there is a subsequence 
t ni t„j , of {t n } such that {t nj (A)} converges uniformly on 1^. We label this sequence 
tj (j — 1,2,...), then set sk — (k = 1,2,...). Clearly [r^. (A)} converges in C. If {&>„} C 
£2 is a sequence, we approximate co n e C by x trl (A) for an appropriate t n e R, then extract 
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a convergent subsequence of {co„} by applying the Ascoli-Arzela theorem and a Cantor 
diagonal argument to the sequence [r tn (A)}. 

Note further that £2 admits a dense orbit. Also £2 is invariant with respect to the Bebutov 
flow. If co e £2, then it makes sense to speak of the differential equation x' = co(t)x. A 
notational device is convenient. Define A : £2 — > M„: A(o>) = tt>(0). Then A(r r (&>)) = co(t) 
for all co e £2, t e R. Moreover if we write &>o — A e £2, then A(r t (ooo)) = A(t), and so the 
differential equation x' = A(r t (a>o))x coincides with (1.3). 

Let us abuse notation and write A : £2 -* M„: A(co ) = co( 0). We consider the family of 
equations 



x' — A(t,(co))x (x € R", co e £2). (1.3®) 

This family is indexed by the compact, Bebutov-invariant set £2 C C, and contains the 
initial equation (1.3) = (1.3® 0 ). 

Let co e £2, and let <t>®(0 be the fundamental matrix solution of (1.3®). The collection 
{<J>®(f) | co e £2} defines a map <E> : £2 x R -> GL(n, R) : (co, t ) (->• $«(!). The map <J> is a 
cocycle ; i.e., it satisfies the relation 

= ®a>(t + 5) (®e£2;t,ie R). 

The cocycle relation follows from uniqueness of solutions, which holds for Eqs. (1.3®). 
Now, using the cocycle relation, one verifies the following assertion. 

For each t e R define f : £2 x R" —*■ £2 x R" via the formula 

T t (co,x) = (t,(co), ® m (t)x)\ 

then (£2 x R", {r,}) is a flow. Note that the first coordinate on the right does not depend 
on x, and that the second coordinate on the right is linear in x. 

The flow {r r } is a nonautonomous analogue of the one-parameter group {f, = e' 1 ' } gen- 
erated by the linear autonomous equation x' = Ax. The systematic study of the flow {z>} 
on £2 x R" has led to new insights concerning the properties of solutions of linear nonau- 
tonomous ODEs. Experience has shown that, although some problems involving linear 
systems (1.3) can be treated without introducing the hull £2 and the flow {f r }, others seem 
to require it for effective study. 

Next, consider a nonlinear nonautonomous equation (1.2). Suppose that, for each com- 
pact set K c R", / is uniformly continuous and uniformly bounded on lx f. For sim- 
plicity, suppose also that / is uniformly Lipschitz on each set R x K, in the sense that 
there is a constant Mk such that 

| f(t,x) - fit, y) | < M k \\x - y\\ 

for all t e R, x, y e K. 

In this case, one can carry out a Bebutov-type construction to obtain a compact, 
translation-invariant set £2 = £2 f of functions co ( t . x), each having the properties satisfied 
by / which are listed above. The flow is defined by r t (co)(-, x) = oof + 1, x). Furthermore, 
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if w e f2,A'o e R, and x(t ) is the solution of the equation x' = co{t,x) which satisfies 
x(0) = xo, then the locally defined mappings given by r t (co,x o) = (r t (co),x(t)) define a 
local flow on £2 x R " . This flow is global if all solutions of all equations x' = u>(t, x) exist 
on (— 00 , 00 ). In this case, one obtains a dynamical system on £2 x R", the behavior of 
whose orbits reflects the behavior of the solutions of the various equations x' = a> ( t , x), 
and also reflects the r -recurrence properties of /. These last properties are encoded in the 
translation flow {r,} on £2. 

One can now systematically apply the methods of topological dynamics, ergodic theory 
etc. to study the solutions of the family of equations x' = oi(t, x) (01 e £2). This procedure 
not infrequently leads to insights concerning the original equation which might not other- 
wise have come to light. Of course the remark made above for linear systems applies to the 
nonlinear ones, as well. 

Constructions of Bebutov-type can also be carried out for wide classes of parabolic 
or hyperbolic partial differential equations and for functional differential equations with 
time-varying coefficients. As a consequence, one can effectively use “dynamical” methods 
to study such equations. See, e.g., [4,1 19,124,125] for examples illustrating this approach. 
We will not give more details here because our attention in this paper will be focused on 
linear ordinary differential equations, usually in dimension 2. 

We turn to an outline of the contents of this paper. Consider the linear, nonautonomous, 
two-dimensional differential equation 



x' = A{t)x, 




1 e R. 



(1.4) 



We are interested in functions A(-) which depend aperiodically on time; on the other hand 
we will impose certain recurrence properties on A. In fact, we will always assume that A 
is stationary and ergodic in a sense to be defined later (Section 2). Often we will assume 
that A is a Birkhoff recurrent function of t, or even that A is Bohr almost periodic. Even 
under such restrictive hypotheses, we will see that the solutions of ( 1 .4) exhibit remarkable 
properties which have no analogues in the case of periodic systems. 

In Section 3, we will study the minimal subsets of the projective flow defined by 
Eq. (1.4). We will always assume that A(-) is Birkhoff recurrent and usually that it is 
Bohr almost periodic. A characterization of the minimal subsets of the projective flow con- 
stitutes one approach to generalizing to recurrent systems (1.4) the standard Floquet theory 
for periodic linear systems. 

In more detail, let C — C(R, M 2 ) with the compact-open topology, and let £2 C C be 
the result of the Bebutov construction applied to AC-)- By carrying out the various steps 
discussed previously, we obtain a family of differential systems 

x' = A(r t (o)))x; (1.4 W ) 



the original equation (1.4) is in this family. 

Let P be the set of lines through the origin in R 2 . Thus P is the one -dimensional real 
projective space and is topologically a circle. The family (1.4^) induces a flow on E = 
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£2 x P, in the following way. Let <t> m (f ) be the fundamental matrix solution of ( 1 A,,,). For 
each t e R, set 

T t {co, I) — (r ,(&>), (co e £2, / eP). 

It is easy to verify that (£, {f>}) is indeed a flow. We set the goal of classifying those 
compact, nonempty, \i t | - invariant subsets M C £ which are minimal in the sense that, 
for each m e M, the orbit [r t (m) \ t e R] is dense in M. 

Such minimal sets are quite easy to understand if A is periodic. In the case when A is 
Bohr almost periodic, however, a minimal subset M cS may have properties quite unlike 
those occurring when A is periodic. In the recurrent case, there are even more possibilities 
for M. To simplify the discussion, we will assume, with few exceptions, that A is almost 
periodic. 

One striking phenomenon which may be present in the projective flow of an almost 
periodic family (1.4 W ) is that of almost automorphy in the sense of Bochner and Veech 
[20,150,151]. We will see that various types of almost automorphic, non-almost periodic 
minimal sets can be realized as invariant subsets of the projective flow defined by an almost 
periodic family (1.4^). Moreover, we will see that these almost automorphic minimal sets 
illustrate in a concrete way such phenomena as Marcus-Moore disconjugacy, unbounded 
mean motion, and strange nonchaotic attractors. Examples illustrating these phenomena 
are of “M-V type”, where the letters indicate the names of Millionscikov and Vinograd. 
They constructed the first examples of almost periodic families ( 1 A 0I ) containing equations 
which are not almost reducible [108,152]. It later turned out that these and related examples 
give rise to almost automorphic subsets of £ as mentioned above. 

We note further that the projective flow (£, [f ? ]) of an almost periodic family (1.4 W ) 
may contain an almost automorphic minimal set which is not of M-V type. For instance, 
there are families ( 1 A m ) for which the Favard separation property is violated and for which 
each Eq. (1.4 W ) admits a bounded solution. In these circumstances, it may happen that £ 
contains an almost automorphic, non-almost periodic minimal set M; for reasons which 
we will discuss, M cannot be of M-V type. Examples illustrating this phenomenon were 
constructed in [158] and, later and independently, in [73], The phenomenon itself was 
nicely clarified by Ortega and Tarallo [126]. 

There are other classes of almost periodic families (1.4 W ) whose projective flows admit 
minimal sets with no analogue in the periodic case. For example, £ may admit a unique 
“invariant two-sheet”. Examples of this sort were predicted in [83] and were written down 
in [88,123]. 

Furthermore, there are situations in which the projective flow £ is itself minimal but 
is quite unlike those arising when £ is minimal and A is periodic (these last are all of 
Kronecker type). We will consider several classes of examples. One consists of families 
(l A m ) for which £ is minimal, uniquely ergodic, and is a proximal extension of £2 ([61], 
also [87]). Another class is illustrated by a recent example of Bjerklov [13,14], for which £ 
is minimal and the family (1 Am) is weakly hyperbolic. Such examples exhibit the property 
of “Li-Yorke chaos”. See [17] for more information on this topic. 

We close this introductory discussion of the contents of Section 3 by noting that the 
measure-theoretic (ergodic) structure of the projective flow of Eqs. ( 1 A, n ) is more com- 




140 



R. Fabbri et al. 



pletely understood than is the topologico-dynamical structure. See [122,121] for a discus- 
sion and classification of the ergodic measures of the projective flow when n — 2. See also 
[9] and references therein for a complete theory of the ergodic measures of the projective 
flow for n -dimensional linear systems. 

In Section 4, we discuss some recent developments in the spectral theory and inverse 
spectral theory of the classical Sturm-Liouville operator. The material reviewed here is 
found in the Ph.D. thesis of one of us [157] and in [96,95]. The methods of nonautonomous 
differential equations are systematically exploited both in the formulation of and in the 
proofs of the results we consider. Other techniques, in particular certain constructions from 
the classical theory of algebraic curves, are also found to be very useful. 

The theory we present is motivated in part by the progress in the inverse spectral theory 
of the one-dimensional Schrodinger operator which took place in the 1970s. In fact, it 
was discovered that there are basic and nonobvious relations between the inverse spectral 
theory of the Schrodinger operator, the theory of algebraic curves, and the solutions of a 
certain hierarchy of nonlinear partial differential equations. One of the equations of this 
hierarchy is the K-dV (Korteweg-de Vries) equation 



3/ dx 2 3x 3 
of shallow water-wave theory. 

It turns out that the inverse spectral theory of the Sturm-Liouville operator also can be 
studied using the theory of algebraic curves, in particular certain facts concerning gener- 
alized Jacobians. To work out the relation between these a priori separate fields, it is con- 
venient to first develop certain aspects of the direct spectral theory of the Sturm-Liouville 
operator. To this end, one uses facts from the theory of nonautonomous differential equa- 
tions. Among the “nonautonomous” facts which are found useful are the following: 

- The equivalence between the resolvent of a Sturm-Liouville operator and the exis- 
tence of an exponential dichotomy for the associated nonautonomous linear system. 

- The relation between the spectrum of a Sturm-Liouville operator and the rotation 
number of the associated nonautonomous linear system. 

- The Kotani theory for Sturm-Liouville type operators. 

We will discuss these matters. We will in addition give a brief discussion of the Gilbert- 
Pearson theory [60] in the context of the Sturm-Liouville operator. This theory has been 
found to be of basic importance in the study of the one-dimensional Schrodinger operator 
and we think it is important to indicate how the Gilbert-Pearson theory can be extended to 
the more general Sturm-Liouville operator. 

Our inverse spectral theory takes these and other facts as a starting point. Making use 
of the Weyl //(-functions, one then can make a connection between a Sturm-Liouville op- 
erator having certain spectral properties, and a generalized Jacobian. One is able to give a 
concrete description of the operators having these spectral properties. We will discuss all 
these matters in Section 4. 
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In analogy to the relation between the Schrodinger operator and the K-dV equation, 
there is a close connection between the special Sturm-Liouville operator defined by the 
equation 




( p = Ey(x)tp 



and the Camassa-Holm equation 



3m 3 3 m 3 3 m 3m 3 2 u 

3 1 dx 2 d t dx 3 + dx dx 2 



„ . du 
24 u — 
dx 



Using our methods, it is possible to work out an ample family of quasi periodic solutions 
of the Camassa-Holm equation and of other equations in the Camassa-Holm hierarchy. 
These facts are discussed in [157,156]; for earlier work see [2,3,58], For reasons of space 
we will not take up this theme in the present paper. 

In the final Section 5 of this paper, we consider the following basic question. Let (STL R) 
be a fixed minimal flow. Let sl(2, R) be the set of all 2 x 2 real matrices with trace zero. Let 
Co = C(fL si (2, R)) be the set of continuous functions A : ST2 -* si (2, R) with the uniform 
topology induced by some fixed norm on sl(2, R). Each A e Co defines a family of two- 
dimensional differential systems of type (1.4 (1) ): 



x' — A[ t,(co))x, x e R 2 



where tr A(-) = 0. We ask “how many” matrix functions A (•) give rise to a family (1.4 W ) 
which exhibits an exponential dichotomy. In particular, we ask if the set of sl(2, Revalued 
functions [A] for which the family (1.4^) has an exponential dichotomy is open and dense 
in C 0 . 

Related questions have been considered by Millionscikov [109], Novikov [118], Cong 
[116,117] and many other authors. We will not give an encyclopedia of the results which 
have been obtained. Rather, we will consider in some detail a particular result concerning 
quasi-periodic minimal flows, in the C°-category. 

It is known that, for certain minimal flows (£2,R) with compact metric phase space 
the set Ced = [A eCo | the family ( 1 A t „) admits an exponential dichotomy] is not dense 
in Co • In fact, this is true if Q is the circle and the flow { r, ] is defined by a rigid rotation; 
this case occurs exactly when (1.4^) is a family of periodic equations with fixed period and 
the coefficient matrices are related one to another by translations. It also occurs whenever 
the image of the so-called Schwarzmann homomorphism is isomorphic to [0] or Z. This 
condition in ensured if the first integer Cech cohomology group //' (STL Z) is, modulo 
torsion, equal to [0] or Z. 

However, if Q is the phase space of a nonperiodic, almost periodic minimal flow, then the 
image of the Schwarzmann homeomorphism is dense in R (it coincides with the so-called 
frequency module A4 of (£2, R)). In this case, the above criterion breaks down. If (£2, R) 
is a “limit-periodic” flow, then it can be shown that Ced C Co is open and dense. This is 
not a completely straightforward matter, but arguments of Moser [110] can be adapted to 
do the job. 
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In the case when (Q, R) is quasi-periodic - that is, when Q is a ^-dimensional toms and 
the flow is determined by a Kronecker winding - we consider the question as to whether 
Ced is dense in Co (we note that Ced is open in Cq by standard perturbation results for 
exponential dichotomies; see, e.g., [29]). We will discuss a result to the effect that, if the 
Kronecker winding is defined by a Liouville frequency vector, then Ced is indeed dense 
in Co- This result is proved using methods worked out in [77,44,50], 

This result can be viewed as included in a line of research which aims at determining the 
nature of the set of elements A e Cq for which the family ( 1 A ( „) has a positive Lyapunov 
exponent. See, e.g., [117,100,15], and for definitive information [19], We note, however, 
that positivity of the Lyapunov exponent is much weaker than the dichotomy property. 

On the other hand, the result we discuss should be viewed as in some sense orthogonal 
to the impressive body of theorems worked out in, e.g., [98,39,102,135], and papers by 
other authors. These theorems concern the case when A is an analytic (or at least highly 
regular) function on the torus Q — T , and the frequency vector satisfies a Diophantine 
condition. Several of these results consist of statements to the following effect: in a suit- 
able parameterized family of analytic quasi-periodic differential systems with Diophantine 
frequency vector, there is a measure-theoretically large set of parameter values for which 
the system is reducible. That is, there is an analytic quasi-periodic change of variables 
x — B(oo ■ t)y such that x' — A(co- t)x is transformed into y' — Aoy where Ao is a constant 
matrix. Interestingly enough, there is often a topologically large set of parameter values 
for which reducibility does not hold. Instead, an almost reducibility property holds; more- 
over the projective flow corresponding to such an almost reducible system seems to have 
interesting properties. 

Our results concerning density of Ced C Co would appear to break down when one 
passes from the C - category to the C 1 -category, at least when k ^ 3. (Our methods may 
produce a density result in the C' -category if r is less than 1.) The question of C 1 -density 
of the dichotomy property (for any kind of frequency vector, Liouville or Diophantine or 
“other”) has not been clarified, and only nondefinitive indications concerning the real facts 
of the case are at this point available [23,26,30]. We mention that, very recently, A. Avila, 
J. Bochi and D. Damanik have proved the density result for all frequencies in the C° cate- 
gory. Their methods seem specific to this category, though they can also deal with certain 
non-almost periodic base flows. We thank Prof. David Damanik for this information. 

We finish the introduction by listing some notation which will be used in this paper. 

If k ^ 1, let T k = R k /Z k denote the standard /.’-torus. Thus T 1 is the circle, which can 
be identified with {e 2jrl ^ | 0 ^ \[r < 1}. 

We use | • | to indicate all norms which arise, and (, ) to indicate all inner products. 



2. Preliminaries 

We review basic concepts and fix notation which will be used in the succeeding sections. 

Let us first recall the definition of a (continuous, real) flow. Let Q he a metric space. For 
each t e R, let r r : £2 — >• be a homeomorphism. Suppose that the following conditions 

are satisfied: 

- to(&> ) = co, for all co e £2; 
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- r f+ s(&>) = x t o r s (co) for all t, s e R, co e £2; 

- the map r : £2 x R -> £2 : (co, t) i-> r, (co) is continuous. 

We call the pair (£2, {r?}) a flow or dynamical system on £2. We will also use the notation 
(£2, HR) to denote a flow, or £2 resp. {t>} if there is no doubt concerning the identity of {r f } 
resp. £2. We will often write co ■ t in place of r, (co). 

Here is some standard terminology concerning flows. If o> <= £2, then the orbit through co 
is [co ■ t | t e M}. If £2* C £2, then £2* is invariant if for every co e £2*. the orbit through co 
is contained in £2*. Let (£2, {f r }) be another flow. A continuous map it : £12 -> £2 is a flow 
homomorphism if it o r r = r t o it for all t e R. If 7r is also homeomorphism of £2 onto £2, 
then it is a flow isomorphism. 

Some flows of interest to us arise via the Bebutov construction, which we de- 
scribed in the Introduction. We repeat it briefly. Let nfl \ , and let C — {C: R — » M„ | 
Cis continuous and bounded}. Endow C with the compact-open topology. For each / e R 

and C eC, set r,(C)(-) = C(t + •); then r> is the f-translation. Then (C, {t>}) is a flow. If 

A e C is uniformly continuous, define £2 = cls{r,M) | t e R}. Then £2 is compact and is 
invariant with respect to the Bebutov flow {r f }. We call £2 the hull of A. As we pointed out 
in the Introduction, the map A : £2 -> M„: A(co) = <w(0) is continuous and has the property 
that, if &>o = A, then A(coq ■ t ) = A(t) for all t € R. In this case it is convenient to abuse 
notation and write A instead of A. 

Certain specific types of flow will be important in what follows; we review the relevant 
definitions. Let £2 be a compact metric space, and let (£2, { r r }) be a flow. 

First of all, the flow (£2, {t>}) is called minimal or Birkhoff recurrent if for each co e £2, 
the orbit {&> • t \ t e R} is dense in £2. If £2 is the hull of a uniformly continuous function 
A : R -> M„, then £2 is minimal if and only if A satisfies the Birkhoff recurrence condition, 
namely if to each compact set K C R and each e > 0 there corresponds a relatively dense 
set {tk | k e Z} c R such that, if k e Z, then | A(t + tk) — A(r)| ^ e for all t e K. 

A special class of minimal flows is determined by those which are Bohr almost pe- 
riodic or simply almost periodic. By definition, a flow (£2, R) satisfies this condition if it 
is minimal and if there is a metric d on £2 (which is compatible with the topology on £2) 
such that, if co\ , 0 J 2 e £2, then d(co\ • t, 002 • t) = d(co 1 , 012 ) for all t e R. If £2 is the hull 
of a uniformly continuous function A e C, then (£2,R) is Bohr almost periodic if and 
only if for each e > 0 there is a relatively dense set {fy | k e Z} such that, if k e Z, then 
+ tk) — A (r) | ^ e for all t e R. One sometimes calls {tk} a set of almost periods of A. 
See, e.g., [5,21,54], 

It turns out that, if (£2, R) is minimal and Bohr almost periodic, then £2 may be given the 
structure of a compact Abelian topological group with dense subgroup R in such a way that 
the group structure and the flow structure are compatible. In fact, if coq e £2 and t\,t 2 & R, 
define (&>o ■ 1 1 ) * ( coo • * 2 ) = coq ■ ( t\ + tj). It is an exercise to show that * extends to a group 
operation on £2 with the stated properties. Moreover ooq is the identity with respect to this 
group structure. 

To each minimal almost periodic flow (£2, R) there corresponds the so-called frequency 
module A4 — A4q. This object is constructed in the following way. View £2 as a compact 
Abelian topological group with dense subgroup R. Let £2 be the group of continuous ho- 
momorphisms ( characters ) / : £2 — >• T 1 . Since R C £2 is a dense subgroup, a character / 
is determined by its restriction xr to R, and this restriction has the form /r(0 = er nlXt for 
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some XeR. The smallest Z-submodule of R containing all the numbers k arising in the 
this way is the frequency module of £2. Due to the fact that £2 is a compact metric Abelian 
group, the frequency module is a countable subgroup of R. 

We mention the following examples. Let £2 = T k be the A: -torus. Let y\,...yk be 
real numbers which are independent over the rational field Q. If cd € £2, write o> = 
(exp 2ni\jr \ , . . . , exp 27ri't/ r yfc), then define for each tel 

T,(a>) — (exp27ri(i/q + /if), exp2jri(t/r* + /tO). 



Below we will sometimes write i jr — (i [r \ , . . . , i fa) and also write r,(\ {r) = \[r + yt = + 

/if, . . . , i j/k + /if). One says that (£2, {r r }) is a quasi-periodic flow or a Kronecker flow. 
One also speaks of a Kronecker winding. It is minimal and almost periodic. The numbers 
/i, . . , , y g are called the, frequencies of the flow. 

Second, set To = 1 , 7j — n \ 71 = n^Tl-i, . . . where n \ > 1, • • • , nk > 1, . . . are 

integers. Consider the subgroup M of R generated by Tf 1 , . . . , Tf~ 1 , . . . 



M = 



hf h_ 

To T\ 



' + T r 



r 1; /q /,• e Z 



Then M. is the frequency module of an almost periodic minimal flow. Such a flow is called 
limit periodic. If £2 is the hull of an almost periodic function A : R — » M„ , then (£2 , R) is 
limit periodic if and only if A is the uniform limit of a sequence of periodic functions. 

Still another type of flow is distinguished by the property of almost automorphy. Let 
(£2o,R) be an almost periodic minimal flow. Let (£2,R) be another minimal flow, and 
let 7T : £2 — »• £2o be a flow homomorphism. Note that it is necessarily surjective since £2o 
is minimal. Suppose that there is a point &>o e £2o such that the inverse image 7r _1 (a>o) 
reduces to a single point in £2. Then (£2,R) is called an almost automorphic extension 
of (£2o, R), or an almost automorphic flow. If £2 is the hull of an uniformly continuous 
bounded function A:R -* M„, then (£2,R) is almost automorphic if (but not only if) 
the function A satisfies the Bochner condition. Namely, if {?>) c R is a sequence such 
that \tk\ —r oo and A(/> + •)—»■ A(-) in C, then A(—tk + •) — »■ A (-) in C. If the Bochner 
condition is satisfied, then there is an almost periodic minimal flow (T2o, R) together with 
a flow homomorphism it : £2 — >• £2o such that 7r _1 7r(A) = {A} [151]. A function A(-) which 
satisfies the Bochner condition is said to be an almost automorphic function. 

Almost automorphic minimal sets were studied by Veech [150,151]. See [144,145,154] 
for a review of their properties and a discussion of their presence in various applied situa- 
tions. 

Next we review some basic definitions from ergodic theory. Let f2 be a compact metric 
space and let (f2, {r f }) be a flow. 

A regular Borel probability measure v on £2 is called { z t \-invariant, or simply invariant 
if there is no doubt concerning the identity of [r f ], if for each Borel subset B C £2 and 
each t e R, there holds v(r t (B)) — v(B). An invariant measure v is called ergodic if it is 
indecomposable in the sense that, whenever B C £2 is a Borel set such that fi(r,(B)AB) — 
0 for all t e R (A = symmetric difference of sets), then either v{B) — 0 or v(B) = 1. 

One can show that, if £2 is a compact metric space and (£2, R) is a flow, then there exists 
an ergodic measure v on £2. In fact, one can first use a classical construction of Krylov and 
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Bogoliubov to determine an invariant measure v on £2; see, e.g., [55,113]. We will make 
use of this construction below. Second, one notes that the set of invariant measures forms a 
weak-* compact, convex set of the vector space of all Borel regular signed measures on 12. 
By the Krein-Mil’man Theorem this set admits an extreme point. It is easy to see that such 
an extreme point is ergodic. 

If 12 is a compact metric space and v is a Borel regular measure on 12, then the topo- 
logical support Supp v of v is by definition the complement in 12 of the largest open set 
U C 12 which has zero v-measure. This concept is well defined and Supp v is compact. If 
v is \r t ] -invariant, then Supp v is invariant. Observe that if U C Supp v is relatively open 
then v(U) > 0. If (12, R) is minimal then Supp v = 12 for every invariant measure v on 12. 

It may happen that a flow (12, HR) admits a unique invariant measure v. This is the case, 
for example, if (12, R) is minimal and almost periodic; in fact, the normalized Haar mea- 
sure v on 12 is the unique invariant measure. If (12, R) admits a unique invariant measure v , 
then v is ergodic. If (12, R) is minimal and admits a unique invariant (ergodic) measure v, 
then (12, R) is said to be strictly ergodic. 

We state a version of the Birkhoff Ergodic Theorem which is adequate for our purposes. 
For a formulation and proof of the general Birkhoff theorem see [113], We include a re- 
finement of the usual Birkhoff theorem in point (ii) of Theorem 2.1; for a proof of this 
statement see, e.g., [55], 

THEOREM 2.1. Let 12 be a compact metric space with flow [r ? ], and let v be an ergodic 
measure on 12. 

(i) Let f e L*(12, v), then for v-a.a. co e 12 the time averages lim,-^ | fl f(a> ■ .y)d.v 
and limf_ s ._ 00 | f(co ■ s) ds exist and equal f ^ / dv. 

(ii) 7/12 admits a unique ergodic measure v and if f is continuous, then 

lim - f f(co-s)ds = f f dv 

|r|^oo t Jq Jq ' 

for all co e 12, and the limit is uniform in 12. 

Next we state some facts concerning linear nonautonomous differential systems. We 
adopt the following point of view. Let 12 be a compact metric space, and let (12, R) be a 
flow. Let A : 12 — > M„ be a continuous function. Consider the family of differential systems 

x' — A(co-t)x, xeR", cue 12. (2.1 <y) 

We have already seen that, via the Bebutov construction, a linear differential equation 
x' = A(t)x with uniformly continuous coefficient matrix A(-) gives rise to a family of this 
type. We will study the solutions of Eqs. (2. 1 „,) using the methods of topological dynamics 
and ergodic theory. 

Let co e 12, and let be the fundamental matrix solution of (2. 1 r „). The collec- 

tion [<l> (t) (f) | co £ 12} defines a map <T> : 12 x R — >• GL(n, R) : (co, t ) i->- <t> ,.„(?). We noted 
in Section 1 that <J> is a cocycle and that the maps r, : 12 x R" -» 12 x R" : r t (co, x ) = 
(r t (co), define a flow on 12 x R"(r e R). 
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Let P" _1 be the (n — 1) dimensional space of lines through the origin in R". For each 
teK, define f : £2 x P" _1 — > £2 x P" -1 : x t (co , I) = (r t (co), <t> M (t)l). Here I e P" -1 is acted 
on in the natural way by <t> w (f ) e GL (n , R) . Using the cocycle identity again, one can show 
that (£2 x P" _1 , {/}) is a flow. This is the projective flow defined by Eqs. ( 2.\ a j). If one 
wishes to study the “angular behavior” of the solutions of Eqs. ( 2.1 M ), the projective flow 
is one natural object to study. We will write 

E = f2xP" _1 , Q :((o,l) ft) 

for a) e £2, / e P" _1 . The projection n is a flow homomorphism. 

Let us now briefly discuss some key concepts concerning the family (2.1^). These con- 
cepts will later be specialized to the case of interest in this paper, namely that when n — 2. 

Fix ft) e £2. A number / e R is called a Lyapunov exponent of Eq. (2.1^) if there is a 
nonzero vector xo € R" such that 

lim -ln|<f> ft) (f)xo| = ft. 

r-s-oo/ 



It is well-known that each fixed Eq. (2.1 w ) admits finitely many Lyapunov exponents Pi < 
■ ■ ■ < Pk where 1 ^ k ^ n. Moreover, there is a filtration of R" consisting of subspaces 
{0} = Vq C Vj C • • • C V/c = R" such that 



Vr = {0} U 



0 ^ xq g R" 




(1 < r < k). 



See, e.g., [8], Difficulties are caused by the fact that neither the Lyapunov exponents nor 
the filtration need to be continuous with respect to variation of co. 

The Oseledets theory furnishes information concerning this point and others. We do not 
give the most general version of the Oseledets theorem; the one we do give is, however, 
more than sufficient for our purposes. Let v be an ergodic measure on £2. 



THEOREM 2.2 (Oseledets). One can find a v-measurable, invariant subset £2* C f2 with 
y(£2*) = 1, and real numbers Pi < ■ ■ ■ < Pk with 1 ^ k ^ n, with the following properties. 

(i) If ft) € £2* then for each r — 1,2, .... k there is a nonzero vector xo e R" such 

that the limits lim^oo | In \<& al (t)xo\ and lim r _ s ._ 00 j In both exist and 

equal p r . 

(ii) For each ft) e f 2* and each r — 1,2, ... ,k, the set 



Wr(co) = {0} U 



0 ^ x 0 e R" 



lim - ln|4>(u(t)xo| = Pr 

1 1 1 — ^ OO t 



is a vector subspace o/R", of dimension d r e {1,2 One has di + • • • + 
dk — n. The mapping w i-> W r (co) is measurable as a function from £2* to the 
Grassmann manifold Gr («, d r ) of d, -dimensional subspaces o/R". 
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(iii) For each r — 1,2 , ... ,k, the “measurable subbundle’’ 



W r = [J{(&>, TCo) | XQ £ W r (a)), 0) € £2*} 



is invariant in the sense that <t '> (0 (t)W r (co) — W r ( co ■ t) for all at £ £2*, t £ R. 

(iv) For each co e £2*, there holds f\-\ V fik = lim | / |_ >00 7 lndet <!>„(?). 

Point (i) defines the “Oseledets spectrum” of the family (2. 1 „,). Point (iv) states that 
v-a.a. systems (2. 1 ru ) are both forward and backward Lyapunov regular. For proofs of the 
Oseledets theorem see [129,8,94]. When n = 2 it is possible to give a quite simple proof 
of a strengthened version of the Oseledets Theorem. We will discuss this point later on. 

Next we introduce the concept of exponential dichotomy [29,137]. Again let £2 be a 
compact metric space, and let (£2 , R) be a real flow. Let A : £2 -» M„ be a continuous map, 
and consider the corresponding family of Eqs. (2. 1 ,„). 

Definitions 2.3. 

(a) The family {(2.1 w ) | co £ £2} is said to have an exponential dichotomy (ED) over 
£2 if there are positive constants 17 , <5 together with a continuous, projection- valued 
function P : £2 — >• M„ (thus Pico) 2 — P{co) for all co £ £2) such that the following 
estimates hold: 

(i) |<Mf)/’(a>)<M*Hl < i/e-W-'), t s, 

(ii) |< K(t)(I ~ P(co))<S> [0 (s)- l \ < tfls. 

(b) The dynamical or Sacker-Sell spectrum of the family (2. Iff) is [A e R | the translated 
equations x 1 — [—A/ + A(co ■ t)]x do not admit an exponential dichotomy over £2}. 

If Eqs. (2. Iff) admit an exponential dichotomy over £2, then it is easy to see that £2 x R" 
splits into a Whitney sum of the vector subbundles Wi — {(&>, x) £ £2 x R" | x £ Im P(co)} 
and W 2 = {(co,x) e £2 x R" | x £ KerP(&>)}. Of course it can happen that P(co) — 0 or 
P (co) — I . If £2 is connected then the dimension of Im P(co) does not depend on £2. 

The following theorem is due to Sacker and Sell [137,138]; see also Selgrade [142], 

THEOREM 2.4. Let £2 be a compact connected metric space, and let (£2 , R) be a flow. Let 
A : £2 -> M„ be a continuous map. 

(a) The dynamical spectrum of the family (2.l c0 ) is a finite union [a 1 , bf\ U • • • U [a^, bk] 
of compact subintervals of R, where 1 ^ k ^n. Some or all of these intervals may 
degenerate to points. 

(b) For each r — 1,2, ... ,k set 



W r = \ (co, x) £ £2 X 



xq — 0 or flimsup, liminf) - ln|d> M (t)xo| £ [a r ,b r ] 
^ r-8-00 t—>o O / t 



and (limsup, liminf) - ln|<t> w (t).ro| £ [a r , b r ] 
tt ^-00 t^—oo/t 
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Then W r is a topological vector subbundle of£ix R" . One has 

£2 x R" = Wi © W 2 © • • • © Wk ( Whitney sum). 

There are various relations between the “Oseledets bundles” and the “Sacker-Sell bun- 
dles”, and between the Oseledets spectrum and the dynamical spectrum. See [94] for a 
discussion of this issue. 

Let us now consider the case n — 2. As we will see, there is no loss of generality for 
present purposes in assuming that the trace tr A(a>) = 0 for all o> e £2. Thus we assume that 

A : Q -* si (2, R) 

is a continuous function. Let us introduce the basis ( q _° 1 ) , ( ^ ~ 1 ) , ( ® * ) of sl(2, R) . We 
expand A (-) with respect to this basis: 

A = ( , a ~ b + C ) 

\b + c —a J 

where a, b. c :Q are continuous functions. 

Consider the family of equations 



x' — A(co ■ t)x, 



CO £ £ 2 . 



(2.2*) 



Let us express these equations in polar coordinates r~ — xj + x£, 9 — arctan 



— = a(co ■ t) cos 2 6 + c(co ■ t) sin 29, 



O' — b(a> ■ t ) — a(co ■ t) sin 29 + c(co ■ t) cos2 9. 



If we think of 9 as a n -periodic angular variable on the real projective space P, then the 
0-equation gives a concrete way of studying the projective flow defined by Eqs. (2.1^). In 
fact, let Iq e P, a>o e and suppose that / 0 is parameterized by 0o € R. Let 0(f) satisfy the 
0-equation with 0(0) = 0o and co — coq. Then f ? (tt>o, ^ 0 ) = r r (u> 0 , 0o) = (r f («), 0(f)). It is 
understood that 0 (f ) is identified with the line through the origin in R 2 which it parame- 
trizes. 

Next let us write 



/:£—>• R: f(co,9) = a (co) cos 20 + c(w) sin 20, 
g : E — > R: g(co, 9) = b(co) — a(co) sin 20 + c(&>)cos20. 
Then Eqs. (2.2 OJ ) are expressed in polar coordinates r, 9 as follows: 



r 



f(i t ((o,9)). 



(2.3*) 




Nonautonomous differential systems in two dimensions 



149 



e' = g(z t (a>,e)). (2.4 W ) 

Let 0 / to £ R 2 have polar angle do, and let 9(t) be the solution of (2.4 ( „) satisfying 
0(0) = 9q. Let r(t) = \x{t)\, where x(t) satisfies (2.2^) with x(0) = xq- Then 



1 

-In r(t) 



— In r (0) + — 



- [ f(r s ((o,9 0 ))ds. 
t Jo 



(2.5) 



Thus there is a close connection between the Lyapunov exponents of Eq. (2.2 , 0 ) and the 
time averages of /. Using the Birkhoff Theorem, we can thus relate the Lyapunov ex- 
ponents of Eq. (2.2 m ) to the averages of / with respect to the {r f }-ergodic measures p 
on E. 

Following [78], we indicate how an analysis of the ergodic averages of / permits one 
to prove the Oseledets Theorem 2.2 and the Sacker-Sell Theorem 2.4 in the case n — 2. 
We sketch the necessary arguments in the case when (£2,R) admits a unique invariant 
measure v (which is then ergodic). As mentioned earlier, this condition is valid if Q is 
minimal and almost periodic. As we go along, we will illustrate the Krylov-Bogoliubov 
construction, together with some simple but useful techniques. 

Note first that there exists an ergodic measure p on E. The image of p under the projec- 
tion jr : E — > £2 is an invariant measure, hence equals v. We distinguish two possibilities: 

( a ) It f d / x = °> 

(b) f d/i / 0. 

Here / is the function occurring in (23 fll ). 

Suppose that (a) holds. We will prove that all Lyapunov exponents of all Eqs. (2.2 W ) are 
zero. 



PROPOSITION 2.5. Suppose that there is an ergodic measure p on E such that 
f-£ f dp = 0. Let e > 0 be given. Then there exists T > 0 such that, if a> e £2 and if xo € R 2 
satisfies \ xq \ — 1, then 

— e ^ - ln|<ty„(t)xo ^ e whenever \t\ > T. 

PROOF. We make systematic use of Eq. (2.5), which relates the asymptotic behavior of the 
quantities | In |<t> M (t)xo| to the time averages of /. Suppose for contradiction that there are 
sequences ( a>k ) C fL ( Xk ) C R 2 , and (tk) C R such that | jc* | = 1, \tk\ -> oo, and 



1 

tk 




T s ((Ok,h))ds 



^ e. 



Here Ik e P is the line through the origin in R 2 containing Xk . Passing to subsequences if 
necessary, we can assume that lim^oo ^ fo f(Ts(o)k, h)) di exists. Call the limit A (/). 
Clearly A (/) ^ 0. 
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Let C(£) = {h : £ — > R | /ns continuous}. Let 77 be a countable dense Q-vector sub- 
space of C(£). Using a Cantor diagonal argument, one can determine a subsequence ( t m ) 
of (tk) such that for each h e 77 the limit 

1 f tm 

lim — / h(r s (co m J m ))ds 
m^oo t m J 0 

exists. Call the limit A (/;) (h e 77). It is easy to see that A defines a Q-linear, bounded 
functional on 77, and that |A| = 1. This functional extends uniquely to a R-linear func- 
tional - which we also call A - on C(£). One sees that |A| ^ 1, and in fact |A| = 1 
because, if we let h be the function on £ whose only value is 1, then A (h) = 1. Moreover, 
A is invariant in the sense that, if h e C(£), (el, and {r,h)(a) h(r_,(o)) for each 

a e £ , then 

A(f ,h) — A(h). 

By the Riesz representation theorem, there is a unique Borel regular probability measure 
/x a on £ such that A(h) — h d/x A for all h e C(£). One checks that is invariant. 
Clearly / E /d/x A ^ 0. 

Now let 7 be the weak-* compact, convex subset of the dual space C*(£) which con- 
sists of the set of \i t } -invariant measures on £ (or rather, the linear functionals which 
correspond to them under the Riesz theorem). Applying the Choquet theory [131] to the 
set 7, and taking account of the fact that ergodic measures on £ correspond to extreme 
points of 7, one sees that there exists an ergodic measure /xi on £ such that / 2 /d/xi ^ 0. 
Write p = / s / d/xi. 

Next, use the Birkhoff ergodic theorem to find a /x i -measurable, invariant set £i C £ 
with /x i (£ i ) = 1, such that, if a e £i, then 

lim - f /(f s (er))d.s = lim j f /(r v (rr)) d.s = p. 
t^oo t J o t->—o o t Jo 

Let C| = 7 t(£i); then C2 1 is I'-measurahle, invariant and v ( 72 1 ) = 1. In a similar way, we 
can find a /x -measurable, invariant set £* C £ with /x(£*) = 1, such that, if a e £*, then 

lim - f f(r s (o))ds = lim - f f(r s (o))ds=0. 
t^oo t Jo t->-o o t Jo 

Let 72* = 7 t(£^); then 72* is also u-measurable with v(72*) = 1. 

Choose a) e 72 1 fl 72*, then pick points (o>, l\) e £i and (oo, /*) e £*. Clearly l\ ^ /*. 
Let x\ e l\ and x* e /* have norm 1; then xi and x* are linearly independent. Let 
xi (t) = 4><y(Z)xi, x*(f) = O m (t)x*. Let 'k(f) be the matrix solution of Eq. (2.2 W ) whose 
columns are x\(t) and x*(7). By Liouville’s formula dct T(r) = det T (0) = const, for all 
(eK. However, using relation (2.5), we see that lim^oo det 'L(r) = 0 if P < 0 and that 
lim,^._To dct T(f) = 0 if p > 0. This is a contradiction. The proof of Proposition 2.5 is 
complete. □ 
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Proposition 2.5 states that, if there is an ergodic measure [x on £ for which / d/z = 0, 
then limpi^oo j In |4> (U (f);t;| = 0, uniformly in a> e f2 and x e R 2 with \x\ — 1. Thus all 
Lyapunov exponents of all Eqs. (2.2^) are zero, and this holds in a uniform way. Now let 
us describe what happens in the case when there is an ergodic measure /x i on £ for which 
/ E f dm = ji 7^ 0, i.e., the case (b). 

First of all, using the Birkhoff ergodic theorem, we can find a /i \ -measurable, invariant 
set £j C £ with /x j ( £ j ) = 1 such that lim| r |_ >00 j f(i s (cr))ds = for all a e £j. Let 
f2| = 7T ( £ i ) , so that is v-measurable, invariant, and v(£2i) = 1. We claim that, for each 

&>i e S2j, the hber 7r _1 (ft>i)n £i contains exactly one point. For, suppose that (eo\ , l\) e £i 
and (co \ , /*) e £i, where / ^ /*. Then, using Liouville’s formula and relation (2.5) as was 
done in the last part of the proof of Proposition 2.5, we argue to a contradiction. We thus 
conclude that £i is a v-measurable invariant section in £ when £ is viewed as a fiber 
bundle over £2. 

Further reasoning of this elementary sort can be used to prove the following facts; 
see [78]. First, there is exactly one other ergodic measure m on £ . Second, f s / dm — —ft- 
Third, there is a v-measurable, invariant section £2 C £ such that mC^ 2 ) — 1- The mea- 
surable invariant sections define measurable subbundles W 1,2c Q x R 2 of fiber dimension 
one. 

There are now just two possibilities. 

(i) The invariant measurable sections £1, £2 extend to continuous invariant sections 
of £. In this case, W 1 and IT? are clearly topological subbundles of £2 x R 2 of fiber 
dimension one. One can show that £2 x R 2 = W] © W 2 (Whitney sum). It is now 
easily verified that the dynamical spectrum of the family (2.4 W ) coincides with the 
two point set {—/l, /!}. See [78] for details. 

(ii) The invariant sections £1, £2 do not extend to continuous sections of £. In this 
case, one can show that the dynamical spectrum of the family (2A r „) coincides with 
the interval [— /L /}]. On the other hand, the Oseledets spectrum is the two point set 
{ — yS, yS } . The Oseledets bundles are (v-a.e.) the bundles W [ and WT See again [78] 
for details. 

Examples of type (ii) are particularly interesting and invariably give rise to projective 
flows with interesting structure. As noted in the Introduction, Millionscikov [108] and 
Vinograd [152] constructed examples of families (2.4^) for which (£2,R) is an almost 
periodic minimal set and for which the conditions in (ii) turned out to be true. They were 
motivated by the search for almost periodic linear differential systems which are not almost 
reducible, and which are therefore not regular in the sense of Lyapunov. In what follows, 
we will refer to the number /i as the Lyapunov exponent of the family (2. 1 The above 
discussion shows that, if /3 — 0, then lim| f |^.oo | In \ <S> ol (t)xo\ — 0, uniformly with respect 
to co € £2 and xq e R 2 satisfying |xo| = L 

Let us finish this section by defining and briefly discussing the rotation number for 
Eqs. (2.2<u). This quantity was defined, and certain of its properties were worked out, in 
[89], See also [81] for a further discussion of properties of the rotation number and for 
a generalization of this concept. It is related to the so-called integrated density of states 
[147]. A discrete version of the rotation number - the fiber rotation number - was worked 
out in [68]. 
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The rotation number is most easily defined and analyzed using Eqs. (2A m ) for the polar 
angle 0. Let £2 be a compact metric space, let (£2, R) be a flow, and let v be an ergodic 
measure on £2. Consider the function g in ( 2.4 „): if a> e £2, 0 q e R, and if 0(1) is the 
solution of Eq. (2.4^) with 0(0) = 0 q, then 



0(f) — 0o + 




(2.6) 



We state the 

DEFINITION 2.6. The rotation number a v of Eqs. (2.2 ni ) with respect to the ergodic mea- 
sure v on E is 

,. 0(0 

a v = lim . 

f->00 t 

Of course one has to prove that this definition makes sense, i.e. that the limit exists in 
an appropriate sense. It turns out that there is a y-measurable, invariant set £2 V , C £2 with 
y(£2 v ) = 1 such that, if we £2„, do e P = R/7rZ and 0(f) is the solution of (2.4^) with 
0(0) = 0o, then limiq^oo ^p- exists and does not depend on the choice of ( co , 0o) € £2,, x P. 
In fact, for each ergodic measure p, on E which is a lift of v in the sense that Tt(p) = v, 
one has 



0(0 f 

lim — = gdf*. (2.7) 

|t1->00 t Jz 

In particular, the right-hand side of (2.7) does not depend on the choice of the ergodic lift 
fi of v. The proofs of these statements use (2.6), the Birkhoff ergodic theorem, and certain 
special arguments. See [89] for details. 

It turns out that a has good continuity properties. We discuss one which turns out to be 
significant. A proof of the following statement can be based on an argument of Krylov- 
Bogoliubov type; see [89] for arguments of the appropriate type. There are various other 
continuity results concerning the rotation number. Some of these will be stated later when 
they are needed. 

PROPOSITION 2.7. Let £2 be a compact metric space, let (£2, {r ? }) be a flow, and let v/, 
be a sequence of measures which are ergodic with respect to {r f }. Suppose that v is a 
{r t }-ergodic measure on £2, and suppose that Vk — > v in the weak-* sense. Then a Vk — > a v . 



3. The projective flow 

Let us first recall some basic facts concerning a linear periodic system 



x' = A(t)x, ieR ; 



(3.1) 




Nonautonomous differential systems in two dimensions 



153 



where A(t) = A(t + 2 tt) is a continuous function with values in M„. Let O(f) be the 
fundamental matrix solution of (3.1). The asymptotic behavior of the solution of (3.1) is 
determined by the Floquet matrix O (27r ) and its iterates. For example, knowledge of the 
real parts of the logarithms of the eigenvalues and of the generalized eigenspaces of O ( 2 jr ) 
permit one to determine which solutions of (3.1) exhibit exponential growth or decay, and 
with which rates. 

We wish to understand the directional variation of the solutions of (3.1). Though the 
concept of “directional variation" does not have immediate significance, it can be rendered 
meaningful using the imaginary parts of the logarithms of the eigenvalues of <J>(27r) to- 
gether with its generalized eigenspaces. Alternatively, one can use the Floquet “theory" 
to determine an invertible, 47r -periodic matrix function L — L(t) such that the change of 
variables x = L(t)y transforms (3.1) into 



/ = Ry 



for a constant real matrix R. Using the generalized eigenspaces and the imaginary parts of 
the eigenvalues of R , one can develop a theory concerning the rates with which solutions 
of (3.1) change direction with time, and related matters. 

Suppose now that A(-) is nonperiodic. We seek information concerning the asymptotic 
behavior of the solutions of (3.1). We have seen in Section 2 that the concepts of Lyapunov 
exponent and exponential dichotomy allow one to develop profound theories concerning 
the exponential growth of the solutions of (3.1). However it is not clear how one might de- 
velop a reasonable theory of the directional variation of those solutions. In this regard, one 
might for example ask for an analogue of the Floquet theory in the context of nonperiodic 
systems (3.1). However, it is well known that one cannot hope in general to reduce (3.1) to 
a system with constant coefficients by mean of a bounded and boundedly invertible change 
of variables x = L(t)y. The search for an analogue of the period matrix <P(2jt) is even 
more problematic. In fact, it seems difficult to elaborate this concept in a useful way even 
in the case when A(-) is almost periodic and there exist “almost periods" with a definite 
meaning. 

We therefore try to formulate a theory of the directional variation of the solutions of 
(3.1) in the nonperiodic case from another point of view. Suppose that a Bebutov-type 
construction has been carried out, with the following results: a compact metric space £2, a 
flow {r r } on £2, a continuous function A : £2 — > M„, and a family of equations 

x — A(r t (co))x ( 3 . 1 ®) 

which contains (3.1). Let P be the (n — 1) -dimensional projective space of lines through 
the origin in ]R”. Let £ = £2 x P. We define a flow {r f } on £ as was done in Section 2. 
Namely, let <t>,„(r) be the fundamental matrix solution of (3. 1 Let a> e Q. I e P and set 

f t (cO,l) = ®a>(t)l) 

where O ffi (t) acts linearly on / for each t e K. 
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We propose to study the directional variation of the solutions of Eqs. (3.1&,) by collect- 
ing information about the compact invariant subsets of E . In particular, we would like to 
classify the minimal subsets of (E, R). 

When n Js 3, the study of the projective flow (E , R) is still in its infancy, though there is a 
substantial body of particular results. We remark that there is no reason to restrict attention 
to the projective flow. It is of interest to substitute P with other compact homogeneous 
spaces H of the general linear group or of a Lie subgroup thereof, and study the flow on 
£2 x H induced by Eqs. (3.U). See [46^19,81,90-93,120]. 

Let us now consider the case when n — 2. Then P is the projective circle, and E is a 
trivial circle bundle over £2 with projection it : E —> £2: (o>, /) i-> o>. Even in this relatively 
simple case, we will find diverse phenomena which illustrate the complexity of the direc- 
tional variation of the solutions of linear differential systems with nonperiodic coefficients. 

It is easy to classify the possible projective flows (E, R) when n — 2 and when £2 is 
the Bebutov hull of a periodic function A(-). This classification can serve as a guide to the 
study of (E,R) in more general cases. So return to Eq. (3.1) for a moment, and assume 
that Ait + 2tx) — Ait) for all t e R. We view A as an element of C = {C:R -> Mt | 
C is continuous and bounded} with the compact-open topology. We carry out the Bebutov 
construction beginning with A and obtain a compact hull £2 which is homeomorphic to 
a circle. In fact, we can think of w e £2 as an angular coordinate on this circle, so that a 
generic element of £2 has the form A M where A m (-) = A{w + •)• The space E = £2 x P is 
a two-torus. 

Let us consider the following model equations: 

(a) x' = (q _°Jx, a > 0; 

08) x' = («-*>, 6 eR; 

(/) *'=a* 

where x — ( v ' ) e R 2 . We view the coefficients matrices as constant functions defined 
on £2. Let us examine the corresponding projective flows. 

Case (a) There are exactly two minimal subsets M \ , M 2 C E ; these are flow isomorphic 
to £2 via the projection it : E —> £2. In fact, if l\ C R 2 denotes the jci-axis and h C R 2 
denotes the .r 2 -axis, then M, = {(<w, /,) | co e £2}, i — 1,2. The orbits in E which lie off 
Mi U M 2 exhibit an hyperbolic structure. 

Case (f J >) If j- is rational, then the flow on E laminates in an obvious sense into un- 
countably many minimal subsets. If b — 0 these are defined by conditions of the type 
/ = constant. If ^ where q 1 and the fraction is expressed in lowest terms, then 
each minimal set defines a closed curve in E which winds q times around £2 as one tra- 
verses the circle P. On the other hand, if F is irrational, then E itself is a minimal set, and 
the flow on E is a Kronecker winding. The orbits in E exhibit an elliptic structure. 

Case ( y ) Let l\ e R 2 be the .ri-axis, and let M — {(&>, l\)\a> e £2}. Then M C E is the 
unique minimal subset of E . The orbits of E which lie off M exhibit a parabolic structure. 

It is rather easy to show that, when A(-) is 2n -periodic, then there is a flow isomorphism 
between the projective flow defined by Eqs. (3.1^) and one of the flows considered in the 
cases (a), (fi) and (/). To see this, note first that the projective flow (E, R) does not change 
if a 27T -periodic, continuous function of the form S(t)( * is added to Ait), so choosing 
<5 (?) = — \ tr A{t), we can arrange that the trace tr Ait) is zero of all t e R. 
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Assuming this, the Floquet theory assures the existence of a 4tt -periodic change of vari- 
ables x — L(t)y which brings (3.1) to the form 



/ = Ry 



where R has one of the forms (a), (f), (y) (this uses the fact that L(-) can be chosen to 
have values in SL(2, R)). Now, the projective flow is insensitive to the 2 : r - respectively 
4 tt - periodicity of the function L. We take advantage of this fact as follows: viewing 
co as an angular coordinate on the circle £2, we define h : E — > E: h(oo, l) = ( co , L(co)l). 
One can check that h defines a flow isomorphism between the flow (E, R) defined by the 
appropriate model equation, and the (E, R) defined by the family (3. 1,,,). 

Let us now turn to a discussion of the projective flow in the nonperiodic case. For the 
rest of Section 3, we will assume that (E, R) is a minimal flow. Frequently we will assume 
in addition that it is Bohr almost periodic. Let A : f2 — > M 2 be a continuous function. The 
family of Eqs. (3. 1^): 



x' — A(co ■ t)x 



defines a flow (E, R). 

One might ask for a classification up to flow isomorphism of all possible projective 
flows, for all such continuous maps A. This seems to be a completely hopeless endeavor. 
We set a more modest goal, and ask for a description of the possible minimal subsets 
of E. Progress along these lines has been made. We will describe this progress, and will 
encounter along the way a rich collection of interesting minimal sets which supplies ex- 
amples illustrating various phenomena which often are not related in an a priori way to 
properties of two-dimensional linear differential systems. 

Before beginning, let us observe that the projective flow (E,R) is unchanged if the 
diagonal matrix function — ^ tr A(-)(q j) is added to A (-) . Hence for present purposes, 
there is no loss of generality in assuming that the trace tr A(-) = 0, that is, that A takes 
values is the Lie algebra sl(2, R). For the rest of Section 3, we will assume that A is a 
continuous, sl(2, Rj-valued function on £2. 

We begin the discussion with a lemma which will be applied several times in what 
follows. We give a proof which uses some basic techniques in the theory of nonautonomous 
differential systems. 

LEMMA 3.1. Let (£2, R) be a minimal flow, and let f : f2 — > R be a continuous function. 
Suppose that there is an invariant measure t>o on £2 such that / dvo = 0. Then one of 
the following conditions holds. 

(i) There is a continuous function F : £2 — > R such that F(co-t)~ F(co) = /q f (co- s) dv 
(co € S2, t € R). 

(ii) There is a residual subset £2* C £2 such that, if co* e £2*, then 

limsup / f(co*-s)ds—oo, liminf 

r-»o o Jo f-s-oo 



r 

Jo 



f (co* ■ s) d.v = — 00 , 
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/(&>*• s) d.v = oo, liminf / /(&>*• s) d.v = — oo. 

o 

Condition (i) holds if and only if there is a point coq € £2 such that /q f (coo ■ s) d,v is 
bounded. Furthermore, if (i) holds, then fdv — 0 for every invariant measure v on £2. 

Proof. We define a flow {r t | t e R] on Q x R as follows: r t (co,x) = (r t (co),x + 
/q /(ft) • s) d.v); it is easy to check that {/} is indeed a flow. Let if : £2 x R -» £2 be the 
projection; it is a flow homomorphism. 

Let us now first assume that there is a point co o e £2 such that f(co o • s) d.v is bounded. 

The orbit {r t (coo, 0) | t e R} C ^ x R is bounded, hence its closure D is compact and 
{/} -invariant. Let M C D be a minimal subset. We claim that M defines a section of 
£2 x R; that is, there exists a continuous function <p : £2 — > R such that M — {(&>, (pirn)) \ 
co e £2}. 

To see this, suppose that there exist a point co e £2 and points x\,X 2 e R such that 
(co.Xi) e M (i — 1,2). Let S — \x 2 — xi|, and let Tg : £2 x R — > £2 x R be the map 
Tg(co,x ) = (ft). x + S). Then T$(M) = M by invariance and minimality of M. Suppose 
that S 0. Then T„s(M) — M (n = 0, ±1, ±2, . . .). But then M is not compact. This 
contradiction proves that S = 0. It follows that there is a function <p : £2 — > R such that 
M — {(ft), (pled)) | ft) e £2}. The continuity of ip follows from the compactness of M. 

Let us now define F(co) = (p(a> ) (<a e £2). Then for each co e £2 and t e R, we have 
F(ft) • t ) — F(a> ) = Jq /(ft) • s)d.v. That is, F satisfies the condition (i). 

It is clear that, if (i) holds, then /(&> • s) d.? is bounded for every ft) e £2. So we have 

rt 

verified the equivalence of (i) with the boundedness of the integrals J () /(ft) • s) d.v. 

Next, suppose that condition (i) does not hold. We will prove that the oscillation con- 
ditions (ii) are valid. To do so, we will adapt to the present (simple) situation techniques 
which are used by Sacker and Sell to prove a basic result in the theory of exponential 
dichotomies ([137]; see also Selgrade [142] and Mane [105]). 

To facilitate comparison with [137], we introduce the family of one-dimensional linear 
systems 



lim sup 

t — > — OO 



L 



x' = f{(o-t)x, .teR (3.2<u) 

Let (p{u > , t) — exp f(a> ■ s) d.v be the solution of (3.2 W ) satisfying (p(a> , 0) = 1. Equations 
(3.2ft;) define a flow {r t \ t e R] on £2 x R, as follows: f t (a), x) — (i>(ft)), <p(co, t)x). Here 
[f, } has a different meaning as compared to the preceding lines. 

Let us assume that there is a constant c such that J 0 f(a> ■ s) d.v / c for all o> <= £2 and 
f ^ 0; we will presently see that this assumption leads to a contradiction. One checks that 
if our assumption holds, then f(a> ■ s) d.v ^ — c for all a> e £2, t ^ 0. Since condition (i) 
does not hold, we have that J 0 f(a> ■ s) d.v is unbounded above as t — > — oo, for each m e £2. 
This means that, for each ft) e £ 2, the only solution x(t) of (3.2ft,) which is bounded on all 
of R is the zero solution x(t) = 0. 

We continue to assume that / ( j f (co ■ s ) d.v ^ c for all co e £2 , t ^ 0. We claim that cp(co.t) 
decays to zero in a uniform exponential manner as t — > oo. To see this, we first show 
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that, for each co e £2, cp(co, t) — > 0 as t — > oo. For, if were not the case, there would exist 
S > 0, ft) e £2, and a sequence tk -> oo such that cp(co, tk) ^ 8 (k = 1,2,.. .). Passing to a 
subsequence if necessary, we can assume that r, k (co) — > cb and cpico, t, t) — > x where x ^ 0. 
Consider the omega-limit set with respect to the flow {f ? } of the point {co, 1) e 11 x R. 
This set is compact and invariant, and contains the point ( cb , x). It follows that (p(a:>, t)x is 
bounded for all t e K; in fact, cp( cb, t)x ^ | (t e R). However, the only bounded solution 
of (2(a) is the zero solution, hence x = 0. This contradiction shows that cp{co , t) -> 0 as 
t — »• oo. 

Next note that, if co e 12, then there exists t 0J such that, if 1 ^ t co , then cp(co, t) < 1/2. 
There is a neighborhood U w of co in 12 such that, if co e U (u , then cp(co , t m ) < 1 /2. Choose 
coi , . . . , (o r € £2 so that 12 = U m U • • • U U 0Jr . Write [/,• = U COi , f; = t 0Jj ( 1 ^ ; C >'), and set 
T — max{fi, . . . , t,}. If <u e 12 and co e Uk , then cp{cb, tj + tk) — (p(r tj (cb), tk)cp(cb , tj) < 
(|) 2 . This argument can be iterated to obtain the following: let a = ^ and K = 
2 sup {cpico, f) | o> e 12, 0 ^ t ^ T}; then cp(co , t) ^ Kt~ at ( t ^ 0). We have shown that 
i p{co , t) decays to zero in a uniform exponential way as t — >• oo. Now, the exponential 
decay has the consequence that, if oo e £2, then 

1 r r 

limsup - / f{co ■ s) d.v ^ —a. (*) 

r->oo t Jo 

We claim that condition (*) is inconsistent with the hypothesis that f Q f duo = 0. 

To see this, observe first that there exist ergodic measures iq , iq on 12 such that 
f Q f dv\ ^ 0 and f Q f dv 2 ^ 0 (these ergodic measures may coincide: vi = V2 = u, in 
which case f dv — 0). This follows from the Choquet theory [131] applied to the weak-* 
compact convex subset I of invariant measures on 12. In fact, the invariant measure uq 
can be expressed as an integral over I with respect to a measure H concentrated on the 
set E of ergodic measures, in such a way that f n f duo = fpi J q / dv) d H(v). So if, say, 
f n f dv > 0 for all ergodic measures u, then f Q f duo > 0, and similarly if f Q f dv <0 for 
all ergodic measures v. This proves the existence of the measures vi , vq. 

Now, if f Q f dv 2 ^ 0, then there exists a set 122 C 12 with rqf^) — 1 such that, if C 02 e 
122, then 



1 f r 

lim - / /(&>2 • s) ^ 0’ 
r^oo t J 0 

in contradiction with (*). 

Recapitulating, we have shown that, if condition (i) does not hold, then there does not 
exist a constant c such that J f(co ■ s) ds ^ c for all co e 12, t ^ 0. We now set 12 w = {a> e 
12 | / ( j f(oj ■ s) d.v ^ N for all t Jz 0}. Then 12 jv is closed (N — 1,2,.. .). If for some N, 
12 .y contains a set U which is open in 12, then there are times t\ > 0, t r >0 such that 
r tl (U) U • • • U r tr ( U ) = 12. It follows that f(co ■ s) d.? is bounded above by a uniform 

constant for all co e 12, t ^ 0. But we know that this is not possible. We conclude that 
U/v=i h as fi rst category in 12. 

Let 12 1 = 12 \ Uw=t If <w is in the residual set 12 1 , then limsup^^ fl f(co ■ s) d.v = 
00. We apply reasoning similar to the above to obtain residual sets 122, 123, 12q C 12 for 
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which the remaining oscillation conditions hold. Then the residual set 12* = H/Li sat- 
isfies the oscillation conditions (ii). □ 

One of the first proofs of the equivalence of condition (i) and the existence of a point 
coo f°r which f(co ■ j)d.v is bounded was published in ([63], Theorem 14.11); we have 
repeated this proof. The fact that condition (ii) follows from the hypotheses of Lemma 3.1 
was proved in [82]. There the condition that f Q f duo = 0 for some invariant measure i>o is 
substituted by the equivalent condition that, for some point co e £2 and some sequence tk 
such that |r*| — »■ oo, one has lim^oo ^ Jo d,s = 0. 

At several points in the discussion, we will apply a result proved by Cameron [25] in 
1936 for almost periodic linear differential systems. It was later generalized to linear dif- 
ferential system with Birkhoff recurrent coefficients [41]. More recently, special cases of 
Cameron’s theorem have been rediscovered by several authors. 

Theorem 3.2 (Cameron). Suppose that (12, R) is minimal and that n Js 1. Let A : £2 — * 
M„ be a continuous function. Suppose that each co e Q has the property that all solutions 
of Eq. (3.1(y): 



x' — A(a> ■ t)x 



are bounded. Then there is a continuous and continuously invertible map L : 12 
GL(n, R) with the following properties. 

- L has symmetric values : L{co) T — L(co) for all co e 12. 

- The map co — > gy L(co ■ f)|r=0 is well-defined and continuous. 

- The change of variables x — L(co ■ t)y takes (3.1*,) to the form 



y = B(co ■ t)y 



where B : 12 — » M„ is continuous and has antisymmetric values: B(co) T — —B(co) for 
all co € 12. 

- If A takes values in sl(2, R), then L takes values in SL(2, R). 

For a proof of this theorem see [41], It makes use of Cameron’s original idea and some 
results of Ellis concerning the structure of distal extensions of minimal flows. 

We return to the case n — 2. Let (12, R) be a minimal flow. In what follows we will usu- 
ally assume in addition that (12 , R) is almost periodic. Let A : 12 -» sl(2, R) be a continuous 
map. Our goal is to analyze the minimal subsets of the projective flow (E, R) defined by 
Eqs. (3.1*,). The first step is to count them. We begin with a strengthened version of a 
theorem of Sacker and Sell [139], 

PROPOSITION 3.3. Let (12, R) be a minimal almost periodic flow, let A : 12 — > sl(2, R) be 
continuous, and let (E, R) be the projective flow defined by Eqs. (3.1*,). Suppose that E 
contains k 3 distinct minimal sets. Then there is a continuous, continuously invertible 
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matrix function L : £2 — > SL(2, R) such that the change of variables y = L(co ■ t)x takes 
Eqs. (3.1 W ) into the form 

~o°)y ( " eQ| 

where bo e R is a constant. 



We include a proof of this proposition since it illustrates several simple but useful tech- 
niques. 



PROOF. We first show that, for each co e £2, the fundamental matrix solution of 

( 3 . 1 ( 0 ) is bounded. For this, let M\. Mi, Mr, be three distinct minimal subsets of E. Fix 
a> e £2, and let l\, I2, 13 ePbe points such that (&>, /,-) e M/, 1 ^ i ^ 3. Such points can be 
found because (£2, R) is minimal, hence the projection it(Mj) equals £2(1 f i f 3). 

Let d be a metric on P. Note that, if i f j, then ( 00 , If) and (&), lj) form a distal pair in 
the sense that inf f 6 R<i(<f> „(?)/,-, d> w (f)/j) > 0. This is because the orbits {r, (co, If) \ t e R} 
lie in the mutually disjoint minimal sets M, ( 1 f i f 3). Let i, e be a vector of norm 1, 
and set Xj(t) = d>(y(r)x; (1 < i < 3). 

Suppose for contradiction that x\ (?) is unbounded. Then there exists a sequence (fy ) C R 
such that \tk\ -> 00 and | jci (?*) I ^ k. Let 'l'(f) be the matrix solution of (3.1(„) whose 
columns are xi(?) and xi(t). By Liouville’s formula, det'f'(f) — c — constant f- 0, and 
it follows from the distallity condition on ( co , If and (co, I 2 ) that Yrmk-^-oo x 2ih) = 0. In a 
similar way, one proves that lim^oo^^-) = 0. 

Now, however, we let W*(t) be the matrix solution of (3.1(o) whose columns are X 2 (?) 
and X 3 (?) . Then det (?) = c* = constant 0 for all ? e R. But lim^oo 'T*(?/t) = 0. 
This contradiction proves that xi(?) is bounded. In a similar way, one proves that xj ( ? ) 
is bounded (and also 3:3 (?) for that matter). Since a generic solution of (3. 1 „,) is a linear 
combination of xi(?) and X 2 (?), we see that <!>(„(?) is bounded. 

Let us apply Theorem 3.2 to find a continuous, continuously invertible function L : £2 — > 
SL(2, R) such that co i->- 4 \L(co ■ ?)|(=o is well-defined and continuous, and such that the 
change of variables x = L(co ■ t)y brings Eq. (3. 1 ,„) to the form 



/ 0 -b(co-t) 

\b(co-t) 0 



y 



(3.3(a) 



where b : £2 — > R is continuous. Let v be an ergodic measure on £2, and let bo = 
f n b(co ) dv(a>). For each co e £2, consider the quantity 

/ (b(a> ■ s) — bo) d.v = / b(co ■ s) ds — bot . 

Jo Jo 

According to Lemma 3.1 this quantity satisfies exactly one of the following conditions, 
(a) There exists a continuous function B : £2 -* R such that B(co ■ t) — B(o>) = 
fo(b(co ■ s) — bo) d.5 for all &> e £2 and ? e R. 
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(/6) There is a residual set £2* C G such that the oscillation conditions (ii) of Lemma 3.1 
hold. 

Suppose first that (a) holds. Make the change of variable 

_ /cos B(co-t) — sin5(o)-r)\ 
y sin B(a> ■ t) cos B(w-t) J Z 

in Eq. (3.3 W ), and note that, in the 7-variable, Eqs. (3. 1 ,„) take the form 




So in this case Proposition 3.3 is proved. 

Suppose the second possibility (/3) holds. It turns out that, in this case, we cannot have 
k ^ 3. We indicate how this can be proved. Note that the circle group T = R/7rZ acts on 
P = K/ttZ by addition. Hence T acts on £ in the following way: if (&>, /) e £ and g e T, 
then g ■ (co, /) = (co, g + /). 

Let (£, {fj}) be the projective flow defined by Eqs. (3.3 W ). Then T commutes with [r ? ] 
in the sense that, if g £ T, then g ■ f r (co, l ) = x,(g ■ ( co , /)). Now, if M C £ is minimal, 
then g ■ M = [g ■ m \ m e M } either coincides with M or is disjoint from M. Consider the 
subgroup Go of T defined as follows: Go = {g e T | g ■ M = M}. Since k > 1, Go must be 
finite; let Go have r elements. Then M is an r -cover of Q. It can be shown that (M, {r, )) 
is an almost periodic minimal set [42,139], 

Now however, let ni : £ — > P be the projection on the second factor. Using almost peri- 
odicity of (M, K), we see that the function 



1 1 — > — bot T 




b(co ■ s) d.v 



mod n 



is almost periodic. Using an old theorem of Bohr (see Fink [54], Proposition 6.7), we 
see that Jjj (h(o> ■ s) — /?o) d.s' is an almost periodic function, hence is bounded. This last 
condition contradicts (/l), so the proof of Proposition 3.3 is complete. In fact we have 
shown that, if (/J) holds, then k — 1 for Eqs. (3.3^). That is, (£, K) is minimal. □ 



Remarks 3.4. If (G. R) is assumed to be minimal but not necessarily almost periodic, 
then we can only prove a weaker version of Proposition 3.3. We indicate what can be 
shown. Suppose that k ^ 3. We can still apply Cameron’s theorem and reduce Eqs. (3.1 w ) 
to the skew-symmetric form (3.3 ( „). The group T = R/7rZ commutes with the flow on £ 
defined by Eqs. (3.3 W ), so if M C £ is minimal, and if Go = [g e T | g ■ M = M], then 
Go is a finite subgroup of T. This shows, incidentally, that k — o o because two points 
gi, g 2 e T with gi — g 2 G o give rise to distinct minimal sets M-, = g, ■ M (i — 1,2). 
Thus one has the so-called l-2-oo theorem [139]. 

Suppose now that Go contains r elements. Then each minimal subset M C £ is an 
r -cover of Q, and in fact a finite Abelian group extension of f2. In these circumstances, it 
seems reasonable to look for a change of variable y = L i(&> • t)z which takes Eqs. (3.3 W ) 
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to constant-coefficient form. However, we have not been able to prove that such a change 
of variables always exists. 

Let us now turn to the case k — 2, where k is the number of distinct minimal subsets of E . 
When the coefficient matrix A(-) in (3.1) is 2n -periodic, the condition k — 2 is equivalent 
to the statement that the corresponding family of Eqs. (3.1*,) has an exponential dichotomy. 
In this situation, the projective flow is isomorphic to that determined by the system x' — 
( o - ) x - Here the nonzero constant a is interpreted as a 2tx -periodic function. We will see 
that other possibilities are present when (3.1) has an almost periodic coefficient A(-). 

Unless otherwise stated, (£2, R) will denote a minimal almost periodic flow. Let A : L2 — > 
sl(2, R) be continuous, and let (E, R) be the projective flow defined by the corresponding 
family of Eqs. (3.1*,). Suppose that (E, R) contains exactly two minimal sets. 

Let us first note that, in this case, each Eq. (3.1*,) admits an unbounded solution. For 
suppose that this is not the case, and that, for some co e £ 2 , the fundamental matrix solution 
<J>*,(t) of Eq. (3.1(y) is bounded: |<J>*,(f)| ^ c < oo for all t e R. If co e £2, let (ft) C R be a 
sequence such that co ■ ft — > <w. Passing to a subsequence, we can assume that <t>*,(t + ft) 
converges, uniformly on compact subsets of R, to a matrix solution 'b(f) of Eq. ( 1 *,). Since 
det 'L(f) = 1 for all t e R, 'b(f) is an invertible matrix solution of ( 1 * , ) , and moreover 
|'f , (f)| ^ c. It follows that all solutions of (1,*) are bounded, as well. 

Now however, we can apply Cameron’s theorem to reduce Eqs. (3.1ft,) to the form (3.3ft,). 
Following the analysis of the family (3.3ft,) which was carried out in the proof of Proposi- 
tion 3.3, we see that either k — 1 or k — oo. So indeed each Eq. (3.1ft,) admits an unbounded 
solution. 

It is of course possible that the family (3.1*,) admits an exponential dichotomy. In this 
case, all solutions of all Eqs. (3.1*,) are unbounded. However, we will encounter other, 
more interesting families of Eqs. (3.1*,) for which k — 2. 

First we consider some a priori properties of the minimal subsets of E when (£2, R) is 
minimal and almost periodic, and k = 2. We begin with some terminology. 

Definitions 3.5. Let £2 be a compact metric space with distance function d, and let 
(£2 , R) be a flow. Say that two points co\ , a >2 e £2 form a distal pair if there exists S > 0 such 
that d(co\ ■ t, a>2 • t) ^ S for all teR. Say that co\ , a >2 form a proximal pair if coi ^ w 2 and 
there exists a sequence ( 4 ) C R such that lim^^oo d (<ui • ft, u > 2 ■ ft) = 0. Say that (£2, R) 
is distal if every pair u>\, a >2 € £2 with &>i ^ co 2 is distal, and say that (£2, R) is proximal is 
every pair an, 002 e £2 with co 1 ^ 002 is proximal. Let (E, R) be another flow where E is a 
metric space, and let n : E -> £2 be a flow homomorphism. Say that E is a distal extension 
of £2 if whenever 7t(<j \ ) = Jt(cr2) and o\ ^ 02 , the pair (oq , 02 ) is distal with respect to the 
flow (E, R). Similarly, say that E is a proximal extension of £2 if whenever tc(o\) — 71 ( 02 ) 
and o 1 02 , the pair (o 1 , 02 ) is proximal with respect to the flow (E, R). 

In the context of systems of ordinary differential equations, the distallity concept is 
related to the well-known Favard property [52,158] and to properties of separatedness of 
the solutions. See [24,139]. 

PROPOSITION 3.6. Let (£2,R) be an almost periodic minimal flow, and let A : £2 — > 
sl(2,R) be continuous. Suppose that the projective flow (E,R) defined by Eqs. (3.1*,) 
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admits k = 2 minimal sets. Then each such minimal set M cS is an almost automorphic 
extension ofTl. 

For the definition of almost automorphic extension, see Section 2 . It is of course un- 
derstood that the flow homomorphism defining the extension is the projection n : E — » 
Proposition 3.6 implies that there is a residual subset £ 2 o C £2 such that, if co <= Q( t , then 
7r _1 (o>) D M contains exactly one point. Of course, the possibility that Qq = Q is not 
excluded. 

Proof. Let M \ and M2 be the minimal subsets of E . Let us first suppose that, for some 
co e £ 2 , the fiber 7r _1 (<w) O Mj contains two distinct points m 0, m\. Further, let m2 e M2 
be a point such that 71(1112) = 00. Let m; = (co, /,), then choose x, e /,- with |i; | = 1 , and 
set Xj(t) = <& m (t)xi (i — 0 , 1 , 2 ). Note that (1110,1112) and (mi, m2) are distal pairs in E 
because M\ and M2 are compact and disjoint. 

Suppose that xo (t) is unbounded, so that there is a sequence (z> ) c R such that 
lim^-j-oo \xi(tk)\ — 00. Let v I / o(f) be the matrix solution of ( 3 . 1 <u) whose columns are xq ( t) 
and X2 (t). By Liouville’s formula, det fl / o(f) = det fl / o( 0 ) 7^ 0 for all ( eR. Since (mo, m2) 
is a distal pair, it must be the case that lim^oo xo(tk) — 0 . In an analogous way, we can 
conclude that lim^-s-cio M (tk) — 0 . Now, however, if fl'ff) is the matrix solution of ( 3 . 1 ^) 
whose columns are xo(f ) and x\ (t), then 0 7^ det (0) = lim^oo det 'L ( t >) — 0, a contra- 
diction. We conclude that X2 (t) is bounded. 

If xo(t) is also bounded, then the matrix solution 'Po(r) is bounded. However, we have 
seen that this possibility is inconsistent with the hypothesis that k = 2 . Therefore xq ( t) is 
unbounded. Thus there is a sequence (tk) C R such that limt^oo |jco (tk) I = 00. It follows 
that X2 (tk) —*■ 0 as k —> 00. 

Suppose for contradiction that there is a point 1112 7^ m2 in M2 such that 71(1112) = co. 
Let m 3 = (co, I2), choose X3 e I2 such that IL3I = 1 , and set X3 (t) — <t> cu (t)x3. Reasoning 
as in the first two paragraphs of the proof, we see that X3 (tk) — > 0 as k -> 00. However, 
if we form the matrix solution of ( 3 . 1 w ) whose columns are X2 (t) and X3 (t), and if we 
apply Liouville’s formula along the sequence (tk), we obtain a contradiction. We conclude 
that m 2 is the unique point in the fiber 7 r _1 (<u) H M2. This implies that M2 is an almost 
automorphic extension of Q. 

We must still show that M\ is an almost automorphic extension of Q. If this is not the 
case, then for each co e £ 2 , the fiber 7r -1 (ft>) fi M\ contains at least two points. Arguing 
as above, we see that tz : M2 — > R! is injective (actually a homeomorphism). Let 1112 — 
(co, I2) e M2, and let X2 e h satisfy \X2\ = 1 . Carrying out the reasoning of the first two 
paragraphs of the proof, we see that X2 (t) — O ffl (t).r2 is bounded. 

At this point, let us return to Eq. ( 3 . 3 a,) in Section 2 . Letting / : E —> M be the function 
in that equation, and restricting / to M2, we see that 

ln|x 2 (f)| = f f(i(m 2 ))ds 
Jo 

for each 1112 e M2. Now, (M2, R) is a minimal flow and, according to the previous para- 
graph, fl f(r(ni2))ds is bounded above for all m 2 e M2. It follows from the oscillation 
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Lemma 3.1 that /'(f (m 2 )) d.s is uniformly bounded (above and below) for m 2 e M 2 , 
t <= R. In particular, X 2 U) is bounded away from zero for all nil e M 2 . 

Again let co e fl, let mo, mi e M\ fl 7r _1 (<w), and let vj/ 0 (/) be the matrix solution of 
(3.1(0) whose columns are A'o(f) and X 2 (t). Using the distallity of the pair (mo, m 2 ), we see 
that 'l'o(t) is bounded. This is a contradiction, so we see that M\ is an almost automorphic 
extension of fl. 

Until now, we have worked under the hypothesis that at least one fiber of M\ contains 
two (or more) distinct points. To complete the proof of Proposition 3.6, we must examine 
the case that all fibers 7 r -1 (o>) fl M \ contain just one point. However, if this is true, and if 
Mi is not an almost automorphic extension of fl, then each fiber 7r -1 (ft>) fl M 2 contains 
two or more points. We can thus repeat the reasoning just given; we obtain a contradiction; 
we then conclude that M 2 is an almost automorphic extension of fl, after all. This conclude 
the proof of Proposition 3.6. □ 



We consider some examples in which k — 2. We will see that interesting phenomena are 
compatible with this hypothesis, which have no analogue in the periodic case. We begin 
with a class of simple equations which still have some interesting features. Let (fl,M) 
be an almost periodic minimal flow, and let v be the unique ergodic measure on fl. Let 
a : fl —> R. be a continuous function with mean value zero, that is to say f Q a dv = 0. Let 
Co(fl) be the class of all such continuous functions on fl. Next, let a e Co(fl) be a function 
such that for some (hence all) w e fl, the integral a(co ■ s) d.v is unbounded. 

Consider the family of linear differential systems 



/ 

* 



/ a(a>- 1) 0 \ 

\ 0 — a(co ■ t) j ’ 




(3.4a,) 



Letting /,• e P be the Xi -axis (i = 1 , 2), we see that there are two minimal sets in £ , namely 
Mj — {(<y, /, ) | a> e fl}, i — 1, 2. There are no other minimal subsets of £ because, if there 
were, then all solutions of Eqs. (?>.4 M ) would be bounded, and that is not true. It is clear 
that this example shows that the hypothesis k = 2 is compatible with the vanishing of the 
Lyapunov exponent of the family (3.4^). 

Actually, this class of examples can be divided into two subclasses, as follows. We 
first consider two subsets C\ and C 2 of Co(fl) defined as follows: C\ = {a e Co(fl) | 
there exists a y-measurable but noncontinuous function A : fl -» K such that A (a) • t ) — 
A(co) — f‘ a(a>- s) d.v for all w e fl, teR} and C 2 — {a e Co(fl) | Jq a(a>- s) d.v in un- 
bounded for some a> e fl , and there is no measurable function A : fl — » R such that 
A(&) • t ) — A(o>) = a(o) ■ s) d.v a.e. in &>}. It can be shown that both C\ and C 2 are dense 
in Co(fl), though Ci is “bigger” in the sense that it is residual [74]. 

Next we note that the projective flow (£, R) of the family (3.4 (I) ) can be explicitly de- 
scribed because, if 6{t) is the polar angle of a solution x(t) of (3.4<u), and if u(t) — cot 9(t), 
then 



1 / = 2a(co ■ t)u. 
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Suppose now that a e C\. For each 9 e (0, n), the set {(o>, 6 m ) | cot^ = cot e 2A<ttA , co e £2} 
defines a measurable invariant section of E . This implies that, for each 9 e (0, 7t), there is 
an ergodic measure fig on E defined as follows: 



/ h d fig = / 

Jy. Jq 



= I h(a>,9 u ,)dv(a>), 



h e C(E). 



That is, the flow (E, R) laminates into measurable invariant sections which define ergodic 
measures on E . 

On the other hand, if a e C 2 , then it can be shown that there are only two ergodic mea- 
sures fi 1 and fi2, which are supported on M\ and M2 respectively. We leave the proof as 
an exercise for the interested reader. 

Let us now consider a class of examples of almost periodic Eqs. (3. 1 ,„) for which k — 2, 
and for which one of the minimal sets M C E is almost automorphic but not almost peri- 
odic. We will see that examples exhibiting such minimal sets permit one to answer certain 
questions regarding linear nonhomogeneous almost periodic differential equations which 
do not satisfy the Favard separation property. 

Let (£2, R) be an almost periodic minimal flow, and let a, b : £2 — > R be continuous 
functions. Consider the family of linear equations 



x 



f 



^ a(co ■ t) 

0 



b(a> ■ t) 

— ja(co ■ t ) 



x. 




Introducing the polar angle 9 in R , and setting u = cot (9, we find that 



(3.5J 



u! = a(co ■ t)u + b(a> ■ t). 



(3.6*,) 



Let (E,R) be the projective flow defined by Eqs. (3.5^,). Note that, if Z 1 € P denotes 
the A'i-axis, then the set Mo = {(&>,/i)|&>e£2}isa minimal subset of E. The complement 
E \ Mq is parameterized by points (co, 9) where 0 < 9 < it , or equivalently by points (co,u) 
where —00 < u < 00 . Thus we can study the projective flow (E, LRi) by studying solutions 
of the family (3.6 ( „) of linear nonhomogeneous equations, and vice-versa. 

Let v be the unique invariant measure on £2, and let «o = a dv. It is well-known that, 
if ciq / 0, then each Eq. (3.6,„) admits a unique almost periodic solution. For example, if 
<70 > 0, then 



/ °° t 

b(co ■ s)e^ al - m ' r '> dr d.v 

is the unique almost periodic solution of (3.6 W ). Of course, we are dealing here with a sim- 
ple case of a general theory regarding the existence, uniqueness, and recurrence properties 
of bounded solutions of a linear nonhomogeneous differential system whose linear part 
admits an exponential dichotomy. 

Our interest here is in the case when ciq — 0. It is convenient to consider two subcases. 
First, suppose that f r } ci(co ■ s ) d.v is bounded for some (hence all) co e £2. One then checks 
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that, if some equation (3.6,7,) admits a bounded solution, then for every co e 62, all solu- 
tions of (3.6^,) are almost periodic. One can put this trivial observation in the context of 
the general Favard theory concerning bounded solutions of linear nonhomogeneous almost 
periodic differential systems in dimension n [52]. To see this, note that the family (3.6,„) 
satisfies the Favard separation condition: if co e £2 and if u i (f), ujU) are two bounded so- 
lutions of (3.6ft,), then inf f |t<i(f) — U 2 (t)\ > 0. The Favard theory then states that, if one 
Eq. (677,) admits a bounded solution, then every Eq. (3.6ft,) admits an almost periodic solu- 
tion. In the one -dimensional case n = 1, this implies that all solutions of (3.6ft,) are almost 
periodic (co e £2). 

We are going to consider the second case, which is when a(co ■ s) tl.v is unbounded 
for some (hence all) co e £2. In this situation, Eqs. (3.6ft,) do not all satisfy the Favard 
separation property (this follows from Lemma 3.1). For a long time it was not known 
if the existence of a bounded solution of some Eq. (6^,) implies that Eqs. (3.6ft,) admit 
almost periodic solutions. The question was settled in the negative by examples of [158] 
and [73]. It turn out that, if some Eq. (677,) is assumed to have a bounded solution, then 
some Eq. (3.6ft,) (perhaps not the original equation) admits an almost automorphic solution; 
however this almost automorphic solution need not to be almost periodic. This follows 
from the discussion and the example in [73]. 

In a recent paper [126], Ortega and Tarallo carried out a systematic analysis of examples 
like those in [158] and [73]. They developed techniques which permit one to construct 
examples of “non-Favard type" for all almost periodic flows (£2, R). In fact, they prove a 
result ([126], Theorem 2) which, for the one-dimensional family (3.6,,,). has the following 
consequence. 

Theorem 3.7. Suppose that, for some co e £2, there holds 

a (co • s ) d.v = lim / a(cb ■ s) d.v = — 00 . 
r_> ' 00 / 0 

Then there exists a continuous function Z?:£2 —>■ K. such that each Eq. (3.6 W ) admits a 
bounded solution, and for which no Eq. (3.6ft,) admits an almost periodic solution. 

We will not prove this theorem here, instead we refer to ([126], Section 6-7). There a 
particular concept of weak solution of an n -dimensional linear nonhomogeneous almost 
periodic system is developed. For related considerations see [127], 

The a(-)-term of the example in [158] and [73] satisfies the hypothesis of Theorem 3.7 
for some co e £2. In fact, [158] makes use of a classical quasi-periodic example of Bohr 
[21], while [73] applies a limit periodic example of Conley and Miller [27]. 

We now extend Theorem 3.7 in that we discuss the recurrence properties of the bounded 
solutions of Eqs. (3.6ft,). We follow the discussion in [73], We continue to assume that 
k = 2. 

PROPOSITION 3.8. Suppose that f^a dv = 0, and suppose that JqO(co ■ s)ds is un- 
bounded for some ( hence all) co e £2. Suppose further that some Eq. (3.6a,) admits a 
bounded solution. Then there is a residual set £2* C £2 such that, if co e £2*, then (3.6^) 
admits a unique bounded solution which is almost automorphic. 
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Of course it is not excluded that the bounded solutions in this proposition are almost 
periodic. 

Proof. Let co e £2 be a point such that Eq. (3.6,0 admits a bounded solution u(t). Let 
9(t ) — cot -1 u(t), and note that {(r r (a>), 9(t)) \ t € R] is an orbit of the projective flow 
defined by Eqs. (3.5®). The orbit closure cls[(r r (a>), 9(t)) \ t e R] is a compact invariant 
subset of E which is disjoint from the minimal set Mq = {(&), Zi) | co e £2}. It therefore 
contains a minimal set Mi, such that Mi fl Mq = 0. 

Now, it is clear that, each Eq. (3.5®) admits an unbounded solution. In fact there exists 
co e £2 for which each solution x(t) — ( j ) satisfying X 2 (t) = 0 is unbounded, and there- 
fore every Eq. (3.5®) admits an unbounded solution. Taking account of Proposition 3.3, we 
see that Mq and Mi are the only minimal subsets of E. By Proposition 3.6, Mi is an almost 
automorphic extension of £2. This means that there is a residual subset £2 1 C £2 such that, 
if a>\ e £2i, then the fiber jt~ 1 (o)i) D M\ contains exactly one point (co i, 9\). One checks 
that, if i t (coi,9i) = (x t (co), 9\ (f)), then 9\(t) is an almost automorphic function. Hence 
u i (?) = cot0i(r) is an almost automorphic solution of (3.6®j). 

It follows from the oscillation Lemma 3.1 that there is a residual set £22 C £2 such that, if 
co e £22, Eq. (3.6®) admits a unique bounded solution. Set £2* = £2| fl £22; then £2* satisfies 
the condition of Proposition 3.8. This completes the proof. □ 

Proposition 3.8 is of course applicable to all one -dimensional examples of Ortega- 
Tarallo type, and hence to the examples in [158] and [73]. Let us note that almost automor- 
phicity is a more specific property than that of Besicovich almost periodicity. It was noted 
in [158] that a bounded solution of (3.6 <y) satisfies this last property; see that reference 
for the definition of almost periodicity in the Besicovich sense. The nature of Besicovich 
almost periodic functions has recently been discussed by Andres and his collaborators [6]. 

Examples of Ortega-Tarallo type correspond to two-dimensional families (3.5,,,) whose 
projective flows (E, R) admit exactly two minimal subsets, one of which, say Mi, is an 
almost automorphic, non-almost periodic extension of £2. There is a question concerning 
the structure of this minimal set Mi, which, so far as we know, has not been answered. In 
fact, it is not known (to us) if there exists a family (3.5®) for which the minimal set Mi 
supports more than one invariant measure. In other words, we ask if there is a family (3.5®) 
for which the projection £2* = {co e £2 | it~ l (co) fl M\ contains just one point] of the set of 
all automorphic points of Mi has zero v-measure: v(£2*) = 0. It is known that the minimal 
set of the family (3.5®) in [73] supports only one invariant measure; see [76]. 

Another question - probably more difficult - also awaits an answer. Namely, one would 
like to find a family of type (3.1®) for which k = 2, and for which both minimal subsets 
of E are almost automorphic, non-almost periodic extensions of £2. Such a family (3.1®) 
cannot have the form (3.5®), because for families of the latter type the minimal set Mq — 
{( co , /i) | co e £2} C E is flow isomorphic to £2 via the projection jr. 

We continue to assume that (£2, IR) is an almost periodic minimal flow, and turn to the 
case when the projective flow (E, R) defined by Eq. (3.1®) contains just one minimal set, 
i.e., k = 1 . It will turn out that the projective flow can exhibit an ample range of interesting 
structures, most of which have no analogues in the periodic case. We divide the discussion 
into three subsections, according to the dynamical behavior of the solutions of Eq. (3.1®). 
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For want of better terminology, we label these subsections as follows: (A) the strongly 
elliptic case; (B) the weakly elliptic case; (C) the weakly hyperbolic case. There is actually 
a fourth case, that in which Eqs. (3. 1 ,„) admit an exponential dichotomy. In this case, the 
two minimal sets are defined by the “traces” in £2 x P of the Sacker-Sell subbundles W± 
which were discussed in Section 2. See [78] for the details. We will not discuss this case 
further. 

(A) Strongly elliptic case 

The condition we impose here is that all solutions of all Eqs. (3.1®) are bounded. This 
condition is consistent with the requirement that k = 1. We examine the various flows 
(£,R) which can arise. We will see that £ is itself a minimal set. However it can ex- 
hibit various structures which were already understood by Furstenberg about fifty years 
ago [55]. 

First of all, we apply Cameron’s theorem 3.2 to find a continuous, continuously invertible 
function L : £2 — > SL(2, R) such that a> m* (w ■ t) \ t= o is continuous and such that the 
change of variables x = L(co ■ t)y brings Eqs. (3.1®) to the form 



/ 0 -b(co-t) 

\b(co ■ t) 0 






(3.7®) 



Let v be the unique ergodic measure on £2, and let bo — f Q bdv. We consider two possibili- 
ties: (1) f^(b(co ■ t) — bo) d.v is bounded for some (hence all) co e £2; (2) j'^ibico ■ t) — bo) d.v 
is unbounded for some (hence all) a> e £2. 

If the first possibility is realized, there is a continuous function B : £2 — > R such that 
B(co ■ t) — B(a>) — Jq (b(a> ■ t ) — bo) d.v, and, as in the proof of Proposition 3.3, the further 

change of variables y = (ZrZ?) ~cZb£'o) z brin 8 s Ec l s - (3J ^ t0 the form 



z 



I 



( 0 -b 0 

\bo 0 



z. 



(3.8®) 



The hypothesis that k = 1 imposes a condition on bo relative to the frequency module 
Mn of (£2, R), namely that there does not exist a rational number r such that rbo e Af q. 
When this condition holds, the flow (£, R) defined by Eqs. (3.8®) is minimal and almost 
periodic. If (£2, R) is quasi-periodic, then (£, R) is a Kronecker-type minimal flow. 

If the second possibility is realized one has a less simple situation, which however can 
be understood thanks to [55]. First of all, it turns out that (£, R) is minimal but not almost 
periodic. Further information can be obtained by distinguishing two subcases, as follows. 
For simplicity, set bo — 0. 

(1) Suppose that there exists a v-measurable but noncontinuous function B : £2 -> R such 
that B(oj ■ t) — B{m) — f Q b(w ■ s) d.v for all t e R, w e £2. We saw earlier that the class C\ of 
functions b e Co(£2) which have this property is dense in Co(£2). Let 6 e R be an angular 
coordinate mod jr on P. For each fixed value 6 e [0, u), set 0® = (0 + B(o>))mod n , then 
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note that the set {(a y,Q m ) \ co e £2} is a measurable invariant section of E. There is an 
ergodic measure ptg on E defined as follows: 

/ h dp,g = / h(a>, 6 m ) du(tt») (AeCfE)). 

Jy. Jq 

That is, the flow (E, R) laminates into measurable invariant sections which define ergodic 
measures fig on E. A similar situation was considered when k — 2. 

(2) There exists no measurable function B with the above property. As we saw before, 
the class C 2 C Co(£2) of such functions b is residual in Co(£2). When b e C 2 , the flow 
(E, R) admits a unique ergodic measure p. (see [55], Lemma 2.1). It can be verified that p 
is equivalent to the product of v with the normalized Lebesgue measure m on P. 

Before considering the situations envisioned in subsections (B) and (C), we state a 
lemma which gives some a priori information concerning the structure of the projective 
flow in these cases. 

Lemma 3.9. Let (£2, R) be an almost periodic minimal flow, let A : £2 — > sl(2, R) be a 
continuous function, and let (E, R) be the projective flow defined by Eqs. (3.1^). Suppose 
that E contains exactly one minimal set M, and that some Eq. (3. 1^) admits an unbounded 
solution. 

Then either M is a proximal extension o/£ 2, or M is a proximal extension of an almost 
periodic two-cover of £2. In the latter situation, M is an almost automorphic extension of 
an almost periodic two-cover ofi 2. 

See Definitions 3.5 for the meaning of the term “proximal extension”. A proof of 
Lemma 3.9 is given in ([83], Section 7). We only sketch it here. 

To begin, suppose that (M, R) is not a proximal extension of (£2, R). Then there is a 
point &) e £2 together with a distal pair mi = (co, l\), m 2 = ( 08 , h) of points in M. Letting 
d be a metric on P, and writing r t (cb, /,-) = (r, (<w), lj(t)) (i — 1, 2), we can find a number 
S > 0 such that d(li(t), hit)) ^ 8 for all t e R. Passing to the closure of one of the orbits 
[f >(m, ) | t e R] and using the minimality of M, one shows that, for each w e £2, the fiber 
7r _1 (&>) fl M contains a distal pair (mi, 1112 ), In particular, each fiber tc~ x (w) contains at 
least two points. 

Using Lemma 3.1 together with by-now familiar reasoning using matrix solutions of 
Eqs. (3. leu), ° ne can show that there is a residual subset £2* C £2 such that, if o> e £2*, then 
7r _1 (&>) fl M contains exactly two points. At this point we introduce the proximal relation 
V = {(mi, m 2 ) € M x M | (mi, m 2 ) is a proximal pair}. It is clear that V is invariant in 
the sense that, if (mi, m 2 ) € V, then (r t (m \ , m 2 )) e V for all t e R. It is also clear that, 
if (mi, m 2 ) e V, then jr(mi) = Ttimx), Now, it can be shown that V is a closed subset of 
M x M. According to a general result of Ellis ([40], Lemma 5.17), this implies that V is an 
equivalence relation on M. Define £22 to be the topological quotient M/V. One checks that 
£22 is a compact metrizable space, that it inherits a flow [f, 2 ] from [f ? ], and that (£ 22 , [t 2 ]) 
is an almost periodic 2-cover of £2. One also checks that M is a proximal extension of £2. 

The statement of Lemma 3.9 follows from these considerations. Let us now turn to a 
discussion of the weakly elliptic case. 
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(B) Weakly elliptic case 

Let (£2, R) be an almost periodic minimal flow, and let A — »• si (2, R) be a continuous 
function. We impose the following conditions on Eqs. (3. 1 

(i) one Eq. (3. 1,„) admits an unbounded solution, hence all Eqs. (3. 1 „,) have this prop- 
erty; 

(ii) the Lyapunov exponent of the family (3. 1 ,„) is zero. 

Here the Lyapunov exponent is that with respect to the ergodic measure v on £2; see Sec- 
tion 2. The condition (ii) implies that | In O m (f)A'o tends to zero uniformly in co e £2 and 
Vo € R 2 with |xo I = 1 as |f| — »■ oo; see Proposition 2.5. 

We mention two types of minimal subset M C E which are encountered when condi- 
tions (i) and (ii) hold. 

First, there are weakly elliptic families (3.1 w ) for which the projective flow (E, R) con- 
tains a (unique) minimal set M which is a genuine 2-cover of £2. This is a remarkable 
phenomenon which has no analogue in the periodic case. The first example illustrating it 
seems to be in [88]; another is given in [123]. These examples both have the property that 
(£2 , R) is of limit periodic type. Apparently no example of quasi-periodic type has been 
constructed. It would be interesting to have a larger body of examples of families (3. 1 
for which (E, R) exhibits such a minimal set. 

Second, there exist weakly elliptic families (3.1^) such that the projective flow (E, R) 
is minimal and admits a unique invariant measure. According to Lemma 3.9 and its proof, 
the minimality of (E, R) implies that it is a proximal extension of (£2, R). Examples of 
this type were constructed in a more general context by Glasner and Weiss [61]; they used 
ideas of Fathi and Herman [51] and Anosov and Katok [7], Subsequently Nerurkar and 
Sussmann [114,115] have developed very general methods which permit in particular to 
obtain examples of the present type for various particular classes of coefficients matrices 
A ( • ) . They can treat the case - very special from their point of view - when A(-) has 
the form ( ^ q), which corresponds to Eqs. (3.1®) of Hill-Schrodinger type; they can 
find functions q(-) for which the family (3.1®) gives rise to a minimal, uniquely ergodic 
projective flow E which is a proximal extension of £2. It seems possible that such projective 
flows arise “frequently” even in suitable parameterized families of quasi-periodic equations 
of Schrodinger type with analytic potential q and Diophantine frequency vector; see, e.g., 
Eliasson [38,39], Puig [134,133], 

We do not know of examples of weakly elliptic families (3.1^) whose projective flows 
have properties qualitatively different from those illustrated above. In this regard, it would 
be interesting to know if there is a weakly elliptic family for which the minimal set M C E 
is an almost automorphic, non-almost periodic extension of an almost periodic 2-cover £2 t 
of £2. It would also be satisfying to decide whether or not there are examples for which M 
is a proximal non-almost automorphic extension of £2 but M ^ E . 

We turn to the 

(C) Weakly hyperbolic case 

Once again let (£2, R) be a minimal almost periodic flow, and let A : £2 — > sl(2, R) be a 
continuous function. We impose the following conditions: 

(i) the family (3.1,/ 4 does not admit an exponential dichotomy; 

(ii) the Lyapunov exponent ft of the family (3. 1 ®) is positive: > 0. 
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We say that weakly hyperbolic families (3.1 al ) are of “M-V type”, in recognition of the pa- 
pers of Millionscikov [108] and Vinograd [152]. Those authors constructed the first limit 
periodic resp. quasi-periodic examples of families (3. 1 „,) of weakly hyperbolic type. They 
did not explicitly study the properties of the projective flows corresponding to their fami- 
lies. That was done later in [78,83] and other papers. 

Generally speaking, the projective flow (£,R) of a weakly hyperbolic family (3. l w ) 
has remarkable properties. We will amplify this remark in the succeeding discussion. Let 
us begin by recalling from Section 2 that, in the weakly hyperbolic case, the projective 
flow (£, R) admits exactly two ergodic measures jju\ and /r 2 . See Proposition 2.5 and the 
following discussion. These are supported on the measurable invariant sections of £ which 
are defined by the “traces” in £ of the Oseledets measurable invariant subbundles; see 
Section 2. Moreover, according to the discussion in the present Section 3, the projective 
flow (£, R) contains exactly one minimal set (M, R). It is an exercise to show that the 
two ergodic measures /x 1 , /r 2 are actually supported on M. According to Proposition 3.9, 
(M, R) is a proximal extension of (Q, R). 

It seems important to us to discuss the ideas underlying the construction of the exam- 
ples in [108] and [152], This is because those ideas, albeit in somewhat amplified form, 
have been applied by many authors since. So let us consider a fixed Bohr almost periodic 
function A : R -> sl(2, R) together with the corresponding two-dimensional linear system 

x' = A(t)x. (3.9) 



If x\,X 2 are nonzero vectors in R 2 , let 0 (x \ , X 2 ) denote the counterclockwise angle be- 
tween X] and X 2 - Suppose that there exist a number S > 0, sequences Sk — > —00 and 
tk —> 00 , and solutions x[ k) (t), x^\t) of (4.71) such that the following conditions hold: 



:{ k) (0)| = 1 


1 , 
and — In 

tk 


xf\tk)\ < -5; 




f (0)| = 1 


1 

and — In 

Sk 


.^’fe-) > 8; 


(*) 



®(xl k \0),x?\0)) < l ~. 



Let us note that Proposition 2.5 together with either of the first two conditions in (*) 
imply that the family (3. 1 ,„) obtained from (3.9) via the Bebutov construction can be neither 
elliptic nor weakly elliptic. There remain just two possibilities: either the family (3.1 w ) 
has an exponential dichotomy, or it is weakly hyperbolic. Suppose for contradiction that 
it has an exponential dichotomy. Then it can be verified that Eqs. (4.71) admit solutions 
x\ (t), X 2 (t), with | jci (0) | = |^2 (0) | = 1, such that the following conditions are valid: 



lim - In I jci (?) I ^ — 8 , 

j/ 1 — >-oo t 1 1 



lim - ln|x 2 (f)| ^ 8. 
IrKoo t 1 1 



(**) 



We can write xj k \0) — (cos0j k \ sin9- k] ) and x,(0) = (cos 6j , sin 0, ) (i = 1,2). Passing 
to subsequences, we can assume that 6j > — > 0j e R (i = 1,2). Let us show that 9\ — 
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0imod 7 r. Suppose this is not true. Let 4T(f ) be the fundamental matrix solution of (3.9) 
whose columns are x[ k \t) and x\ (t). Then | sm(6\ k) — 0i)| = | det 4^ (0) | = | det 4^* (r) | is 
bounded away from zero for all sufficiently large k. However lim/^oo det 4^(0 — 0 by 
(*) and (**), so one has a contradiction. 

In a similar way, one shows that 62 — O 2 mod n (use the existence of the sequence (,s>)). 
Now, however, 62 = 0\ mod jt, because of the relation in the third line of (*). We conclude 
that Eq. (3.9) gives rise to a family which is weakly hyperbolic. 

Two points should be made concerning the above construction. First of all, Mil- 
lionscikov’s example [108] satisfies the condition (*). Also, Vinograd’s example [152] 
satisfies a variant of (*) wherein one must translate the origin from t = 0 and make use of 
the stronger relations which substitute for (**) 



lim sup 

| / — 5” | — > OO 



1 , l*i(0l 

In 

t-s |*i (s)| 



< - 8 , 



lim inf — L | n |x2(f)l ;> g. 

\t — s | — >00 t S |*2 (^)l 



Second, conditions (*) give a concrete meaning to the intuitive hypothesis that “the Os- 
eledets bundles of the family (3.1a,) are not bounded apart”. This intuitive hypothesis has 
been rendered explicit and applied by later authors in ways similar to conditions (*); see, 
e.g., [19,118], 

Still another point to be made is that, for discrete two-dimensional system, a subhar- 
monic trick due to Herman [68] allows one to construct discrete weakly hyperbolic co- 
cycles with values in SL(2,M). Herman’s method and generalizations thereof have been 
fruitfully applied in the study of the discrete Schrodinger operator, as evidenced by a large 
literature which we do not attempt to review. 

We now show that examples of M-V type illustrate various interesting phenomena re- 
lated to the behavior of solutions of linear, two-dimensional differential systems. 

We first consider a problem posed by Marcus and Moore [107] concerning disconju- 
gate solutions of the almost periodic Hill-Schrodinger equation. Consider the second-order 
equation 



—(p" + q(t)(p = E(p (3.10) 

where q(-) is a Bohr almost periodic function, and £ is a real parameter. It is well-known 
that there is a number Eq such that, if E Eq, then every nonzero solution of (3.10) admits 
at most one zero on [0, 00 ). That is to say, Eq. (3.10) is disconjugate on [0, 00 ). On the 
other hand, if E > Eq, then every nonzero solution of (3.10) has infinitely many zeroes 
which cluster at t — 00 . One says that (3.10) is oscillatory at t — 00 . See, e.g., [28,67]. 
The concept of disconjugacy has connections to the calculus of variations which we do not 
discuss here. 

If Eq. (3.10) is disconjugate, then it turns out that it admits a “smallest”, or principal 
solution (po(t). In the quasi periodic case (and more generally in the case when q(-) is 
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Birkhoff recurrent), the principal solution is positive on all of R, and is uniquely defined 
by the following property: if (p\(t) is a solution of (3.10) which is independent of (po(t), 
then 



<Po(t) 
<P\ (t) 



as t ■ 



oo. 



This condition makes sense because cpi(t) is nonzero for all large t. An equivalent prop- 
erty is the following: (Pq is, up to a constant multiple, the unique solution of (3.10) which 
satisfies 



dr 

/ ~ = oo. 

J <po(ty 

Marcus and Moore posed the following problem. Let (po(t) be the principal solution of 
Eq. (3.10); is it the case that the logarithmic derivative In ( ? ) is almost periodic? If 

q is a periodic function, then is indeed periodic with the same period as q. Also, if 

q is almost periodic and yyyj is almost periodic, then the frequency module of the lat- 
ter is contained in that of the former [107]. Still another general fact is that, if E < Eq, 
then the Marcus-Moore question has a positive answer. So, in this regard, Eq is the only 
problematic value of E. 

It turns out that the Marcus-Moore question in general has a negative answer. We pro- 
ceed to explain in outline how counterexamples can be constructed. 

It is convenient to rephrase the Marcus-Moore problem by introducing the Bebutov hull 
(£2, R) of the function q. Let Q : £2 —> R be a continuous function and let coq e £2 such that 
Q ( coo ■ t) = q(t). We introduce the family of equations 



—<p" + Q(co ■ t)<p — Ecp 



(3.10a,) 



and the corresponding family of differential systems 

*'=(-E+e«». «) i)*’ <31U 

For each £eR, Eqs. (3.11 ( „) determine aprojective flow (£, [r f ]). 

We state without proof some general facts; see, e.g., [86] for more discussion. To begin, 
if E < Eq, then Eqs. (3.1 1 M ) admit an exponential dichotomy. For each u> e f2, let /+ e IP 
resp. l~ G P be the fiber of the stable resp. unstable bundle. Thus in the notation of Defi- 
nitions 2.2., /+ is the image of the projection Pico), while l~ is its kernel. If <I> w (f) is the 
fundamental matrix solution of Eq. (3.1 la>) and if xo e l±, then ( P,„(t)XQ — > 0 exponen- 
tially as t — > ±oo. 

Let 0 be a jr -periodic angular coordinate on P, so that 0 = — n /2 and 9 = it /2 para- 
meterize the ^/-axis in the ( , ) -space, and other elements l e P have parameter values in 
(— 7r/2, jt/ 2). Using the particular way in which Eqs. (3. 1 !,„) depend on E, one can prove 
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that, if co e £2 and E is increased from — oo to Eq then /+ = /+ ( E ) moves counterclockwise 
on P starting near 0 = —nil, while l~ moves clockwise on P starting from 0 = n /2. Let- 
ting E tend to E$ from the left, we see that, at E = Eq, there are two invariant sections 
of the projective bundle E, defined by ^ ± (<a) = lim^ F l±(E). These sections are semi- 
continuous in co, because they can be expressed as pointwise limits of monotone sequences 
of continuous functions. See again [86] for a discussion of these facts. Furthermore, it can 
be shown [92] that, for each co e £2, the line s + (&>) e P determines the principal solution of 
Eqs. (3.10ft,) in the sense that, if 0 =/= x = ( -,) e .j + (<w), then the solution <po(t) of (3.10 (O ) 
with ^o(O) = ip , <Pq( 0) — ip' is principal; the converse statement also holds. 

Let = cls{(ft>, i ± (&>)) | ft> e £2} C E, and let M± be a minimal subset of S±. Let us 
observe that, by the semicontinuity of the sections s-t, there is a residual subset C £2 
such that, if co e Q] , then the fiber jr -1 (co) fl Si contains exactly one point, and hence 
7 T _1 (co) fl M± also contains exactly one point, for each choice of sign ±. 

We claim that M + = M-. For suppose that this is not true. Then M + and M_ are dis- 
joint. Let / : E -> K be the function of Eqs. (2.3ft,), Section 2. Then if co e f2, if x(t) is a 
solution of (3.1 1®) with |xq(0)| = 1, and if / e P contains jc (0), then 



ln|*(f)| = [ f(r s (co,l))ds. 

Jo 

Let m i e M + and let 7r («7 1 ) = co e Suppose that J t 1 )) d,v is bounded (above 

and below) for all (eR. Using a familiar argument involving a matrix solution of 
Eq. (3.11ft;) (see the proofs of Proposition 2.5 and Proposition 3.3), one shows that, if 
7772 € M_ and 77 ( 7772 ) = co, then f Q f {r s (m 2 )) ds is also bounded. This implies that all so- 
lutions of (3.11ft,) are bounded. But it is then an exercise to show that Eq. (3.10ft,) cannot 
have aprincipal solution. We conclude that f (j /' f r v (777 1 ))dv is unbounded for some (hence 
all) 7 ?? 1 e M + . The same unboundedness holds for all m 2 e M_. Now however, using the 
oscillation Lemma 3.1, we can determine a residual subset £2 of such that, if o> e Q, then 
Eq. (3.10ft,) has no principal solution. So we must conclude that M+ — M_. 

Let us write M for the common value of M + and M_ . Some additional reasoning shows 
that: (i) (M,R) is an almost automorphic extension of (£2,R) with projection equal to 
7T : M — > Q; (ii) the Marcus-Moore question has an affirmative answer if and only if the 
projection it defines a flow isomorphism of (M, K) onto (£2, K). Furthermore, (iii) if it is 
a flow isomorphism, then the Lyapunov exponent of the family (3.1 1*,) is zero. See [86]. 

Now however, one can construct families (3.10ft,) for which the corresponding families 
(3.11ft,) are of M-V type. One such family was determined in [86], using a rotation method 
of the sort applied by Millionscikov. Later other examples were found, in which (O. K) 
is quasi-periodic with Diophantine frequency vector and Q : £2 — > K is real analytic (e.g., 
[14]). For families (3.11ft,) of M-V type, the minimal set M C E must be an almost au- 
tomorphic extension of Q which is not almost periodic. The Marcus-Moore question has 
a negative answer for each Eq. (3.10ft,) if the family (3.11ft,) is of M-V type; this follows 
from the positivity of the Lyapunov exponent (i for families of M-V type. 
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If Eqs. (3.11ft;) are of M-V type, then the principal solutions of the corresponding 
Eqs. (3.10ft,) exhibit quite remarkable behavior. We justify this remark. First, a variant 
of Lemma 3.1 allows one to find a residual subset Mq C M such that, if mo e Mq , then 

] r< i d 

limsup- / /(f s (mo)) ds = ft, lirninf- / f(r s (mo)) ds = — ft. 
f-»o o t Jo ' t^oo t Jo 

Let flo = it (Mq)', one checks that is residual in Q. On the other hand, there is a residual 
subset C ^ such that, if co e £2i, then 7t~ l (co) D M contains exactly one point ( co , Z). 
If 0 ^ x e I and x — ( ), then the solution (po(t) of (3.10ft,) satisfying cpo(0) = <p and 
(p' 0 ( 0) = cp’ is a principal solution. Now £2* = £2o fl f2i is a residual subset of If co e £2*, 
then the principal solution (po(t) exhibits both exponential growth and decay as 1 — > oo, in 
the sense that limsup,^.^ j ln</>o(f) = ft and liminf / _ i . 00 j In <po(t) — —ft- This is surely a 
curious phenomenon. 

As another consequence of the M-V property, we see that the principal solution of 
(3. 10ft,) is not a continuous function of co. In fact, in a family (3. 1 1 m ) of M-V type, the sec- 
tion «_)_(•) cannot be continuous because if they were, the projection tc : ( M , R) —> (£2,R) 
would be a flow isomorphism. Thus the lines /+(&>) e P defining the initial conditions of 
the principal solutions of Eqs. (3.10ft,) have points of discontinuity; in fact co /+(&>) is 
only semicontinuous. 

A second problem which can be solved by constructing a differential system of M-V type 
is the following. Return to the family (3.1 1ft,). The Lyapunov exponent ft of this family is a 
function of the parameter E. It is natural to ask if = /3(E) is continuous. We are in effect 
asking if the Lyapunov exponent of the almost periodic Schrodinger equation (3. 10,,,) is 
always continuous as a function of E. 

It is easy to see that p is continuous for values of E for which Eqs. (3.1 1 admit an 
exponential dichotomy. One can further show that ft is continuous at a point E, f e R if 
P(E *) = 0. Thus, if ft is discontinuous at a point £*, then the family (3.1 1 with E — £* 
must be of M-V type, i.e., weakly hyperbolic. 

There are reasons to think that ft might be continuous at all values of E. For, the ro- 
tation number a of the family (3.11 w ) does depend continuously on E\ this follows from 
Proposition 2.7 or from a direct argument of Krylov-Bogoliubov type. Moreover, the com- 
plex combination w(E) = —/3(E) + i a(E) admits a holomorphic extension from the real 
/(-axis to the upper half of the complex /(-plane [89]. Thus ft and a are conjugate har- 
monic functions of E for is E >0. One might now hope to apply the arguments available 
to the effect that regularity properties of «(•) imply regularity properties of ft (■) for real 
values of the argument E. See, e.g., [62], 

It turns out, however, that one can construct an almost periodic function q for which 
ft = ft (E) is discontinuous at the right end-point Eo of the disconjugacy set [E e R | 
Eq. (3.10ft,) is disconjugate}. Apparently the first example of this type was given in [80]. 
The family (3.11ft,) corresponding to E = Eo is of M-V type. By repeating the considera- 
tions concerning the stable and unstable bundles which were made in the discussion of the 
Marcus-Moore problem, we see that the unique minimal subflow (M, R) of the projective 
flow (E, R) determined by Eqs. (3.11ft,) is an almost automorphic extension of (Q, R). 
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It seems that few examples are known of almost periodic Schrodinger equations for 
which the Lyapunov exponent ft — ft (E) has discontinuity points. Indeed, there are results 
concerning the discrete quasi-periodic Schrodinger equation which state, roughly speaking, 
that if the frequency vector is Diophantine and if the potential is highly regular, then the 
Lyapunov exponent ft depends continuously on the energy parameter E. See, e.g., [23], 
Assuming that such results are also valid for the continuous Schrodinger operator (3.1CL,), 
one is led to formulate questions concerning “minimal conditions” on (Q, M) and on Q 
which imply that ft is continuous in E. So far these questions appear to be unanswered. 

We close the discussion by noting that there are very general results concerning Lya- 
punov exponents and so-called dominated splittings which, in the present case, yield dis- 
continuity points Q* e C(Q) of ft when ft is thought as a function of Q e C(£2). See [19] 
for an excellent discussion of this topic. However, it is not clear from these results how 
one might pick out families of functions Q = Q(E \, . . . , E r ), depending on finitely many 
parameters, for which ft — ft{E\, . . . , E r ) admits points of discontinuity. 

A third theme which can be elaborated upon in a fruitful way using families (3. 1 ,„) of 
M-V type is that of strange nonchaotic attractors or SNAs. In the following lines, we will 
summarize a part of an excellent article by Jorba, Nunez, Obaya, and Tatjer [99]; the reader 
is referred to that paper for more information. The main point to be made is that certain 
families (3.1 ffl ) with the M-V property give rise to projective flows which contain SNAs. 

Following [99], we discuss the concept of SNA. We work for a moment in the category 
of discrete flows; we recall that a discrete flow on a metric space C is defined by iterating a 
fixed homeomorphism r : £2 -> and its inverse r _1 . Let C = T cl , the d -torus with d ft 1 . 
Let ij/ 1 , . . . , ijrd be angular coordinates mod 2i r on T , and let y\ , . . . , Yd be real numbers 
such that the d + 1 -tuple 1, yi , . . . , Yd is linearly independent over the rational field Q. 
Consider the homeomorphism r : -> £2 defined by 

r(a>) = (fi + Yi, ■ ■ ■ , fd + Yd) if co = (fi, . . . , f d ) e 

Of course the angular quantities are taken mod 2n . It is well-known that, for each co e C, 
the orbit {r"(&>) | — oo < n < oo] is dense in so one can think of the discrete flow (C2 , r) 
as a discrete version of a Kronecker winding on C = T d . 

Now we introduce a continuous map f : x M -* x R of the following type. Let 

cp : £2 x R — >• R be continuous. Assume that the partial derivative | ^(a>, x) is well-defined 
and continuous on Q x R, and that 

3 cp 

— ( a > , ;r) > 0 for all (<a, x) e £2 x R. 

dx 

Then of course one has the monotonicity condition cp(to, xi) < cp(co, X 2 ) whenever co e C 
and X] < X 2 - We set 

f (cu, x) = (r (<a), cp{a>, x)). 

Clearly f is of skew-product type in the sense that the first coordinate on the right-hand 
side depends on to but not on x. 
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Say that a Lebesgue measurable map c: £2 — > R is a r-invariant curve if it is bounded 
and (p(a>,c(a ;)) = c(r(w)) for all co e £2. The corresponding f-invariant graph is C — 
{(o>, c(tu)) | a) e £2} C £2 x R. Let v be the unique r-invariant measure on £2 (which co- 
incides with the normalized Lebesgue measure on £2 = T"). We can define a f-invariant 
measure pt c on Qxl by the formula 

/ h(a>, x)dp, c (a>, x) = / h(co,c(co)) dv(a>) 

Jo,xR Jq. 

for each continuous function h : £2 x R -> R. 

We introduce the Lyapunov exponent j$ s of c, given by 

Ps(c)= f In (<w, c(co)) dv(&>) = f (in ^ ) dp c . 

Jo. ox JqxRV OX J 

If the Lyapunov exponent (i s (c) is negative, it measures the “vertical” contraction along 
the fiber R towards c(&>), for v-a.a. w e £2. 

Next we follow T. Jager [70] and make the following 

Definition 3.10. A strange nonchaotic attractor or SNA (in £2 x R) is the graph of a 
noncontinuous, r-invariant curve c with a negative Lyapunov exponent. 

As is pointed out in [99], it is of interest to consider subsets M C £2 x I which are 
nonempty, compact, f-invariant in the sense that f (M) C M, and minimal with respect to 
these properties. Such a set M is called minimal. It turns out that, when restricted to M, 
f is invertible (we did not assume that f is invertible on £2 x R), so that (M, f ) is a 
discrete flow. One can show that each orbit [f "(in) \ — oo < n < oo] is dense in M, and 
one can further show that (M, f) is an almost automorphic extension of (£2, r). That is, 
if jr : £2 x R -» £2 is the projection, then there is a residual subset £2* C £2 such that, if 
&)* e £2*, then n~ l (<w*) (T M contains exactly one point. Such minimal sets are analyzed in 
[99] and we refer to that paper for more information. 

Whenever there exists a r-invariant section c as above, the boundedness of the graph C 
ensures the existence of a minimal set M. Such an M need not contain an SNA. However, 
it is explained in [99] how a quasi-periodic family of Schrodinger equations with the M-V 
property at E — Eq determines a minimal set which contains an SNA. We now discuss this 
matter. 

Let us return momentarily to the framework of continuous (real) flows. Let £2 C = T v/+ 1 
be the ( cl + l)-torus ( d ^ 1), and let (ij/o, t/q, . . . , V^/) be angular coordinates mod 2jt 
on £2, . Let yi,...,Yd be real numbers such that 1 . yi ..... y,/ are linearly indepen- 
dent over the rational field Q. If co c = (i/r 0 , t/q, . . . , i/r^) mod 2jt, set T t (co c ) = (j/r o + 
t, i/'t + y\t, . . . , i jfd + Ydt) mod 2tc . Let Q : £2 C —*■ R be a continuous function such that 
Eqs. (10^) have the M-V property at E = Eq. Let (S, { f , )) be the projective flow defined 
by Eqs. (10^). 

Next let 6 be the polar angle in R 2 , which we regard as a tt -periodic angular coordi- 
nate on P. It follows from the description given earlier of the projective flow that (E, R) 
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contains a unique minimal subflow ( M c , R), which is an almost automorphic extension of 
(£2 C , R). Moreover, if (co, l) e M c and 9 parameterizes /, then 

— n/2 <9 < n/2 

for an appropriate branch of 0. 

Next, consider the differential equation (4 0J(: ) for 6 of Section 2. We have 



0' = g(Uco c ,0)). (3.12) 

Let ( a>c , 0) e £2,- x R- Let 9(t) = 9 + /J g(r s (co c , 9)) d.s be the solution of (3.12) satisfying 
0(0) = 9. We abuse notation and write f t (co c , 9) = (t r (coo), 9(1))- Then {f r } defines a real 
flow on £2 x R. If values of 9 are identified mod 7 r, then {f r } becomes a flow on £ defined 
by Eqs. (3.10 W( .). We identify M c in the natural way with a subset of £2 C x (—n/2, n/2)\ 
we call this subset M c , as well. 

Let us identify the af-torus £2 = T rf with { co c = (0, oo)\ co — (i/'i , . . . , Vv) mod 2n} C S2 C . 
Thus £2 is the section t/tq = 0 of £2 f . We define r : £2 — > £2: r (&>) = r i (0, co), where ri is 
the time-1 map of { r, }. Then (£2, r) is a minimal discrete flow. We also define f : £2 x R -» 
£2 x R by f (co, 9) = i\(co, 9). Let 

M = M c C\ {(0, co, 9) | co e £2, —n/2 <9 < n/2\. 

Then M is invariant with respect to f , and it can be checked that (M, x) is a minimal 
almost automorphic extension of (£2, r). 

Now we return to the measurable invariant sections s* = (co, ) of £ which we en- 
countered in our discussion of the Marcus-Moore problem. Let 9 ± (co c ) e (—n/2, n/2) 
be the corresponding values of the angular variable 9. Let > 0 be the Lyapunov expo- 
nent of Eqs. (3.10(y c ). Let us write c ± ( co ) — 0 ± ((O, co)) for co e £2. It can be shown that 
ft(c±) = =f/ 3. It follows that C + = {(«, c + (co)) \ co e £2} satisfies the condition of Defi- 
nition 3.10, so C+ is an SNA contained in M. See [99] for a detailed discussion and for 
further examples of SNAs obtained from quasiperiodic families (3.1 0 ro ), and from quasi- 
periodic families of the more general form (3. 1 „>) which have the M-V property. 

We turn to a fourth issue which can be resolved by the construction of an almost pe- 
riodic family (3. l m ) which has the M-V property, namely a certain question concerning 
the behavior of the projective flow when Eqs. (3.1^,) have unbounded mean motion. As 
usual, let (£2, R) be an almost periodic minimal flow with unique invariant measure v, let 
A : £2 -* sl(2, R) be a continuous function, and let (£, {f>}) be the projective flow of the 
corresponding family (3.1^). 

In Section 2 we defined the rotation number a of the family (3.1^) with respect to 
the measure v. We recall the construction. If co e £2 and / e P, let f t (co, l) = (r t (co), 1(1)). 
Introduce the polar angle 9 in R 2 , and view 9 as an angular coordinate mod n on P. Letting 
9(t) be a continuous parametrization of l(t), we have Eq. (2.4 (1) ) of Section 2: 



9' = g{x t ((o,0)). 
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The rotation number a is by definition a = lim ? _j.oo^. It turns out that the limit deter- 
mining a is well-defined in the following sense: if v is an ergodic measure on £2, then 
there is a set ell with u(^i) = 1 such that, if (&>, 9) e £2i x P, then the limit exists 
and does not depend on ( a > , 9). See [79]. In the present case, the flow (£2, R) supports just 
one ergodic measure v. Then, as noted in Proposition 2.7, the following stronger statement 
holds: 



a — lim - 

Id -MX) t 



f g(?s(< T)) 

Jo 



d.? 



where the limit is uniform in cr e E. 

It is natural to compare at and g(t s (a)) d.v. 



Definition 3.11. Say that Eqs. (3.1*,) have bounded mean motion if, for some er e E, 
there holds 



sup 

reR 



[ g(ts(v)) d.y 
Jo 



at 



< oo. 



w 



We now follow the discussion of Yi ([154]; also [16,71]). Yi works with general nonlin- 
ear skew-product flows on a circle bundle over £2, so our case is special from his point of 
view. First of all, if Eqs. (3. 1 *,) have bounded mean motion in the sense of Definition 3.11, 
then it turns out that condition (*) holds for all nel. See ([154], Proposition 3.1). 

Second, if Eqs. (3. 1 *,) have bounded mean motion, then one can draw deep conclusions 
about the structure of a minimal subflow (M, R) of the projective flow (E, R). We refer to 
[154] for precise statements and proofs, and only summarize the situation here. Assume for 
simplicity that (£2, R) is quasiperiodic. Let Ain be the frequency module of (£2, R); we 
can write Ain = [«iKi + • • • + n^Yd | «i, e Z] where yi, ■ ■ ■ , Yd e R are linearly 

independent over Q. Let All = {noa + n\Yi H + fidYd I n 0 , ni, ■ ■ ■ ,nd e Z}; then A4\ 

is the frequency module of a quasiperiodic flow (£2 1 , R) . The relation between (£2 j , R) and 
(£2 , R) can be described in terms of the existence and nature of integral relations between 
a,yi,...,Yd [154], 

It turns out that (M, R) is an almost periodic minimal flow (£2*,R) which is “inter- 
mediate” between (£2i, R) and (£2, R). If noa ^ Mq. for all integers «o, then (£2*, R) = 
(£2 1 , R). One thus has a general description of the minimal subsets of E when bounded 
mean motion is present. Yi’s theory can be extended to the case of a general almost peri- 
odic minimal flow (£2, R). One needs to define Al* to be the smallest subgroup of R which 
contains a and Mq,. 

The case when Eqs. (3.1ft,) have unbounded mean motion is less well-understood. Sup- 
pose for example that there does not exist an integer r/0 such that ra e A1 q. We say 
that a is irrationally related to Ain- Suppose in addition that Eqs. (3.1*,) have unbounded 
mean motion. It has been asked in the literature if these conditions imply that (E, R) is 
minimal. 

The point we wish to make is that the answer to this question is no. In fact, as Yi notes, an 
example of [75] has the following properties: (i) there is no integer r such that ra e Ain; 
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(ii) Eqs. (3. 1 „,) have the M-V property; (iii) the unique minimal set M C L is an almost 
automorphic extension of £2. In particular, M ^ L. 

So far, we have seen that almost periodic families (3.1 W ) with the M-V property can 
be constructed which illustrate Marcus-Moore disconjugacy, a discontinuous Lyapunov 
exponent, and strange nonchaotic attractors. We have also seen that they may give rise to 
interesting minimal subsets M C L when the bounded mean motion property is absent. 
All the minimal sets M C L which have arisen have been almost automorphic extensions 
of £2. 

We note in passing that an almost automorphic minimal subset M of the projective flow 
(E,R) determined by an almost periodic flow (f2,R) may have interesting topological 
properties. For instance, the original Vinograd example [152] gives rise to an almost auto- 
morphic minimal set M C L which is connected, locally connected at some points, but not 
locally connected at all points [84]. See [128] for other examples exhibiting this behavior 
which are invariant sets for 2-dimensional (nonlinear) differential systems. As another in- 
stance, we note that the minimal set M mentioned above in connection with mean motion 
property has “more” Cech cohomology than Q in a precise sense, despite the fact that M 
is an almost automorphic extension of f2. See [17], 

We consider a final issue which can be resolved via the construction of an appropriate 
almost periodic family (3. 1 „,) with the M-V property. The issue is that of the existence of 
minimal flows which have the property of Li-Yorke chaos, but which do not exhibit such 
traditional indicators of complicated orbital behavior as weak mixing or positive topolog- 
ical entropy. We refer to [18] for a general discussion of flows which do/do not exhibit 
Li-Yorke chaos. The concept itself derives from a classical paper by Li and Yorke [103]. 

Let us begin our discussion with the 

Definition 3.12. Let £2 be a metric space with metric d and let (£2, R) be a flow. A pair 
{coi, a> 2 j C £2 is a Li-Yorke pair if sup f>0 {r/(tt>i • f, to 2 • f)} > 0 and inf,>o{t/(&>i • t, coi ■ 
t)} — 0. A set S C £2 is called scrambled if each pair {&>i, < 02 } C 5” is a Li-Yorke pair. The 
flow (£2, R) is chaotic in the sense of Li and Yorke if £2 contains an uncountable scrambled 
set. 

Let us now focus on the problem of determining almost periodic families (3.1 w ) for 
which the projective flow (E,R) admits a minimal subflow (M,R) which exhibits Li- 
Yorke chaos. Let us note that such a minimal set cannot be weakly mixing. This is because 
a weakly mixing flow (X, R) has by definition the property that there is a pair (jcj , xf) e 
X x X with x\ ^ X 2 such that the set {{x\ ■ t , X 2 ■ t) \ t & R] is dense in X x X. If a pair 
(mi, m 2 ) e M x M had this property, then the pair (a> 1 , C 02 ) e £2 x £2 of images to,- = it (mi) 
(; = 1,2) would have the property that { (&>i ■ t, 002 -t) I t € R] is dense in £2 x £2. However, 
no such pair exists. 

We now follow the remarkable thesis of Bjerklov ([13]; see also [14]). Let £2 be the 
2-torus T 2 with angular coordinates (i/'t, ^ 2 ) mod 1 Let y be an irrational number, and 
set r, (t/q, if 2 ) — (ifi + t, i/c 2 + t) mod 1. Let Q : £2 — ► R be a C 3 function which has 
a unique minimum on £2 = T 2 . Suppose further that Q is quadratic in a neighborhood 
of the point a>o where it assumes its minimum value. Thus, assuming for convenience 




180 



R. Fabbri et al. 



that Q attains its minimum value at (t/q, i j/i) — (0,0), it is required that Q{\jr i, i/q) — 
B(i/q , ^ 2 ) + 0((i //y + i//-y ) 3 ' 2 ) where B is a positive definite bilinear form. 

Let us consider the following family of linear differential systems of Schrodinger type: 

X '=(-E + XQ(t,{cd)) o) X - (3 ' 14<y) 

Here X is a real parameter. Among other results, Bjerklov shows that it is possible to find 
a (large) X to which there correspond a (Diophantine) frequency y and a (large) number 
E such that the corresponding family (3. 14 rjJ ) is of M-V type, and determines a projective 
flow (E, R) which is minimal. Such a minimal projective flow differs essentially those of 
Glasner- Weiss type which we encountered in the weakly elliptic case, because (3.14^) has 
a positive Lyapunov exponent and hence (E, R) supports exactly two ergodic measures. 

Now, using an old triangularization technique (see [83], Section 5), one can show that 
there is a residual subset £2* C G with the following property: if co e £2*, then jr _1 (a>) is 
a scrambled subset of E. In fact, if l\, I 2 e 7t~ l (a>), let ©(/ 1 , 1 2 ) be the counterclockwise 
angle from l\ to ( 2 - Let Oa,(f) be the fundamental matrix solution of (3.14 ( „), and set 
/,- (t) = <J> (0 (t)li (i — 1 , 2). Then one can show that 

inf ©(/i(f), hit)) — 0 and sup©(/i(0, h(t)) = n. 

f€R ygJJ 

Thus these examples have the Li-Yorke property. They have zero topological entropy be- 
cause of a general result of Bowen [22]. See [17] for details. We note that it turns out that 
the Glasner- Weiss examples also have the Li-Yorke property; see [17]. 

We close the section by posing a question concerning the projective flow determined by 
almost periodic families (3. 1^) of linear differential systems. Namely, can one determine 
a family (3.1^) for which (E, R) admits a minimal subset M with the property that, for 
a residual set of &> e S3, the fiber (T M is perfect and nowhere dense in P? That 

is, does there exist an almost periodic, SL(2, R)-valued “Denjoy cocycle”? According to 
a private communication of T. Jager, this cannot happen when Q is a 2-torus. Can other 
phase spaces G be excluded as well? 



4. Algebro-geometric Sturm-Liouville coefficients 

This section is devoted to the discussion of an inverse spectral problem for the classical 
Sturm-Liouville operator. The present discussion has interest for various reasons, which 
we want briefly to explain. First, we exploit methods from the theory of nonautonomous 
differential systems in dimension 2, by using techniques from ergodic theory, dynamical 
systems and other fields as well. It is our opinion that such an approach to the study of 
the inverse spectral properties of the Sturm-Liouville operator allows us to retrieve more 
information than is present in other sources. Second, it is well known that certain Sturm- 
Liouville operators have the property that their isospectral classes are preserved by the 
solutions of a corresponding nonlinear evolution equation, and indeed by the solution of 
a whole commuting hierarchy of such equations. A prototypical and extensively studied 
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example of this phenomenon is the following. Let u t (x ) = u(t , x) be the solution of the 
Korteweg-de Vries (K-dV) equation 



3 1 dx 2 dx 3 ’ 

with appropriate initial condition u o(x) — u(0,x); then the spectrum £(L f ) of the 
Schrodinger operator 

d 2 

L, — --j ^2 +u t (x) 

acting in L 2 (R) does not depend on t [56]. This fact permits one to explicitly solve the 
K-dV equation for an ample class of initial data mo, as a vast literature testifies. The K-dV 
equation is one of an infinite family of commuting nonlinear evolution equations whose 
solutions preserve isospectral classes of the Schrodinger operator. 

Another example is furnished by the Camassa-Holm equation 



3 u 

4 

3 t 



d i u 



3 3 m du 3 2 m 

2w 4 

dx 2 d t dx 3 dx dx 2 



du 

-24m — =0. 
dx 



In this case, the corresponding operator is of Sturm-Liouville type with a nonconstant 
density function. Actually more than one operator can be used. Following [1 1], we choose 
— + 1; introducing a positive density function y, the relevant spectral problem is 



drip 

--^2+(p = ^y(x)(p. 



(4.1) 



It turns out that, if u,{x) = u(t, x) is an appropriate solution of the Camassa-Holm equa- 
tion, then there is a r -dependent density y, = y, (x) such that the spectrum of (4.1) does not 
depend on t . 

We mention that there are also nonlinear evolution equations which are related to 
isospectral classes of ordinary differential operators which are not of Sturm-Liouville type. 
As an example, we mention the (nonfocusing) nonlinear Schrodinger (NLS) equation: 



du 
i — 
3 1 



d 2 u 

dx 2 



= 2|m| 2 m, 



together with the AKNS operator 



L — J~ l 



d 

dx 





-1 

0 




182 



R. Fabbri et al. 



acting on L 2 (R, C 2 ). Here, a and b are real-valued functions of x. For appropriate solutions 
u,(x) = u(t , x) of the NLS equation, there is a transformation u, i-»- ( a t , b t ) such that the 
spectrum of 




does not depend on t. See [1] and much additional literature for more information. 

Roughly speaking, there are two classical methods which are used to study the isospec- 
tral classes of an operator of Sturm-Liouville type: the first is that of the “inverse scattering 
method” (see, for instance [11,132]), the second is that in which methods of the theory of 
algebraic curves are used [35,118,34,96,95,155], 

These facts provide a wonderful demonstration of the interplay between the theory of 
nonautonomous differential systems, algebraic curves and partial differential equations. 

In the last two decades, many papers concerning the inverse spectral theory of the 
Schrodinger operator have been published (see, among others, [11,35,118,132]). We take 
inspiration from these works, and extend some of those well-known results to a general 
one dimensional Sturm-Liouville operator L, namely 

L(<p) = (p<p'Y - q<p = -Xytp, ' = — (4.2) 



acting on L 2 (R). 

Here is a more detailed formulation of the problem we study. Equation (4.2) can be 
written in system form as 

("')'=( 0 i&AM (4 3) 

w \q(t)-x y (t) 0 J\u 2 J 1 

Here p,q,y are uniformly continuous functions, p , y are strictly positive, and p e C 1 (R) 
has bounded uniformly continuous derivative. This system has, in the nonautonomous case, 
a maximal Lyapunov exponent f J > — /!(/-). We assume that: 

(HI) The spectrum £(L) of (4.2) is a finite union of intervals: E(L) = [koWi] U 
[k 2 , A 3 ] U • • • U [X 2 g , 00 ), where —00 < Ao < Ai < • • • < X 2g -, 

(H2) The Lyapunov exponent f J > vanishes on E(L): /1(A) = 0 for all A e Y.(L). 

As we will see, these mild-looking assumptions are sufficient to permit the reconstruction 
of p, q , and y in terms of algebro-geometric data. In particular, we will see that ^/py can 
be described as the restriction of a meromorphic function defined on a generalized Jacobian 
of the Riemann surface 1Z of the algebraic relation 

2g 

«t 2 = — j~~[(a — A;) 

i = 0 

to a r-motion we will describe in detail and which is general nonlinear (unless y/p = 
const). Some words concerning the assumptions on the spectrum (HI) and (H2): in gen- 
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eral, the spectmm £ (L) of a Sturm-Liouville operator L can have a very variegated struc- 
ture. It can contain isolated points, bands. Cantor parts, or even more complicated sets. One 
can say that, since L (at least when pit) is of class C 1 (R)) defines a self-adjoint operator 
on the weighted space L 2 (K, */y), the spectrum £ (L) is contained in R, is bounded below 
by a number ko and the set R \ £ ( L ) is at most a countable union of disjoint open intervals 
(A. 2 i— i, A. 2 i) ( i e N): R\ £(L) = (— oo, A.o) ^2i)- However, it is fairly clear 

that it can be very difficult to study the properties of the spectrum of a Sturm-Liouville 
operator, as well as to formulate a consistent setting for an inverse problem to be solved. 
For this reason it is necessary to give assumptions on the functions p,q,y in order to 
have spectral structures which are “not too wild”: those assumptions are equivalent to re- 
quiring that the Green function G(t,s,k ) associated to Eq. (4.2) behaves “well” at the 
endpoints of the spectral gaps. This happens, for instance, in the case when we consider 
potentials which are called “reflectionless”, i.e. potentials for which the nontangential limit 
lim e ^o+ 5ttG(f, f, A. + ie) = 0 for all f e R and for Lebesgue a.a. k e £(L). This class of 
potentials contains periodic potentials [106], ergodic potentials [34], algebro-geometric 
potentials [35,96,95], Sato-Segal- Wilson potentials [141,85], Eliasson potentials [38] and 
others as well: of course the potentials we consider here are reflectionless. It is possible to 
extend the results we will obtain under the Hypotheses (HI) and (H2) to some of the more 
general classes of potentials listed above, by using certain limit procedures (see [97]): in 
fact, all such potentials are reflectionless and have a spectrum £(L) which is a countably 
infinite union of closed intervals such that the length of the spectral gaps satisfy certain spe- 
cific assumptions. It is not yet known if all the potentials obtained by the limit procedure in 
[97] are almost periodic (see [34] for a detailed discussion in the case of the Schrodinger 
operator). 

We follow the approach taken in [31] and [57], where analogous inverse problems were 
posed and solved for the AKNS operator and for the Verblunsky operator arising in the 
theory of orthogonal polynomials on the unit circle [148]. 

The key element we use to study our inverse spectral problem is a “dynamical” definition 
of the Weyl w-functions m±(k). An ample discussion concerning the Weyl /^-functions is 
present in the following. We will sketch the main results of the Gilbert-Person theory for 
the Schrodinger operator, which can be easily adapted to our more general Sturm-Liouville 
operator. 

We now give a brief summary of the content of this section. It is divided into four sub- 
sections. 

In Section 4.1, we review some basic facts concerning the Sturm-Liouville operator. 
Although these facts are very well known, we will systematically use them, hence it could 
be helpful for the reader to have a quick guide in order to retrieve the necessary information. 

We begin Section 4.2 by describing the ergodic -dynamical setting. We define a family 
T of Sturm-Liouville systems (4.3), where the functions p.q . y vary in the hull of a given 
triple (pq, qo, yo) of continuous functions which satisfies certain assumptions. We will ap- 
ply the concept of exponential dichotomy, and define the Weyl m -functions in a dynamical 
way. 

In Section 4.3 we consider the projective flow in the Sturm-Liouville setting. In par- 
ticular, we let be a compact metric space, and [t>] be a flow on f2: the projective flow 
is built in analogy to that of the preceding sections, as (£ = £2 x P(C), [t>]). Then we 
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introduce the Floquet exponent, the rotation number, the Lyapunov exponent and we ex- 
tend Kotani’s seminal work on the Schrodinger operator [101], We use systematically the 
projective flow. We will draw many important conclusions about the behavior of the Weyl 
m-functions when X crosses the real line. Moreover we prove that the spectra of the family 
of Sturm-Liouville equations T are invariant, i.e. that for a.e. equation in T, the spectrum 
equals a fixed closed set with no isolated eigenvalues and coincides with the non-dichotomy 
set of the family T . 

In Section 4.4 we pose and solve the inverse problem. In particular, first we find relations 
occurring between the potentials p.q.y in terms of the finite poles of a meromorphic 
function which is directly linked to the Weyl w-functions, then we characterize all the 
ergodic potentials p, q, y satisfying (HI) and (H2). 



4.1. Basic results on the Sturm-Liouville operator 

This part mainly refers to Atkinson [10], Coddington and Levinson [32] and Weinberger 
[153]. Consider the following differential equation 

j t [p(t)^pj-q{t)f = -Xy{t)f{t), t e [0, b], (4.4) 

where p, q and y are real valued functions such that pit) is positive and of class C 1 , y(t) 
is positive and continuous, and q (t) is continuous, together with the boundary conditions 
(4.4a) /(0)cosa + p( 0) /'( 0) sin a = 0, 

(4.4b) f(b) cosf + p(b)f'(b) sin ft = 0, 
where a, ft e [0, jt). 

Definition 4.1. The values of X e C such that Eq. (4.4) together with the boundary con- 
ditions (4.4a) and (4.4b) has a nontrivial solution are the eigenvalues. The corresponding 
solutions are called eigenfunctions. 

PROPOSITION 4.2. Eigenfunctions corresponding to different eigenvalues are orthogonal 
with respect the weight function y. 

All the eigenvalues are real and positive. The set of eigenvalues is at most countable, and 
has a unique cluster point at 00 . 

Equation (4.4) can be written in the following matrix form 

HA H:) 

which is equivalent to the system 



pu\ — M 2 , 

u' 2 — (q — Xy)u\. 



(4.6) 




Nonautonomous differential systems in two dimensions 



185 



Let u(t,X ) = xj) be the solution of (4.5) satisfying some fixed initial condition. As 
|A.| —> oo, both mi and M 2 behave as follows: 

ui(t,X),u 2 (t,X) = 0{e c ' /m }, (4.7) 

where c is a constant. 

From Eq. (4.7) we obtain: 

(4.7a) the maps X i-> ui <2 (t, X) are entire and of order at most 1/2 for every fixed t e 

(0 ,*); 

(4.7b) u\ 2 (t,X) are entire functions if t = b, hence the map X m* U[(b, X) cos f + 
u 2 (b, X) sin/S is entire; this implies that this function can have only countably 
many zeros, and of course these zeroes are the eigenvalues; 

(4.7c) e < 00 for each e > 0. 

For results concerning the exponential growth of the zeros of an entire function, i.e. to 
prove (4.7c), see, among others, [149, Section 8.22]. In addition the eigenvalues can cluster 
only at 00 . 

Let us now consider Eq. (4.4) together with the boundary conditions 

m = f(b) = 0. (4.8) 

Let a 1 be the smallest eigenvalue of Eq. (4.4) with boundary conditions (4.8), and let / \ 
be the corresponding eigenfunction. Then 

A/1 fo(p(x [) 2 + qxl)dt 

U 7= A 1 = . 

fSyx.i& 

It is easy to prove that xi does not vanish in (0, b). Since the eigenfunctions are or- 
thogonal, all the other eigenfunctions must change sign in (0, b): even more, if X < p are 
different eigenvalues, x an d 1 jr are the corresponding eigenfunctions and to, t\ are two 
consecutive zeroes of x, then there exists t e (to, t\) such that xfr (?) = 0. This implies that 

PROPOSITION 4.3. The kth eigenfunction Xk ofEq. (4.4) together with the boundary con- 
ditions (4.8) has exactly k — 1 zeroes in (0, b). 

Starting from Eq. (4.4) (which is considered in the interval [0, b], b e K), we now re- 
trieve information concerning the solutions of the differential equation 

j(p{t) A pj-q(t)f = -Xy(t)f(t), t e [0, 00 ). (4.9) 

To this end we introduce the Weyl m -functions for the Sturm-Liouville operator. 

Let (pa and \j/ a two linearly independent solutions of (4.4) satisfying the following initial 
conditions at 0 

(4.9a) (p a ( 0, X) = sin a, f a ( 0, X) = cos a 

(4.9b) p(0)(p' a (0 , X) = — cosa, /?(0)i//^(0, X) = sina. 
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where 0 ^ a < n. Note that (p satisfies the condition (4.4a). Any other solution / of 
Eq. (4.4) (except for i jr) has the form 

X(f) - <p a (t ) + m(a, X)\/r a (t), 

where m(a, X) e C. We omit for the moment the a-dependence of the functions involved. 
If we require that / satisfies the boundary condition (4.4b), namely 

X(b) cos ft + p(b)x'(b) sin /I = 0, 

then m must satisfy 

i p(b, X)cot/3 + p(b)q>\b, X) 

m — . 

ifr(b, X) cot/S + p{b)\lr f (b , X) 

Clearly, now we have m = m (a, fi, fi, X) e C. 

From the above observations, all the functions tp , <p', i//, are entire functions in X, 
hence m is meromorphic in the variable X. Let us set z = cot /l; then for fixed ( X , b ) we 
obtain 



m — — 



Az + B 
Cz + D 



(4.10) 



where z varies on the real line, and A, B, C, D are determined by the expression above. 
The image of the real line is a circle Cb(X) in the w-plane. Thus / satisfies the boundary 
conditions in b if and only if m e Cb(X). 

If we use the notation 



If, §m = p{t)(f (t)g(t)' - fitYgit)), /, g e c\ 0 , b ) 



than the equation of the circle C/, ( X ) is 



[/ . x\(b) — 0 , 



(4.11) 



that is 



C b (X) = {rncC\[x,xm=0}. 
The center c and the radius r of C/,(a) are 
[<p, x/r](b) 

w.irm 

1 

\[f,f]ib)Y 



(4.12) 



r = 



(4.13) 
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The interior of the circle C'/, ( X ) is given by the relation 



[x.xl(ft) 



Moreover 



[f,f'\(b) = 2i£sX 




dr, 



and 



ft 

[X,xP-[X,X](0) = 2m / y| X | 2 dr. 

Jo 

Since [x, x](0) = — 2i Jsm, the interior of the circle is given by 

rb 



L 



y| X | 2 dr< — (3X^0). 

0 A 



Points m are on the circle if and only if 

f*b 



L 



5 Xsra 

v|xl 2 dr = — (3X^0). 
o 3X 



The radius r is given, if 3X / 0, by 

1 f b 

- = 2|3X| / y|i/r| 2 dr. 
r Jo 



Let 0 < a < b < oo. If m is inside or on the circle Cf, ( X ) , we have 



[“ ylxl 2 dt < f 
Jo Jo 



ylxl df < / ylxl dr < — , 

/ o Jo 3X 



(4.14) 



so ;« is inside or on the circle C„ (),) as well. This means that if a < b, then C fl (X) contains 
Cfc(X). For fixed X with 3X / 0, the map b i->- r(i>) = (2|S5X| y\i[r\ 2 d r) _1 is monotone 
decreasing, and hence the limit lim^+oo r(J>) := r + exists. We have two possibilities: ei- 
ther r+ = 0 or r+ > 0. In the first case the circles C/, ( X ) tend to a point m+(X), in the 
second case the C/, ( X ) tend to a circle C + (X). In the first case, since r(b) — > 0, then 
i/r(f) ^ Z, 2 ([0, oo), y), hence there exists only one solution (up to a constant multiple) 
which belongs to L 2 ([0, oo), y), and this solution is surely x- In the other case, we can 
easily see that i fr e L 2 ([0, oo), y). If m is any point of C+(X) then m is inside every Q,(X), 
for all b > 0, so 
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d? ^ 



3 a. 



and if b -> oo, this proves that every solution x — <P + mxft is in L 2 ([0, oo), y). 



Remark 4.4. The discussion we made above shows that solutions of (4.9) which are 
in Z. 2 ([0, oo), y) always exist: in the limit circle case, every solution which satisfies the 
boundary conditions mentioned above is square integrable, while in the limit point case 
there is (up to a constant multiple) only one solution which is square integrable, if 3A. f 0, 
and this solution is /(f). 



We recall 



PROPOSITION 4.5. Let p, q, y be real valued bounded continuous functions such that pit) 
is positive and of class C 1 , and y(t) is positive. Then Eq. (4.4) together with the boundary 
conditions (4.9a) and (4.9b) is in the limit point case at oo. 



As a consequence of Proposition 4.5, for every fixed X with 3 a f 0 there exists only one 
square integrable solution of (4.9) (up to a constant multiple) which is in Z. 2 ([0, oo), y). It 
turns out that the limit lim/,^.^ Cft, ( a ) does not depend on the particular choice of ft in the 
boundary conditions. In particular, if we put ft — 0 we obtain 



m + {a. X) = — lim 
b — >oo 



(Pa(b,X) 
xfta(b, X) ' 



Remark 4.6. From now on, unless explicitly stated otherwise, we only consider a = j 
and set m + (X) = m + (jt /2, X), to obtain the particularly important relation 



m+(X) — 



p(Q)x'( Q) 

X(0) 



(4.15) 



where /(f) is the only solution of (4.9) which is in L 2 ([ 0, oo), y). 

One can retrieve m + (a , X) from m + (X) and vice-versa, by using the following simple 
formulas: 



cos a — m+ (a, X) sin a 

m + (X) — , 

sina + m + (a, X) cos a 

cos a + m + (X) sin a 

m + (a, X) = . 

sin a — m+(X) cos a 

The function m + (X) is the Weyl m-function at +oo. As is easily seen, an analogous con- 
struction can be made for the problem in the negative half-line, giving a Weyl m-function 
at — oo. We will denote this function with m_(X). Let cp+(t. X) and (p~(t, X) be the (essen- 
tially unique) solutions of (4.9) which are square integrable on the positive and negative 
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half lines respectively (obviously with respect to the weighted measure y dr). From (4.15) 
we have the following important formulas 



m + (X) 



p(0)<p' + (0,X) 

<p+( o, x) 



m-{X) 



p(0)y/_(0,A) 

(p~(0, X) 



(4.16) 



We have 



PROPOSITION 4.7. Ifr3(X) 0, m± are analytic functions ofX. In addition, Sgn(3m±3A) 
= ±1. If m± have zeroes or poles, they are all real and simple. 



Consider the operator 



L(<p) = 



1 

y 



d t\ p * 9 




(4.17) 



We will denote by L the self-adjoint closure of operator (4.17) on L 2 (R, y) and with 
the closures of (4.17) on L 2 ([0, oo), y) and L 2 ((— oo, 0], y) respectively. 

Consider Eq. (4.4) in the interval [0, b\, together with the boundary conditions 



k(0) = 0, p(b)u'(b) = 1. 



Let ( X brl ) C K be the sequence of eigenvalues of Eq. (4.4), and let (u bn ) be the cor- 
responding sequence of eigenfunctions. If f is the solution of (4.4) which satisfies the 
second half of the conditions (4.9a) and (4.9b), then i fr satisfies f (0) = 0, hence we must 
have Ub n (t) = r bn f{t , X bn ), where r bn e C. 

Let p b : K — > R be the monotone nondecreasing step function having jumps of \r bn | 2 at 
each eigenvalue X bn . We take p b to be right-continuous, and p b ( 0) = 0. The function p 
defines a measure, that we still denote by p b , called the spectral measure for Eq. (4.4) in 
the interval (0, b). If a is a measure of Lebesgue-Stieltjes type on R, let L 2 (R, er) be the 
set of all the functions h(X) which are a -measurable and such that 

r°° 7 

/ | A (A.) |" da(A) < oo. 

J — OO 



We have the following important 
Theorem 4.8. 

(i) There is a monotone nondecreasing function p(X) defined on the real line, such that 
P(X) - pill) = lim (pb(X) - pb(p ,)), 

b—>oo 



at every point of continuity X, pi of p. 
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(ii) If f G L 2 ( 0, oo), there exists a function g(A) € Lf{ R, p) such that 



b- 

and 



/ oo pb 

gW~ f(.t)y(t)\f(t,X)dt 
-oo J 0 



dp(A.) = 0 



foo roo 

/ y{t)\f{t)\~dt — / |*(*)|-d/£>(*). 

JO J — oo 

(iii) The map 



t 



£ 



g(X)ir(t,X)dp(X) 



converges in Lr( 0, oo) fo /y. 

(iv) If m+(X) is the Weyl function at oo, then 

p(/x + 0"*~) — p(p + 0 ) p(^. + 0"*~) — pfk -\- 0 ) 



£ 



dp 



i r A 

x Ju 



= lim — / £sm+(v + ie) dv. 

e->0+ JT 



(v) If%X o, 3X] f=- 0, then 



m+(X o) - m+fk i) 



-£ 



i 



i 



A — Aq A — Ai 



dp (A.). 



Analogous relations hold for the operator L and the Weyl m-function m_ at — oo. 

The above theorem can be extended to Sturm-Liouville operators on the whole line. 
As before, we start from the problem in an interval I = [a, b] with a < 0 < h, and the 
boundary conditions 

cosaM(a) + sin ap(a)u' (a) — 0, (4.18) 

cos fiu(b) + sin fp(b)u'(b) = 0. (4.19) 

There is a matrix Pj = (pjk) (called the spectral matrix) associated with Eq. (4.4) in the 
interval I . Its entries are nondecreasing step functions satisfying 



Pjk(Xn T) Pjkfk n ) — r j rk , 

and otherwise constant. If we require that Pj(X+) — Pi(X) then Pi is Hermitian, and, if 
X > p . Pi (X) — Pi (p) is positive semidefinite. If we let I -* R, then Pj (X) — >■ P (X), where 
P (A.) is a hermitian, positive semidefinite matrix. 
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Remark 4.9. Since the matrix P ( X ) is Hermitian and nondecreasing, if follows that, for 
every interval I — [A., /i], 

| PjkilO - PjkO-) | < {Pjj(p) - Pjj&)){Pkk(p) ~ Pkk(X)). 

From this we conclude that the points of nonconstancy of the spectral matrix P(X) are the 
same of the points of nonconstancy of the trace Tr( P {).)). 



We use the notation £(L), R(L) for the spectrum and the resolvent set of the full-line 
operator L and E ± (L), R ± (L) for the spectrum and the resolvent set of the positive and 
negative Sturm-Liouville operators M respectively. 

Remark 4.10. The sets £(L), E ± (L) are closed subsets of R. The set of the points of 
growth of the spectral matrix P{X) (i.e., of the trace Tr(P(A))) equals the set £(L). 



We finish this subsection by giving a brief summary of the theory of Gilbert and Pearson 
[60] adapted to the Sturm-Liouville operator. The original paper of Gilbert and Pearson 
deals with the Schrodinger operator. Using the weighted measure k — y At instead of the 
Lebesgue measure on R, we can prove the results stated in the following lines. 

We define a set Al C R to be a minimal support for a measure ( on R if: 

(1) i(R\M) = 0; 

(2) if A4q C M and l(Mo) = 0, then £(Alo) = 0, where l is the Lebesgue measure 
on R. 

A minimal support of a measure i determines where the measure is concentrated, and is 
defined up to a set of Lebesgue (and i) 0 measure. 

Let £ = [1 e R | (dp + /d£)(k)exists}, where p + is the spectral measure for Eq. (4.9) 
and dp + /d£ is the Radon-Nikodym derivative of p + with respect to the measure l. Note 
that Ak /A l — y > 0. Then i (R \ E) — 0 and the minimal support M of p + has the decom- 
position Ai — Mac U M s — Mac U M sc U M p , where Mac an d M s are the absolutely 
continuous part and the singular part of M respectively. In particular 

(i) M = {A e R | 0 < (Ap+/At)(X) ^ oo], 

(ii) Mac = {k e R | 0 < (dp + /d£)(A.) < oo], 

(iii) M s = {Xe R | (dp+/d£)(l) = oo}, 

(iv) M sc = {k e R | (dp + /d£)(k) = oo, lim^^ 0 + P + 0- + 5) — p + (k — 5) = 0}, 

(v) M p — {A e R | (dp + /d£)(A.) = oo, lim^^ 0 + P + (^- + 5) — p + (A — S) > 0}. 

Let X e C. A solution u s (t, X) of Eq. (4.9) is called subordinate at infinity if for every 
other linearly independent solution u{t, X) of Eq. (4.9), one has 



lim 

N—>oo 



(r. A.) || at 
| w(r, A) ||at 



= 0 , 



where || • || ^ denotes the Z. 2 ((0, N ), y)-norm. Let a e [0, n). Consider Eq. (4.9) together 
with the boundary condition (4.18) at t — 0, i.e.. 



u (0) cos a + p (0 )u' (0) sin a — 0. 
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The principal results of Gilbert and Pearson can be summarized as follows (see [60]): 

THEOREM 4.11. There exists a set E\ C E of full Lebesgue measure and full p + measure 
such that the nontangential limit 

lim m+£X + ie) = m+( A.) (4.20) 

£ — > 0 

exists for every X e E, and 
d p + 1 

-£-(k) = -'im + (k). (4.21) 

at 7i 

Moreover, we have 

(i) M — {A. e R | 0 < n + (X) ^ oo), 

(ii) M a c = {A e K | 0 < Sm+(A.) < oo), 

(iii) M s = {A e R | £sm + ( X) = oo}, 

(iv) M sc = {A e R | %m + (X) — oo, lim^^ 0 + P + (k + 8) — p + (X — S) — 0}, 

(v) M p = {A e R | 3m+(X) — oo, lim^^. 0 + P + (k + S) — p + (X — 3) > 0} 
and 

(i) M c = {1 e R a subordinate solution of Eq. (4.9) exists and does not satisfy the 
boundary condition (4.18)}, 

(ii) M a c = {A. e R | no subordinate solution ofEq. (4.9) exists }, 

(iii) M s = {A e R | a subordinate solution ofEq. (4.9) exists and satisfies the boundary 
condition (4.18)}, 

(iv) Msc = {A e R | a subordinate solution ofEq. (4.9) exists and satisfies the bound- 
ary condition (4.18), but it is not in L”([0, oo), y)}, 

(v) M p = {A e R | a subordinate solution ofEq. (4.9) exists, satisfies the boundary 
condition (4.18) and is in L 2 ([0, oo), )■’)}. 

Finally, 



E + (L) = A4, 

up to a set ofO Lebesgue ( and p + ) measure. 

The theorem is still valid for Eq. (4.9) on (— oo, 0], with the spectral measure dp - and 
the function m_, with the appropriate changes of signs. From this theorem we derive the 
following important observations: 

Corollary 4.12. 

(i) The spectral measures p ± ( X), P(X) increase exactly in the points of the spectra 
E ± (L), E(L) respectively, 

(ii) the nontangential limit (4.20) exists for Lebesgue a.e. X e R, £5 m+(X) > 0 
(Sm_ (a) < 0) for Lebesgue a.e X e E + (L) (E - (L)), and ixm±{X) = 0 for 
Lebesgue a.e. X e R^iL)', 

(iii) | m±(X + ie)| -> oo for e — > 0 if and only ifX is an eigenvalue of L±. 
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PROOF. The only thing we have to prove is that the measure PC/.) increases exactly in the 
points of the spectrum Y.{L). From Remark 4.9, the points of nonconstancy of P ( X ) are 
exactly the points of nonconstancy of the trace Tr(P(A.)), and these are exactly the points 
X for which 



( 1 

\m-(X) — m + (X) 



ni-(X)m + (X) \ 
m_(A.) — m + (X) J 



is positive. We now rewrite (4.22) in the following way 



(1 + m_m+)(m_ — m+) 
||m_ ~~ m +\\ 2 



(4.22) 



(4.23) 



From Theorem 4.11, it easy to conclude that (4.23) is not 0 exactly in the points of the 
spectrum. □ 



4 . 2 . The Sturm— Liouville equation as a nonautonomous differential system 

Let £2 be a compact metric space, and let (£2, {t>}) be a flow. We suppose that there is a 
{r f }-ergodic measure v on £2 such that Supp v — £2. We recall that the topological support 
Supp v of the measure v is the complement of the largest open subset U C £2 satisfying 
v(U) = 0. 

Suppose that p,q, y : £2 — > R are continuous functions, and that p and y are strictly 
positive. For each o> <= £2, we introduce the matrix function 

t h-> ( ^ p(W-0 

\q(w ■ t) — Xy(co ■ t) 0 J 

which by abuse of notation we call wit). We study the family of differential equations 

(?) = (?(*>■ t)-ky{(o-t) P 0'°)(?) (SLtu) 

where o> ranges over £2 and X is a complex parameter. If the function p' : £2 -> K : <x> i-> 
jy p(co ■ f)|r=o is well defined and continuous, then (SL^,) is equivalent to 

~(p(co ■ t)<p(tY)' + q(a> ■ t)(p(t ) = Xy(oj ■ t)cp(t). (4.24 w ) 

We have the following 



PROPOSITION 4.13. Suppose that Supp v = £2. There is a set £2' C £2 with v(£2') = 1 and 
such that, if u> e £2', then the orbit {co • t \ t e M} is dense in £2. Moreover, £2' can be chosen 
such that each ft) e £2' is both positively and negatively Poisson recurrent. 
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Recall that co e £2 is positively (resp. negatively) Poisson recurrent if there is a sequence 
{r„} -* oo (resp. {f„} — > — oo) such that lim„^oo a> ■ t„ — co. 

Proof. The proof is an easy consequence of the Birkhoff ergodic theorem. For, let 
Vi, . . . , V n , . . . be a countable base for the topology of £2. Let /, be the characteristic 
function corresponding to V,. Using the Birkhoff ergodic theorem, one checks easily that 
the sets £2; = {o> e £2 | lim^oo £ //(ft) • s) d.v = v(V}) >0} have v-measure 1. It follows 

that if ft) e £2,-, then the orbit of co intersects V, ( i e N). It is clear now that each co e £2/ has 
dense orbit (in fact, it has dense positive semi-orbit). The set £2' = HSl ’ s the desired 
set. 

The set £2' consists of those points with dense positive semi-orbit; such points are in 
particular positively Poisson recurrent. 

Using the fact that lim ? ^_oo j /,• (co ■ s) d.? = v(V/) for v-a.a. co e £2, we see that there 
is a subset of £2' of v-measure 1 consisting of points which are negatively Poisson recurrent 
as well; we abuse notation slightly and let £2' denote this set. This completes the proof. □ 

Let <J>(u(f) be the fundamental matrix solution of (SL ft) ) with 0^(0) = I . Define 
E ed (L) = {A. e R | the family (SL^,) does NOT have exponential dichotomy}, and R ed (L) 
= C\£ ed (L). 

We next give a dichotomy-theoretic interpretation of the Weyl m -functions m± = 
m±(co, X) of Eqs. (4.24^) (co e £2). 

To begin with, let co e £2 and k e C \ E ed (L). Define m + (co, k) to be the unique (ex- 
tended) complex number such that Im P M = Span( m+Uo / l )- Here m + (co, k) = oc if and 
only if Im P L0 = Span( d ). One can show that km + (co. k)ksk > 0 whenever kk ^ 0. In 

a similar way, we define Ker P c0 = Span( m ( 1 ffl A) ) where Sm_(ft>, k)%k < 0 if ^ 0. 
For every co e £2, if ksk ^ 0 the maps k m±(co, k) coincide with the classical Weyl 
/n-functions of problem (4.24 w ). In fact, let co e £2 and AeC with SsA. ^ 0. Let 0 ^ u = 
(u\,U 2 ) e C 2 such that ^ = m+(co, k) and let u(t) be the solution of (SL,y) with u(0) — u. 
Such a solution decays exponentially as t -> oo, hence u(t) e L 2 ( 0, oo). Since (SL r;) ) is 
in the limit-point case at oo, the only L 2 solution at oo is u(t). It is easy to check that 
— = ;l( " ,l '',! | l ' (l ’ . The same holds for m-(co, k). We showed that the two definitions of the 
Weyl m-functions coincide. It follows that for each co e £2, the maps k m±(co , /,) are 
holomorphic on C \ K. and meromorphic on C \ E ed (L). 

The next proposition provides a result concerning the behavior of the Weyl m-functions 
when co varies along an orbit. 

PROPOSITION 4. 14. Letco& £2 have dense orbit. Let co € £2 andlet{t„] Cl be a sequence 
with lim„^oo co ■ t n = co. Then the Weyl m functions m±(co ■ t n , k) are well defined and 

lim m±(co ■ t„, k) — m±(cb, k), 



uniformly on compact subsets of the upper (lower) half-plane. 
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PROOF. Let x (L X) be a solution of Eq. (4.4) (in the interval [0, b\) satisfying the boundary 
conditions (4.4b) at t = b, and let C/, ( X ) be the circle defined by this solution as in Sec- 
tion 4.1. Let Db(X ) be the closure of Cb(X). Since Db'(X) A, (A) for every b' > b, one 
has that m+(co, X) is contained in every Di,(X). In an analogous way, we define the (closed) 
discs DUX) corresponding to &>•/,,. Let e > 0, and choose fceR such that diam A,(L) < s. 
Fix any /;' > b: it is easy to check that CL (A.) converges to Cy ( X ) as n —> oo. This imme- 
diately implies that \m + (co ■ t n , X) — m+(a>, A.)| < s. □ 

Now we turn to the first basic result concerning the spectrum of the family (SL<y), 
namely (see [79]) 



PROPOSITION 4.15. Let co e £2 have dense orbit. Then a complex number X lies in R(L M ) 
if and only if the family (SLjy) admits an exponential dichotomy: R(L C0 ) — R ed (L). 

PROOF. Let X e R ed (L ): then the family (SL W ) admits an exponential dichotomy over £2. 
An easy consequence of the definition of the exponential dichotomy is that for every co e £2, 
there exist two solutions cp±( ■, co, X) of (4.24 OJ ) which are square integrable on the positive 
and negative half-lines respectively. Indeed <p±(-,co, X) are exponentially decreasing at oo 
and — oo respectively, for every co e £2. Since cp±(- . co. /,) are linearly independent, the 
Wronskian VL(^+, q>-) — p((p + cp'_ — q>' + q> _) 0. It follows that a Green’s function 



G(t, s, co, X) 



<P+(t)<P-(s) 
W(<p+,<p-) 
<P-(t)<P+(s) 
W {cp+, <p~) 



y(s) 

y(s) 



tfcs. 



t ^ S 



is well defined, hence X e R(L M ). 

Conversely, assume that X e R(L M ). We must prove that the family (SL,„) admits ex- 
ponential dichotomy over Q. From a result of Sacker-Sell [137] and Selgrade [142], it is 
sufficient to show that the only bounded solution of the family is the trivial one. Sup- 
pose for contradiction that there exists d> e Q, such that the corresponding differential 
equation (SL^) has a nonzero bounded solution (hence X f RiL,-,,) ). Let \t„ ] — » oc be 
a real sequence such that lim„_>. 00 co ■ t n =d>. The Weyl m-functions m±(o> ■ t„ , X ) are 
defined, and m±(a> ■ t n ,X) —> m±(oo,X) uniformly on every compact subset of the up- 
per complex half-plane as n -> oo (see Proposition 4.14). It’s clear then that the measure 
Tr P n (co, X) := Tr P(co ■ t„ , X) weakly converges to Tr P(a>, X) (note that the spectral matrix 
P depends on co e Q). This means that for every / e C c (K) we have 



f f(X)d(TrP n (w,X))^ [ f(X)d(TrP(w,X)). 

J ]R J ]R 



Since the resolvent set R(L C0 ) is open, there is an interval I such that X e I C R(L„,). 
Now, the resolvent set is invariant under the flow (£2, {r r }) (in fact, one can easily check 
that if a Green’s function corresponding to co e £2 is well defined, then a Green’s function 
corresponding to oo ■ t e £2 is well defined as well, for every t e R), hence Tr P„ is constant 
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on I . From Remark 4.10, it is straightforward to show that TrP is constant on I, sole 
a contradiction. □ 



It will be often useful to think at the functions p. cj, y. m± as functions of t, as follows: 
for every fixed co e f2, we consider the map t p ( co ■ t) obtained by “following the orbit 
through co e £2”. The same holds for all the functions involved; for instance, for fixed 
co e £2, we consider the maps m±f, oo, X) : t i-»- m±(co ■ f, A). We will often suppress the 
dependence with respect to a> e £2, unless it is strictly necessary. 

If co e £2, then m±(t, a>, X) is obtained from m±(a>, X) by “translating” the (unique) L 2 
solutions at ±oo of Eq. (4.24^): if we denote these solutions with cp±(t , co , X), then 



m±(t, co , X) 



p(w ■ t)cp±(t, co, X) 
< p±(t,co,X) 



Both m + and /«_ are analytic in the upper and lower /,-half-planes respectively. The fol- 
lowing proposition is fundamental. 



Proposition 4.16. Let co e fT For every fixed X e C with 3A. ^ 0 the Weyl m-functions 
m±(t, X) = m±(t, co, X) satisfy the Riccati equation 



, 1 9 

m±(t, X) H —m±(t, X) — q(t ) - Xy(t). 

pyj) 



(4.25) 



Proof. Since 



m±(t, X) = 



p(t)cp' ± (t) 



<P±(t) 

differentiating with respect to t, we have 



' \2 



, (p<p±y v± - p(<p±) 



<p± 



Hence 



m ± H — m± = 



( P<P'±y 
<p± 



-■ q - \ y ■ 



□ 



Remark 4.17. Note that, if LsX 0 and co e £2, then 



<p± (t, X) — exp 



f ^FT> dl | 

o p(s) i 



(4.26) 



is a solution of (4.24 w ) satisfying cp±(f), X) — 1 and p(co)cp' ± ( 0, X) = m±(co, X). 
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4 . 3 . The projective flow in the Sturm-Liouville setting 



We have already noted the importance of the projective flow in the study of nonautonomous 
differential systems. This subsection provides a further demonstration of this fact, since 
from the properties of the projective flow associated to a family of Sturm-Liouville dif- 
ferential systems, we will retrieve many important results concerning both the spectrum of 
the family (SL W ) and the Weyl m-functions. We will use the notation and the terminology 
of Sections 2 and 3. Some proofs given in those sections will be repeated here, when they 
will lead to particular facts concerning the Sturm-Liouville operator. 

Let £2 be a compact metric space, let (£2, {t>}) be a real flow and let v be a [r f ]-ergodic 
measure on £2 with Supp v — £2. Consider the family of two-dimensional nonautonomous 
differential systems (SLjy) defined as before. Let (E, R) be the projective flow associated 
to (£2, R), i.e. E = £2x P(C) and f t (co, /) = (&>• t, <t> m (t)l). 

Fix co e £2 and X e R. The flow (£2, {f,}) induces a flow, which we still denote by ]r ? ], 
on £2 x P(R) as well. Following the developments of Section 2, we express Eqs. (SL Y; ,) in 
polar coordinates (r, £?), to obtain 



= ( F q(co ■ t) — Xy(co ■ t) | sin 6 cos 9 — f(x t (u>,0)), 

\p(co-t) ' ) 



O' — (q(co- 1) — Xy(a> ■ t)) cos 2 0 — 



1 

P<&> ■ t) 



sin 2 0 = g(i t (co , 0)). 



(4.27) 



It is understood that we identify 0 with the line through the origin it parametrizes, hence 0 is 
taken mod jt. If 6q e P(R) parametrizes the line / o, then r t (co, /o) = r t (oo, 6>o) = (co-t, 9(t)), 
where 0(t) satisfies the 0-equation in (4.27) with 0(0) = 0q. 

Recall that for every fixed co e £2, the rotation number a.„, ( /. ) is defined as 

a m (X) = — lim -(0(L X) — 6q(X)) (A e R). (4.28) 

r->oo t 



In the above formula, we explicitly wrote the fact that 0(-) depends on the fixed AeR. The 
questions we will answer in the following lines concern: (i) the existence of the limit (4.28); 
(ii) the independence of (4.28) with respect to the initial condition (co, 0o); (iii) continuity 
and monotonicity of the map Ah- a(X); (iv) the constancy of a (X) in every interval I C 
R ed (L). We will need the following 



LEMMA 4.18. Let F.L — > R be a continuous function such that F(a) dp — 0 for 
every invariant measure /x on E. Then | F(i s (cr)) ds — > 0 as t —y oo , for all o e E. 

Moreover, the convergence is uniform with respect to a e E. 



PROOF. The proof uses techniques from Proposition 2.5; see, e.g. [89]. The space C (E) = 
[L: E -> R | F is continuous] is separable, hence it contains a dense subset Ci(E) which 
is generated by a countable family T of functions. We may assume that F e T . By con- 
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tradiction, suppose that there exist sequences {/„ } — > oo and {er,,} = {(to n , 9 n )} C E such 
that 



F[x s (a n )) d.s -> A (F) ± 0. 

We can assume that {er„} — > a = (to, 6) e E. Let F\ e T, and choose subsequences 
{ r, ( , 1 "* } C {r„} and ) c {ct„} such that 

1 

l im m / 

r,S* — >o o t n JO 

exists. Call it A ( /fi ) . Continuing this way, for every e T, we can find subsequences 
{t//*} C {r/j* - 1 ) } and C such that 

i 

/r r L Fk{is{rr " ,))dy 

t n —>OQ t n JO 

in') (ti') 

exists. Call it A (Ff). Now we choose the diagonal sequences {t„ } and {er„ }. For every 
G e T, one has 




A(G)= J m r L G (Mr i> )) As - 

t n ~ >oo tn JO 

Note that A (G) is Q-linear, A (G) ^ 1 if G ^ 0, and A(l) = 1. It follows that the above 
limit defines a linear functional l \ : Ci(E) — > R with |/j | = 1, hence it extends to a unique 
linear functional / : C(E ) — > R (here | • | denotes the L°° norm). By the Riesz representation 
theorem, I defines a measure /x/ on E such that 1(G) — / s G d/x/ for every G e C( E). 

Further, / is invariant in the sense that, if t e R and G e C(E), then / (G( f_ r (-))) = Z(G( •)); 

(n) 

this is because t n — »• oc. But now we have 

1 C 

0#A(F)= Urn — / F(x s (a^))ds= F dm = 1(F) = 0, 

— >o o t n JO J’E 



a contradiction. □ 

We use Lemma 4.18 in the proof of the following important theorem, which answers 
the questions (i), (ii) and (iii) posed before (for an analogous result in the case of the 
Schrodinger operator, see [89]). 

Theorem 4.19. 

(a) There exists a set £2 V , C £2 with v(f2„) = 1, such that a w (X) exists for every to e £2,, 
and does not depend on the choice of (to, 9) e x P(R): a C0 (X) = a(X),for every 
00 £ 
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(b) if v is the only ergodic measure on £2 (for instance z/ (£2, R) is minimal and almost 
periodic), then £2,, = £2, and the limit (4.28) is uniform in f el and a e E; 

(c) for every &> e £ 2, the maps X i->- a M (X) are continuous, monotone nondecreasing, 
and limx-s-oo ct M (X) = +oo. 

PROOF. Recall that the angular variable 9 is defined mod n. First of all, we claim that 
the limit (4.28) does not depend on the choice of 9 e P(R). For, let 0 < 9\ — Oq < n, 
and let a \ = (to, Off), op = (&>, Off) e E. It follows that 0 < 9(t, o\ ) — 9(t, op) < tt for all 
leR, otherwise there would exists to e R such that 0(to, ay ) — 0(to, cto) = n, and hence, 
by uniqueness, 9(t , off — 9(t , cto) for all t e R, a contradiction. The claim now is obvious, 
since 1 6(t, off — 0(t, cto) | is bounded, for every t e R and cto, o\ e E. 

Now, let p be a \i, (-ergodic measure on E. Using the Birkhoff ergodic theorem, one 
finds a set E^ with pfE^) = 1 and such that the limit (4.28) exists for all a e E /t . More- 
over we have 

a L0 (X) = - j g(a>,0)dp, 

hence the limit (4.28) does not depend on the choice of (a>, 0) e E^. Note that if v is any 
{r f }-ergodic measure on £2, then £2 V := tt( E m ) has v-measure 1. From the observations 
above, the function g(-) : E -» R. can be viewed as a function of the single variable co e £2, 
since, when it exists, the limit (4.28) is independent of the choice of 9 e P(R). It follows 
that for every a> e £2,,, the limit (4.28) exists and does not depend on the choice of a> e £2 V . 
We have proved (a). 

To prove (b), we use Lemma 4.18. Let // be any invariant measure on E. Then, by 
the Birkhoff ergodic theorem we conclude that there exists a set E /( with //( E ; , ) = 1, 
and such that the limit (4.28) exists for all a — (co, 9) e E^. This limit defines a function 
g* : E /t -* R, which is /r-integrable and such that 



f g*(cr) dp = ( g(o ) dp. 

Jt Jy. 

Arguing as above, the function g* can be viewed as a function of the single variable co e £2. 
Now we use the unique ergodicity of £2. Since g* is invariant with respect to the flow 
(£2, {t>}), we conclude that g* = const on a set £2,, C £2 with u(£2 u ) = 1. By the Birkhoff 
ergodic theorem, this constant is exactly the rotation number a (X) . At this point, (b) follows 
easily, applying Lemma 4.18 to the function g(-) + a. 

To prove (c), let {Ay} C R be a sequence which converges to Xo e R. Let gj(ct) = 
g(o, Xj), go(cr) = g(c t, AoL and let (E, { r/ } ) be the corresponding projective flows (de- 
pending on Xj). Let pj be any {f/}-ergodic measure on E. Then 



a(Xj) = -J gj (ct )dpj. 
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Without loss of generality, we may assume that weakly converges to jl, where jl is a 
{f r } -invariant measure on E. It follows that 

/ go(cr)dfij-> / go(a)djl. 

Moreover 

I#; (o') — go (o' ) | <max|y(o))| • | X, - A 0 | -> 0 



as j -> oo. Using this inequality, we obtain 



a(Xj) 



) / gj(cr)dnj = - I (gj - g 0 )((T)diXj - / go(o)d/rj a (A,) 

Je Je J e 



as j — >• oo. The monotonicity property and the asymptotic behavior of the map A i-a- a (a) 
follow directly from the definition of the rotation number. □ 

Remark 4.20. Any zero of the solution ip of Eq. (4.24 M ) corresponds to a value t e R. 
such that 9(t, X) = j mod n . By (4.27), one has 9' (t) — j < 0. It follows that 9 
decreases at such zero: this shows that there is exactly one more zero every time 9 is 
increased by n. Let N(t, X) be the number of the zeros of the solution <p of (4.24^) in 
[0, ?]. Then we must have 



a(X) = jt lim —N(t,X). 

r-s-oo t 



There remains to discuss the assertion that a{X) is constant in every open interval 
I C R ed (L). Actually, this and other considerations will enable us to prove a key fact 
concerning the spectrum of the family (SL ft) ). In fact, we will see that the points of growth 
of a (A) coincide with the points of the spectrum for Lebesgue a.a. XeK. Since 

a(X) does not depend on co, for v-a.a. a> e fT it follows that ’E(L U) ) equals a fixed closed 
set E(L) for v-a.a. co e £!. Moreover E(T) = E ed (L). 

We summarize these last remarks in the following theorem. In the remainder of Sec- 
tion 4.3 we will discuss its proof together with various facts concerning the spectral theory 
of the family (SL m ). We will also illustrate several methods which have proved useful in 
the study of 2-dimensional, nonautonomous linear systems. 



Theorem 4.21. 

(i) For v-a.a. oo e £2, say oo € the spectrum ofEq. (4.24^) equals a closed set E(L) 
which does not depend on oo e £l v . Also, R ed (L) — R(L); i.e., R(L) := C\ E(L) = 
{A € C | the family (SL W ) has an exponential dichotomy over £2}. 

(ii) The set E(L) contains no isolated points. 

(iii) If I cl is an open interval, then I C R(L) if and only if the rotation number a is 
constant on I. 




